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PREFACE. 



The following Treatise is designed to be an Introduction 
to the science of Applied Mechanics : in this it dififers 
from all the elementary works commonly in use, which 
are introductory to Rational Mechanics. How great a 
diflference is caused by this circumstance will appear jfrom 
an inspection of the Contents ; it may, however, be men- 
tioned that, at the least, one half of the present work has 
no counterpart in any Elementary Treatise that has fallen 
imder the author's notice : that so great a divergence from 
the usual type should be possible seems suiSBcient reason for 
believing that something is wanting in the ordinary works, 
but how far the present will supply that want is, of course, 
another question. It was originally intended to be a book 
of examples, and a supplement to others already in exist- 
ence ; it was, however, soon found that by a few additions 
it could be made independent, and it was thought that 
what was gained in point of convenience by completeness, 
would more than compensate a small increase of size and 
cost. 

The work is intended to comprise two courses ; the first 
is contained in Chapter I., the first section of Chapter 11. 
and Chapter III. of Part I. and in Chapter I. of Part II. ; 
the second forms the remainder of the book. The first 
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course may be read by any one who understands arithmetic, 
a little algebra, practical geometry, and the rules of men- 
suration ; in many of the examples it is intended that a 
geometrical construction should take the place of calcula- 
tion: instances of the use of construction are given in 
Exarfvples 177, 209, &c. In this course the principles of 
the science are merely stated, their formal demonstra- 
tion being reserved to the second course ; in other words, 
the order most convenient for teaching and learning has 
been followed at some sacrifice of the systematic develop- 
ment of the subject. The second course presupposes that 
the reader is acquainted with Euclid, algebra, and trigo- 
nometry, as commonly taught in schools ; a very few 
examples are inserted which require some acquaintance 
with co-ordinate geometry and the difiFerential calculus ; * 
the reason for their insertion will generally be obvious 
from the context in which they occur. Frequent use has 
been made of simple geometrical limits ; they will probably 
present but little difficulty to the reader; some remarks 
on the subject of limits will be found in the Appendix. 

Very many examples require numerical answers ; it is 
hoped that but few of the arithmetical operations will 
prove laborious to any one who possesses a proper facility 
in manipulating numbers, and it must be remembered 
that few things are more important to a learner in the 
earlier stages of his progress than that he should be con- 
tinually referred to the numerical results that follow from 
the formulae he investigates. Hints and explanations have 
been freely given in connection with the more difficult 

* Most of these examples are contained in Chap. IX. Part I. ; the others 
are distinguiBhed by an asterisk. 
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examples, and it is hoped they will be found sufficient to 
enable the reader to complete the solutions, though many 
of them are important mechanical theorems, and some of 
them but rarely to be met with (e. g. Ex. 134, 149, 343, 
379, 471, 502, 513, &c.> 

A list is subjoined of the principal works referred to in 
drawing up the present Treatise ; particular instances of 
obligation are acknowledged in the foot notes in the course 
of the work. A more explicit recognition of assistance is 
due to the Eev. H. Moseley, Canon of Bristol : about two 
hundred of the Examples were given by him to his classes 
at King's College, London, in the years 1840, 1, 2, 3; 
these he very kindly placed at the author's disposal, and 
also gave him permission to use freely his excellent treatise 
on the ^ Mechanical Principles of Engineering ' — a per- 
mission of which great use has been made. 

Staff CoLLEas: August 1860. 
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PRACTICAL MECHANICS. 



CHAPTER L 

ON SOME OP THE PHYSICAL PROPERTIES OF MATERIALS. 

1. Properties of Materials, — The present chapter is in- 
tended to serve as an introduction to those that follow. It 
contains examples illustrative of the more obvious physical 
properties of the materials commonly used in construction 
and machinery. These physical properties are (1) Weight; 
(2) Expansion or Contraction, produced by change of tem- 
perature ; (3) Elongation and Compression, produced by 
Strain or Pressure ; (4) Eesistance oflFered to Rupture by 
Strain; (5) Resistance oflFered to Rupture by Compression. 

2. Weight — For estimating the weight of masses with 
suflBicient accuracy it may be assumed that the weight of a 
cubic foot of water is 1000 oz. This number is easily 
remembered, and is within a very little of the truth. In 
every examplj contained in the following pages wherein 
the weight of masses is concerned, it will be assumed that 
the weight of a cubic foot of water is 1000 oz., unless the 
contrary is sp nfied. As a matter of fact, a cubic foot of 
pure water at 39'' F. (when its density is greatest) weighs 
998*8 oz. It may also be convenient for the reader to 
remember that a gallon contains 277'274 cubic inches, and 

B i, 



2 PRACTICAL MECHANICS. 

that a gallon of water at the standard temperature (62® F.) 
weighs 10 lbs. 

Ex. 1. — A reservoir is internally 12 ft. long, 5 ft. wide, and 3 ft. deep : 
determine the weight of the water it contains when fcdl, and the error pro- 
duced by considering that each cubic foot weighs 1000 oz. 

Ans, "Weighty 6 tons, cwt. 60 lbs. 
Error, ISJlbs. 
Ex, 2. — A cylindrical boiler terminated by plane ends, is internally 16 ft. 
long and 4 ft. in diameter ; through the lower half pass lengthwise 60 fire 
tubes, 3 in. in external diameter : determine the volume and weight of the 
water contained in it when the surface of the water passes through the 
centres of the ends. Ans. VoL 67*43 cubic ft. 

"Weight, 1 ton, 12 cwts. Oqr. 6*6 lbs. 
Ex. 3. — The surface of a pond measures 10 acres; in the course of a 
period of dry weather the surface falls IJin. by evaporation : what is the 
weight of the water that has been withdrawn? Ans. 1620 tons, nearly. 

3. Specific gravity, — The specific gravity of a solid or 
liquid substance is the proportion which the weight of a 
certain volume of that substance bears to the weight of 
an equal volume of water ; thus when it is stated that the 
specific gravity of cast iron is 7*2070, it means that a cubic 
foot, or a cubic inch, &c., of cast iron weighs 7*2070 times 
as much as a cubic foot, cubic inch, &c., of water ; conse- 
quently a cubic foot of cast iron will weigh 7207 oz., and 
in general, if s is the specific gravity of a substance, a cubic 
foot of it will weigh 1000 s oz., at least with sujBScient 
accuracy in almost all cases. The following table gives 
the specific gravities of some common materials : — 
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SPECIFIC GRAVrriFS. 






VBTAM. 




Platinum (laminated) 


. 220690 


Brass (cast) 


. 8-3968 


Pure Gold (hammered) 


. 19-3617 


Steel (hard) 


. 7-8163 


Gold 22 carat (do.) . 


. 17-6894 


Iron (cast) 


. 7-2070 


Mercury . 


. 18-6681 


„ (wrought) . 


. 7-7880 


Lead (oist) 


. 11-3623 


Tin (cast) . 


. V . 7-2914 


Pure Silver (hammered) 


. 10-6107 


Zinc (cast) 


. 7-1908 


dof^ter (caat) . 


. 8-7880 







SPECIFIC GRAVITY. 



STONES AND BABTH. 



Harble (white Italian) 
Slate (Westmoreland) . 
Granite (Aberdeen) ;, 
Paving Stone 
Mill Stone . 
Grindstone . 



2-638 

2-791 

2-625 

2-4158 

2-4835 

2-1429 



Portland Stone . 
Coal (Newcastle) 
Brick (Red) . 
Clay . 

Sand (River) . 
Chalk (mean) . 



Elm . 
Fir (Riga) . 
Larch . 
Mahogany (Spanish) 



WOODS (dry). 

Oak (English) 
Teak (Indian) 
Cork. 



0-588 
0-753 
0-522 
0-800 



2-145 

1-2700 

2-168 

1-919 

1-886 

2-315 



0-934 
0-657 
0-240 



1 foot length of Hempen rope weighs in lbs. 0-045 y (circ. in inches)'. 
1 „ „ Cable weighs in lbs. 0*027 x (circ. in inches)*. 
1 cubic foot of Brickwork weighs 112 lbs. 



Note. — The above numbers, where printed to four places of decimals, 
are taken from Dr. Young's Lectures on Natural Philosophy, vol. ii. p. 503 ; 
where printed to three places of decimals, from Mr. Moseley*s Mechanics of 
Engineering, 1st ed. p. 622. A definite specific gravity is assigned to each 
substance to prevent ambiguity in working the following examples. It will 
be remarked, however, that difiTerent specimens of the same substance have 
different specific gravities : thus, of 16 specimens of cast iron the specific 
gravities have been found to vary from 7-295 to 6*963. The reader must, 
therefore, bear in mind that the numbers in the text give mean values from 
which the specific gravity of any specimen of a given substance will not 
largely vary — though the limits of variation are greater with some sub- 
stances than with others. A similar remark applies to all quantities 
determined by experiment. 



Ex. 4. — What is the weight of a rectangular block of marble 63 ft. long, 
and in section 12ft. square? Ans, Weight, 667 tons, 14 cwts. 3qr8. 

Ex, 5. — The girth of a tree is 3 ft. at top, 3 ft. 9 in. at bottom, it is 14 ft. 
long. Determine its weight according as it is larch, oak, or mahogany. 
Also, its value at the following prices : larch, 28, 6d, ; oak, 78, ; mahogany, 
I9s, per cubic foot rough. 

Ans, VoL 12-74 cubic ft. 

Weight : Larch, 416 lbs. Oak, 744 lbs. Mah. 637 lbs. 
Price : „ 1^. 11«. lOd, „ 4^. 9^. 2d, „ 12/. 28. Id. 
[The volume to be determined as the frustum of a cone.] 

Ex. 6. — Find the weight of a rectangular mass of oak, 12 ft. long, 4 ft. 
broad, and 2| ft. thick. What would be the weight of a mass of granite of 
the same dimensions ? Ans, Oak, 62 cwts. 2 qrs.. 5 lbs. 

Granite, 175 cwts. 3 qrs. 3|lbs. 

B 2 



4 PRACTICAL MECHANICS. 

Ex. 7. — Find the separate weights of a cast iron ball, 4 in. in radius, and 
of a copper cylinder 3 ft. long, the diameter of whose base is 1 in. Deter- 
mine also the diminution in the weight of the ball if a hole were cut through 
it which the cylinder would exactly fit, the axis of the cylinder passing 
through the centre of the sphere. Also, find the error that results from 
considering the part cut away a perfect cylinder. 

Ans. Weight of sphere, 1118-09 oz. 
„ cylinder, 143*8 oz. 
„ part cut from sjdiere, 26*204 oz. 
Error, 0*102 oz. 

Ex. 8. — If a loin, shell were of cast iron, and were 2 in. thick, what 
would be its weight supposing it complete ? If the weight of a 10 in. shell 
were 86 lbs. what would be its thickness supposing it complete ? 

Am. (1) 107 lbs. (2) 1*41 in. 

Ex, 9. — A hammer consists of a rectangular mass of wrought iron, 6 in. 
long, and 3 in. by 2 in. in section ; its handle is of oak, and is a cylinder 
3 ft. 6 in. long, on a base 1 in. in radius. Determine its weight. 

Ans. 12*73 lbs. 

Ex. 10. — A pendulum consists of a cylindrical rod of steel 40 in. long, on 
a base whose diameter measures \ in. ; to the end of this is screwed a steel 
cylinder |in. thick, and l|in. in radius, which fits accurately a hollow 
cylinder of glass, containing mercury 6 in. deep, the glass vessel weighing 
3 oz. Determine the weight of the pendulum. Ans. 360*95 oz. 

Ex. 11. — Determine the weight of a leaden cone whose height is 1 ft. and 
radius of base 6 in. ; determine also the external radius of that hollow cast 
iron sphere which is 1 in. thick, and equals the cone in weight 

Ans. (1) 186*74 lbs. (2) 8*02 in. 

Ex. 12. — A rectangular mass of cast iron 6 ft. long, 6 in. wide, and 3 in. 
deep, has fitted square to its end a cube of the same materials whose edge 
is IJfli. long ; find its weight. Ans, 1868 lbs. 

Ex. 13. — It is reckoned that a foot length of iron pipe weighs 64*4 lbs. 
when the diameter of the bore is 4 in. and the thickness of the metal \\ in. : 
what does this assume to be the specific gravity of iron? Ans, 7*197. 

Ex. 14. — A cast iron column 10 ft. high and 6 in. in diameter will safely 
support a weight of 17| tons, whether it be solid, or hollow and 1 in. thick ; 
determine : — (1) the weight of a solid column ; (2) the number of equally 
strong hollow columns that can be made out of 500 solid columns ; (3) the 
price of 600 solid columns at IO5. per cwt. and of 600 hollow columns at 
\\s. Zd. per cwt. ; (4) the cost of sending the 600 solid and the 600 hollow 
columns to a given place at the rate of 10«. Qd. per ton. 

Ans. (1) 884-2 lbs. (2) 900. (3) 1974/. 3«. solid. 1233/. I65. hollow. 
(4) 103/. 13*. solid. 67/. 12a. hollow. 
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Ex. 16. — Determine the weight of a hollow leaden cylinder whose length 
is 3 in., internal radius 1| in., and thickness li in. Ans. 26-121 lbs. 

Ex. 16. — Determine the weight of a grindstone 4 ft in diameter and 8 in. 
thick, fitted with a wrought iron axis of which the part within the stone is 
2 in. square, and the projecting parts each 4 in. long with a section 2 in. in 
diameter. Ans. 1135 lbs. 

Ex. 17. — Determine the weight of an oak door 7 ft. high, 3 ft. wide, and 
1| in. thick. Ans. 163^ lbs. 

Ex. 18. — There is a fly wheel of cast iron the external radius of whose 
rim is 5 ft. and internal radius 4 ft. 6 in. ; it is 4 in. thick and is connected 
with the centre by 8 spokes 4 in. wide and 1 in. thick, stren^hened by a 
flange on each side 1 in. square (so that their section is a cross 4 in. long 
and 3 in. wide) each spoke is 4 ft. long ; the centre to which they join the 
lim has the same thickness as the rim, is solid, and (of course) 6 in. in 
radius : determine the weight of the whole. Ans. 2959 lbs. 

Ex. 19. — There are 2 rooms each 100 ft. long and 30 ft;. wide ; the one is 
floored with oak planking IJ in. thick ; the other with deal planking (Riga 
fir) 1| in. thick. Determine the weights of the floors and their cost, the 
price of deal being Ss. and oak 75. per cubic foot. 

Ans. Deal floor weighs 17648 lbs. costs 56^. 5s. 

Oak „ 18242 lbs. „ 109^. 7s. Sd. 

Ex. 20. — A cubic foot of copper is drawn into wire ^ of an inch in dia- 
meter ; what length of wire is made ? Ans. 46936 ft. 

Ex. 21. — It is said that gold can be drawn into wire one miUionth part 
of an inch thick ; what will be the length of such a wire that can be made 
from an ounce of pure gold ? Ans. 1793448 miles. 

Ex. 22. — It is said that silver leaf can be made xs^oo ^^ ^^ ^^^ thick ; 
how many ounces of silver would be required to make an acre of such silver 
leaf? Ans. 254*24 oz. 

4. Brichwork. — The measurement and determination of 
the weight of a mass of brickwork depend upon the fol- 
lowing data : — 

(1) A rod of brickwork has a surface of 1 square rod 
(or ^0\ square yards) and a thickness of a brick and a 
half, i. e. of 1 ft. l^in., or it contains 306 cubic feet. 

(2) A rod of brickwork contains about 4500 bricks in 
mortar, or 5000 bricks laid dry. 

(3) A rod of brickwork requires 3^ loads (i. e. 3^ cubic 
yards) of sand and 18 bushels of stone lime. 

(4) A brick measures 8| x 4^ x 2f inches, i. e. a quarter 
of an inch each way less than 9 x 4 J x 3 inches. 
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(5) A bricklayer's hod measures 16x9x9 inches, and 
can contain 10 or 12 bricks.* 

Ex. 23. — How many rods of brickwork are there in a square tower 117 ft. 
high and 28 ft by 7 ft. at its base, externally, and 3 bricks thick ? Deter- 
mine the number of bricks required to build the tower and their price at 
1^. 108. per thousand. 

Ana. (1) 62-43 rods. (2) 236,000 bricks. (3) 364^. 

Ex. 24. — A tower the base of which measures externally 9 ft. square is 
60 ft. high and 2 bricks thick ; how many bricks are required to build it, 
and how many loads of sand and bushels of lime ? Determine also the cost 
of the materials if the bricks cost 1/. 10«. per thousand, sand 68. ^d. per 
load, and lime \8. 8d per bushel 

An8. (1) 7-36 rods. (2) 33,000 bricks, 26| loads of sand, 
132J bushels of lime. (3) Cost 67/. 8*. 2d. 

Ex. 26. — How many rods of brickwork are there in a reservoir of a rec- 
tangular form, the internal measurements of which are 20 ft long, 6 ft. wide, 
and 12 ft. deep; the work being 2 bricks thick, yiz. both walls and floor ; 
and the reservoir being open at the top ? Ans. 4*43. 

Ex. 26. — How many rods of brickwork are there in a wall 360 ft. long, 
17 ft high, and 2 bricks thick; and determine the cost of the material from 
the data in Ex. 24. Ana. (1) 30 rods. (2) 276/. 10«. 

Ex. 27. — If the wall in the last example had an additional 2 ft. of foun- 
dation 3 bricks thick, and were supported by 20 square buttresses reaching 
to the top of the wall 2 bricks thick, on foundations 3 bricks thick, and mea- 
suring 2| ft. in a direction perpendicular to the face of the wall ; determine 
the number of rods of brickwork in the foundations and buttresses. 

Ana. 10-2 rods. 

Ex, 28. — What would be the cost of the carriage of the bricks in the 
wall described in the last two examples at da. 6d. per thousand ? 

Ana. 49/. Ida. 6d, 

Ex. 29. — The following are the actual dimensions of the brickwork of the 
outer shell of the chimney of St. Kollox, Glasgow. Commencing ftom the 
top, there are five divisions; the tops of these divisions are respectively 
436|, 350|, 210J, 114J, 64|ft, above the ground; the external diameters 
at the topa of the divisions are respectively 13 ft. 6 in., 16 ft. 9 in,, 24 ft., 
30 ft 6 in., 36 ft The diameter on the ground is 40 ft. ; the thickness of 
the divisions are respectively 1|, 2, 2|, 3, and 3| bricks ; below ground the 



♦ Mr. "Weale's Contractor's Handbook. The Handbook states that a hod 
contains 20 bricks, but this must be a misprint 
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brickwork reaches 14ft, with a uniform external diameter of 40 ft.; the 
first 8 feet are 3 ft. thick ; in the remaining 6 feet the thickness gradually 
increases to 12 ft. thick. Determine the number of rods of brickwork con- 
tained in the chimney ; the number of thousand bricks employed, their cost 
at 1^. 11«. Zd. per thousand; also, if the mortar were of sand and stone 
lime, determine the number of loads of sand and bushels of stone lime 
required, and their cost at 6s, 4:d, per load, and Is, Sd, per bushel, 
respectively. 

[The surface of each division of the chimney may be considered as that 
of a conic frustum ; the real volume of each division will be the difference 
between the volumes of two conic frustums. A sufficiently close approxi- 
mation may be obtained by multiplying the mean surface by the thickness 
and considering the slant side equal to the height ; the volume of the part 
below ground is to be determined accurately.] 

Ans, (1) 218 rods, or 981,000 ►bricks. (2) Cost of bricks, 
1532/. I6s, Zd, (3) 763 loads of sand, costing 

203/. 9s, 4:d, (4) 3924 bushels of lime, costing 327^. 

6. Expansion and (xmtraction by heat — It is found 
that all bodies experience a small change of volume on the 
application of heat. In general the change is one of in- 
crease,* and with sufficient accuracy may be considered to 
obey the following law within moderate ranges of tempera- 
ture. If a volume v be increased hj kr for an addition 
of one degree of heat, it will be increased by 7i x A; v for an 
addition of n degrees of heat, i. e. the increase of volume 
is proportional to the increase of temperature. The same 
rule holds for the expansion? in IcTigth which a body ex- 
periences from an increase of temperature. In order to 
fix the conception of a degree of heat it will be proper to 
mention that when heat is applied to ice the water pro- 
duced by melting retains a constant temperature until the 
whole of the ice is melted. This temperature serves as one 
fixed point, and is called the freezing point. Moreover, 
boiling water in free contact with the air also keeps at a 
constant temperature (at least when the barometer stands 



* Water^ near freezing point, is a conspicuous exception. 
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at a given height). This fact, therefore, supplies a second 
fixed point, and is called boiling point, viz., when the 
barometer stands at 30 inches. These two points being 
fixed, the graduation is arbitrary. The scale of Fahrenheit's 
thermometer (which is commonly used in England) is con- 
stnicted by dividing the space between the /freezing and 
boiling points into 180 equal parts, termed degrees, and 
by commencing the graduation 32° below freezing point, 
so that the freezing point is marked 32°, and the boiling 
point 212°. In the centigrade thermometer (commonly 
used in France) the graduation begins at the freezing 
point, and the interval between the freezing and boiling 
points is divided into 100 equal parts called degrees.* It 
is easy to see that if at any temperature Fahrenheit's ther- 
mometer stood at F° and the centigrade at c°, we should 

have 

' r°— 32 _ _c^ 

180 100 

Ex. 30. — The density of water is greatest at 3°*9 on the centigrade scale ; 
what is the same temperature called on Fahrenheit's scale ? Ans. 39^*02 F. 

Ex. 31. — The standard temperature commonly referred to in English 
experiments is 60° F. ; what would the same temperature be called in 
France? Ans. 16°-65 C. 

Ex. 32. — If the centigrade thermometer stood at 5° below zero, or at 
— 5° C, what would the same temperature be marked on Fahrenheit's scale? 

Ans. 23° F. 

Ex. 33. — ^What degree on the centigrade scale would be equivalent to 
-4° on Fahrenheit's scale? Ans. - 20® C. 

The following Table gives the fractional part of the 
whole by which substances expand when heated rf — 



* In Beanmur^s thermometer the freezing point is marked zero, and the 

J.0 32 b9 

boiling point 80° : consequently — -_« - 

•f From Dr. Young's Natural Philosophy, voL ii. p. 390. 
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Table II. 
EXPANSION PRODUCED BY HEAT. 



In length : Glass Tube 
Platinum 



ft 



Cast Iron 
Wrought 1 
Iron J 
Steel rods 
Brass rods 
Lead . 
Copper . 
In bulk : Mercury 



»» 



»* 



>» 



»» 



>» 



ff 



if 



ass (ap- \ 
rent) J 



glass 
parent) 



Temperature raisrd 
from 320 to 212° F. 



0-00077615 

0-000866 

0-0011094 

0-001166 

0-0011447 
00018928 
0-002867 
0-001700 



remperature 
raised 1° F. 



0-00000431 
000000476 
000000617 

000000642 

0-00000636 
0-00001052 
000001692 
0-00000944 
0-00010416 

0-00008696 



Authority 



Roy 

Borda 

Lavoisier 

Borda 

Roy 

Roy 

Smeaton 

Smeaton 

Roy 

Committee of 
Royal Society 



Ex. 34. — ^The length of the base line of the Ordnance Survey on 
Hounslow Heath was found to be 27,404 ft. ; this was measured first by 
glass tubes, and then by steel chains ; if, in correcting the glass tubes for 
temperature a uniform error of 1° in excess had been committed, and in 
correcting the steel chain an error of 1® in defect had been committed, 
what would have been the difference between the apparent measurements ? 

Ans. 3*61 in. 

Ex. 36. — If the wrought iron rails on a railway are 10 miles long when 
at a temperature of 32° below freezing, by how much will they lengthen if 
their temperature is raised to 88® F. ? Ans. 29-83 ft. 

Ex. 36. — ^Ramsden's brass yard exceeded Shuckburgh's by 0-002606 of an 
inch ; what would be the difference of their temperatures when accurately 
the same length? Ans. 6°-6 F. 

Ex. 37. — ^Two rods, respectively of iron and brass, ab and cd are fas- 
tened together in the 

middle ; they are accu- '*' '• 

rately the same length, 
at62°F.; to their ends 
are fastened by pivots 
tongues CAB and dbf 
which are perpendi- ^ ^ 

colar to the bars, at 62° F. ; in consequence of the unequal expansion or con- 
traction of the bars the tongues will assume different positions, as shown by 
the dotted lines ; it is required to determine the length of ce, that the point b 
may remain unmoved by the expansion or contraction of the bar. The length 
of AB is 10 ft. and the distance ac is 1-726 in. Ans. cb b 4-426 in. 




B 
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Ex, 38. — ^If the expansion in length of a substance is e times the length at 
given temperature, show that the expansion in volume will be very nearly 

3 e times the volume at that temperature. 

Ex. 39. — The volume of a mass of lead being a cubic foot at 60° F. 
what will be its volume at 0® F. ? and what at 88° F. ? 

Ans, At 0° F. 0-997133 cubic ft. 
At 88° F. 1-00133728 cubic ft. 
Ex, 40. — There is half a cubic inch of mercury in a thermometer at 
82° F. ; when the temperature is raised to 92° F. the mercury ascends 

4 in. ; what is the diameter of the bore of the glass tube? 

Ans. 0*0288 in. 

6. Elongation produced by stram. — The principle on 
which this determination is made is the following : — Sup- 
pose the length of a beam or bar to be L feet, the area of 
its section to be K square inches, then if by the application 
of a strain of p lbs. its length becomes L + i, it appears 

jfrom experiment that 

p 

K 

where e is a constant number depending on the nature of 
the material, and is called the Modulus of Elasticity. 

It is found that all substances obey this law when the de- 
gree of extension does not transgress certain limits ; the limits 
are different in different substances, and in many are very 
narrow. It appears also that within these limits (L e. the 
limits of elasticity) a strain producing a certain degree of ex- 
tension will, if applied in the opposite direction so as to 
become a thrust, produce an equal degree of compression. 

It will be observed that — is the strain or thrust per 

square inch on the section of the beam or bar. It is also 

p 
plain that if - were equal to e then would I be equal to l, 

SO that the modulus of elasticity is that strain per square 
inch of the section of a bar which would double its length 
if its elasticity continued perfect. It is, perhaps, unneces- 
sary to remark that scarcely any substance has limits of 
elasticity any way approaching this in extent. 
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TablbIIL 
MODULI OF ELASTICITY * 



Material 


Modulus 


Material 


Modulus 


Wrought Iron bars 
Cast Iron . 
„ Brass . 
Steel (hard) 
Copper wire 


29,000,000 
17,000,000 
8,930,000 
29,000,000 
17,000,000 


Oak (English) . 
Larch 
Fir (Riga) 
Elm • 


1,450,000 

1,050,000 

1,330,000 

700,000 



Ex. 41. — ^By how much would a bar of wrought iron j- of an inch square 
and 100 fL long lengthen under a strain of 2 tons (neglecting the weight of 
the bar) ? Ans. 0-247 ft. 

Ex. 42. — Determine the elongation of a steel bar 2 in. square and 40 ft. 
long when subjected to a strain of 40 tons. What would have been its 
elongation had it been of cast brass ? Ans, Steel 0*03 ft. Brass 0*1 ft. 

Ex. 43. — A bar of wrought iron 2 in. square has its ends fixed between two 
immovable blocks when the temperature is 20^ F. ; what pressure will it 
exert against them if the temperature becomes 96^ F. ? Atis. 25^ tons. 

Ex, 44. — ^A wall of brickwork 2 ft thick and 12 ft. high is supported by 
columns of oak 6 inches in radius 18 ft. high and 14 ft. apart from centre 
to centre; determine the thrust per square inch exerted on the section of the 
columns, and the amount of their compression. 

Ans. (1) 332*7 lb. (2) ^in. nearly. 

Ex. 45. — In the last example if the wall had been of Portland stone and 
l^ft. thick, what would have been the pressure per square inch, and the 
degree of compression ? Ans. (1) 248 9 lb. (2) ^ in. 

Ex. 46. — In the last example if the oak column were replaced by a 
wrought iron bar 2 inches square, what would be the degree of compression? 
and at what temperature would the iron rod have the same length as it has 
when unpressed at 32° F. ? Ans. (1) ^ in. (2) 69*8° F. 

Ex. 47. — A bar of wrought iron a square inch in section is fixed firmly 
between two immovable blocks which are 50 ft apart ; if the temperature is 
raised 50^ F. above that which the bar had when fixed, find the pressure 
produced against these blocks. Ans. 9309 lbs. 

Ex, 48. — In the Jast example, if only one of the blocks were immovable 
and the other were capable of revolving round a joint 12 ft. below the 
point, at which it is met by the rod, determine the angle through which it 
will be turned by the expansion of the rod. Ans. 0® '4' 36". 

Ex. 49. — It is observed that the two opposite walls of an ancient building 



* Based on Mr. Moseley's Mech. Eng. p. 622, compared with Mr. Rankine's 
Applied Mechanics, p. 681. 
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are each 3^ ont of the vertical, the inclination being outward ; to bring them 
into the perpendicular the following means are employed : at certain inter- 
vals iron bars are placed across the building, their ends passing through the 
walls and projecting on the outside, on these ends strong plates or washers 
are screwed ; the rods are then heated and expand, in this state the washers 
are screwed tightly against the outside of the walls and the rods allowed to 
cool, when they contract and draw the walls together ; the process being 
continued until the walls become verticaL* H we suppose the rods to be 
60 ft. long and 3 square inches in section, and to be fSustened 16 ft. above 
the joint of the masonry, round which walls will be made to turn ; and if the 
range of temperature is from 60*^ F. to 240*^ F. ; determine the number of 
times the bars must be heated before the operation is complete, and the 
pressure with which the walls would be drawn together if they were entirely 
immovable. Ans. (1) 27 times. (2) 100,572 lbs. 

7. Resistance to rupture by tearing or tenacity. — When 
a strain which elongates a bar attains a certain magnitude, 
the bar will break. If we determine by experiment this 
force in lbs. per square inch, we obtain the tenacity of the 
substance. It is manifest that the strain which will tear a 
bar whose section is n square inches will be n times the 
tenacity. 

Tablb IV. 

TENACITIES. 



Material 


Tenacity 


Material 


Tenacity 


Wrought Iron 

(bars) . . 
Cast Iron (average) 
Iron wire ropes , 
Cast Brass . . 
Copper wire . . 


67,200 lbs. 
16,600 „ 
90,000 „ 
18,000 „ . 
60,000 „ 


Oak (English) . 
Larch .... 
Fir(Eiga) . . 
Elm .... 
Hempen ropes . 


17,300 lbs. 
10,000 „ 
12,000 „ 
13,600 „ 
6,600 „ 



Ex. 60. — How great a strain will a cylindrical bar of wrought iron bear 
which is I of an inch in diameter ? and by what fraction of its length would 
it elongate under this strain if the elasticity continued perfect ? 

Ans. (1) 3298 lbs. (2) 00023. 

Ex. 61. — How many iron wires ^ of an inch in diameter must be put 
together to sustain a strain of 3 tons ? Ans. 13. 



* The walls of Armagh Cathedral were restored by this process. Darnell's 
Chemistry, p. 103. 
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Ex. 52. — ^What is the length of a bar of wrought iron which being sus- 
pended vertically would break by its own weight ? Ana, 19,880 ft. 

Ex. 53. — "What strain will a bar of oak 1 J in. square sustain ? 

Ana. 38,925 lbs. 

Ex, 54.— What strain will a cylindrical bar of larch 1 J in. in diameter 
sustain ? Ana, 17,671 lbs. 

Ex, 55. — If a rope be made of wires whose diameter is d^ show that the 

number of wires in each square inch of the section of the rope is very nearly 

2 8 

given by the formula or 



a/3 <? T cC^ 

Ex, 56. — How many wires ^ of an inch in diameter must be put together 
to form a rope a square inch in section ? Ana, 115. 

Ex, 57. — What is the difference in the number of wires ^ of an inch in 
diameter which would form a rope with a section of a square inch as deter- 
mined by the formulae in Ex, 55 ? Ana, 4*8. 

Ex, 58. — Show that the number of lbs. weight in a foot length of iron 
wire is given by the formula (circ in inches)* x 0-244 very nearly; the 
specific gravity of iron wire being assumed to be the same as that of 
wrought iron. 

Ex, 59. — Show that if a rope of hemp has the same strength as another 
of iron wire, the circumference of the latter is about ^, and its weight about 
I of the former. 

8. Resistance to rupture by compression. — There are 
as many as five forms which the results of crushing assume 
in different bodies. They are enumerated as follows by 
Mr. Eankine :* — 

(1) Crushing by splitting , when the substance divides 
in a direction nearly parallel to the direction of the pres- 
sure. This occurs in the case of hard homogeneous sub- 
stances of a glassy texture. 

(2) Crushing by sheUring, when the substance divides 
along a plane inclined at a certain angle to the direction 
of the force, the upper part of the substance sliding upon 
the lower. This fact was ascertained, and its conditions 
investigated, by Mr. Hodgkinson. It takes place in the 
case of substances of a granular texture, such as cast iron. 



* Applied Mechanics, p. 303. See also Mr. Moseley's Mechanics of 
Engineering, pp. 549^ 579. [ 
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and most kinds of stone and brick. To exhibit its effects 
the height of the block to be crushed must be at the least 
one and a half times its thickness. In the above cases 
the resistance to crushing is considerably greater than the 
tenacity. In the case of cast iron the resistance is more 
than six times the tenacity. 

(3) CruahiTig by bulging, when the material spreads 
like compressed dough. This takes place with ductile 
substances, such as wrought iron in short blocks. In this 
case the resistance is somewhat less than the tenacity, 
being with wrought iron about ^ of the tenacity. 

(4) Crushing by crippling^ which is characteristic of 
fibrous substances, and takes place when the thrust acts 
along the fibres in timbers and in bars of wrought iron that 
are too long to yield by bulging. It consists in a lateral 
yielding, and sometimes separation of the fibres. In the 
case of dry timber the resistance is about ^ of the tenacity, 
in the case of moist timber about Jth of the tenacity; con- 
sequently moist timber is only half as strong as dry when 
subjected to a crushing force. 

(5) Crushing by crossbreakingy which is the mode of 
fracture in columns and struts where the length greatly 
exceeds the diameter. Under the breaking load they yield 
sideways, and are broken across like beams under a trans- 
verse pressure. 

Tablb V. 
CRUSHINa PRESSUBE IN LBS. PEE SQUARE INCH. 



Material 


Pressure 


Material 


Pressure 


"Wrought Iron . 


36,000 


Granite (average) 


8,000 


Cast Iron (ayerage) 


112,000 


Oak (English) dry 


9,500 


„ Brass 


10,300 


Larch diy 


5,500 


Brick 


800 


Fir (Riga) diy . 


6,000 


Sandstone 


4,000 


Ehn 


10,300 


limestone (gra- 








nular) . 


4,000 
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Ex, 60. — What must be the height of a column of cast iron producmg 
that pressure per square inch which would crush a short column of the same 
material ? Ana. 35,805 ft. 

Ex. 61. — Compare the heights of columns of cast iron, wrought iron, 
cast brass, and larch fir, which would produce the pressure per square inch 
requisite for crushing short columns of their respective materials ? 

Atis. 1-475 : 0-439 : 0-116 : 1. 

9. Ultvmate and proof strength and working stress, — 
It must be borne in mind that no material is in practice 
subjected to the strain or thrust which it is capable of 
supporting. This will appear very clearly from the follow- 
ing definitions :* — 

( 1 ) The ultvmate strength of a solid is the stress required 
to produce fracture in some specified way. 

(2) The proof streTigth is the stress required to produce 
the greatest strain in some specified way consistent with 
safety. A stress exceeding the proof strength, though it 
does not produce immediate fracture, will produce it by 
long application or frequent repetition. 

(3) The working stress is always made less than the 
proof strength in a certain ratio determined by experience. 

In the cases of wrought iron boilers, timber, brick, and 
stone, the ultimate streTigth is from 2 to 3 times more than 
the proof strength^ and from 8 to 10 times the workmg 
stress. In the following examples the working stress is 
assumed to be ^o th of the ultimate strength : — 

Ex, 62. — A wall of brickwork 3 ft*, thick, is supported at intervals of 
10 ft. bj sandstone columns 9 in. in diameter ; to what height can the wall 
be carried? Ans.T'^ ft. 

Ex, 63. — K in the last example the columns had been of brickwork 2 ft. 
thick, to what height would the work then be carried? Ana. 10*8 ft. 

Ex, 64. — To what height could the wall in Ex. 44 be carried with safety 
80 &r as the strength of the columns is concerned? Ana. 34*26 ft. 

£r. 65.-^Make the same determination with regard to Ex, 45. 

Ana. 45-8 ft. 



* Bankine, Applied Mechanics, p. 273. 
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Ex. 66. — ^What would have been the heights in each of the last examples 
if the columns had been of brickwork ? What if of limestone ? What if of 
granite ? Ans. Brickwork, 2*9 ft. 3'9 ft. 

Limestone, 14-4 ft. 19*3 ft. 

Granite, 289 ft. 38*6 ft. 

Ex. 67. — A wall of brickwork, 50 ft. high and 3 ft. thick, is to be carried 
by columns of brick 20 ft. apart, from centre to' centre ; determine the least 
diameter consistent with safety. Make the same determination if the 
columns were of granite. Ans, 73| in. brickwork. 23| in. granite. 

10. Strength of cast iron columns. — The columns in the 
preceding examples are supposed to follow the law of the 
crushing of short columns. It may be instructive to add 
the following particulars, which have reference to the 
crushing of cast iron columns exceediug that length. The 
greatest part of our knowledge of this subject is due to ex- 
periments conducted by Mr. Hodgkinson, who thus states 
his conclusions with regard to the form of the ends of iron 
columns : — ' 1st. A long circular pillar, with its ends flat, 
is about three times as strong as a pillar of the same length 
and diameter with its ends rounded in such a manner that 

the pressure would pass through the axis 2nd. If a 

pillar of the same length and diameter as the preceding 
has one end rounded and one flat, the strength will be 
twice as great as that of one with both ends rounded. 
3rd. If, therefore, three pillars be taken, differing only in 
the forms of their ends, the first having both ends rounded, 
the second having one end rounded and one flat, and 
the third both ends flat, the strength of these pillars will 
be as 1 — 2 — 3 nearly.' Mr. Hodgkinson further considers 
that the breaking weight w of Sk hollow column is given in 
tons by the formula. 



W = n X 



I 



1 63 



and that of a solid column by the formula 



^3-5 



I 



1-63 
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where M and m are constants depending on the nature of 
the iron, n the external and d the internal diameters of the 
column in inches, an(l I the length in feet. The values of 
M and m vary considerably with diflFerent kinds of iron, but 
may be taken at 42 tons. The limits of variation in the 
values of m are 49*94 and 39*60.* 

Ex. 68. — Determine the breaking weight of a solid cast iron column 
20 ft high and 6 in. in diameter. Ans, 168*3 tons. 

Ex, 69. — Determine the breaking weight of the column in the last 
example if it were hollow and 1 in. thick. Ans. 127*6 tons. 

Ex. 70. — Determine the thickness of a column 20 ft. high and 7 in. in 
external diameter, which is as strong as that in Ex, 68. Ans, 0774 in. 



* Proceedings of the Royal Society, voL viiL p. 318. 
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CHAPTER 11. 

ON work; or, the efficiency of AGENTS. 

11. Definition of work. — An agent is said to do work 
when it causes the point of application of the pressure it 
exerts to move through a certain space ; thus a carpenter 
employed in planing wood works, since he causes the point 
of application of the pressure he exerts to move through a 
certain space^ and the same is true of any agent that works 
in the sense here intended. For the sake of distinctness it 
may be observed that the union oi pressure and motion is 
essential to the conception of work ; thus when the expan- 
sive force of steam lifts the piston of a steam engine it does 
work. In the boiler, though it produces an enormous 
pressure on the surface, it does no work, since the pressure 
is unaccompanied by motion. The unit by which the work 
of different agents is expressed numerically is called the 
unit of work ; according to the practice of English writers 
it is defined as follows : — 

Def. — The work done when a pressure of 1 lb. is exerted 
through a space of 1 ft. in the direction of the pressure is 
called a unit of work. 

The foUovring important principle is deducible from this 
definition. When a pressure of p lbs. is exerted through 
a space of s ft., it does ps units of work, the pressure 
being exerted along the line in which its point of applica- 
tion is made to move. For since a unit of work is done 
when a pressure of 1 lb. is exerted through 1 ft., there 
must be 2 units of work done when a pressure of 2 lbs. is 
exerted through 1 ft., 3 units of work when a pressure of 
3 lbs. is exerted through 1 ft., and generally p units of 
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work when a pressure of p lbs. is exerted through 1 ft. 
Again, since p units of work are done when a pressure of 
p lbs. is exerted through 1 ft., there must be 2p done 
when it is exerted through 2 ft., 3p when it is exerted 
through 3 ft., and generally PS units must be done when 
the pressure of p lbs. is exerted through s ft. 

Ex, 71. — How many units of work are expended in raising 2 cwts. through 
30 fathoms? Ana. 40,320*. 

Ex, 72. — The mean pressure on the piston of a steam engine is 15 lbs. 
per sq. in., the length of the stroke is 6 ft. ; if the area pf the piston is 448 
sq. in., how many nnits of work are done per stroke? Ana, 40,320. 

12. Comparison of the efficiency of agents. — If the 
above examples are compared, it will be seen that the 
work done during each stroke by the steam on the piston 
of the engine is equivalent to the work expended in raising 
2 cwts. through a height of 30 fathoms ; and whatever 
agent raises this weight must do as much work as that 
done by the steam. In these examples we have not con-? 
sidered the ti/me in which the work is done ; let us then 
suppose that the engine in Ex. 72 makes 10 strokes per 
minute ; the expansive force of the steam will then do 
403,200 units of work per minute. Now, if we suppose 
an agent, or a number of agents, to raise a weight of 1 
ton through 30 fathoms in one minute, they will do exactly 
2240 X 180 or 403,200 units of work per minute. It is plain 
that under these circumstances the comparison is complete 
between the efficiency of the expansive force of the steam 
and the efficiency of the other agents, and that they are reci- 
procally equivalent. Hence we infer the general principle — • 

The number of units of work yielded by any agent 
m a given time is the true measure of its efficiency or 
working power. 

Of course it follows from this principle that the working 
powers of two agents are in the ratio of the number of units 
of work done by them in the same time. 

C 2 
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The most familiax instance of this mode of measuring the 
power of an agent is furnished by the steam engine, whose 
efficiency is estimated in horse-power, as when we speak of 
an engine of ^ twenty horse-power.' From some experi- 
ments, Mr. Watt concluded that a horse is capable of 
yielding 33,000 units of work per minute. The conclu- 
sion, as far as regards the efficiency of the animal, is not 
very correct ; it has, however, fixed the meaning of the term 
horse-power when applied to a steam engine. Hence 

Def. — A steam engine works with one horse-power when 
it yields 33,000 units of ivork per minute. 

Of course an engine of n horse-powers yields n times 
33,000 units of work per minute. 

Ex. 73. — The piston of a steam engine is 16 in. in diameter, its stroke is 
2Jft. long ; it makes 40 strokes per minute ; the mean pressure of the steam 
on it is 15 lbs. per square inch ; what number of units of work is done by 
the steam per minute, and what is the horse-power of the engine ? 

Arts. 265,072 units of work 8-03 H.-P. 

Ex. 74. — A weight of 1| tons is to be raised from a depth of 60 fathoms 
in 1 minute ; determine the horse-power of the engine capable of doing the 
work. Ans. 30^ H.-P. 

jEr.^76. — The resistance to the motion of a certain weight is 440 lbs., 
how many units of work must be expended in making this weight move 
over 30 miles in 1 hour ? What must be the horse-power of an engine that 
does the same number of units of work in the same time ? 

Ans. 69,696,000 units of work. 36J H.-P. 

13. Application of the foregovng pt^ndples. — A con- 
siderable number of practical questions can be answered by 
means of the principles already laid down, viz. such ques- 
tions as the horse-power of the engine required to do a 
certain amount of work, the time in which an engine of a 

certain power will do a certain amount of work, &c 

They are all done by following the same method, viz. First, 
from a consideration of the work to be done, obtain the 
number of units of work that must be expended in a certain 
time. Next, from a consideration of the power of the agent 
obtain the number of units yielded in the same time. One 
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of* these expressions will contain an unknown quantity 
but, since by the terms of the question they are equal, 
they will form an equation from which the unknown quan- 
tity can be readily determined. 

Ex. 76. — An engine is required to raise a weight of 13 cwts. from a depth 
of 140 fathoms in 3 minutes ; determine its horse-power. 

Let X be the required horse-power ; then the units of work yielded in 3 
minutes will equal 33000 x ar x 3 ; also the number of units of work required 
to raise 13 cwts. from a depth of 140 fath. equals 13 x 112 x 140 x 6. And 
since these two numbers are equal we have 

33000 X 3 X ar=13 x 112 X 140 x 6, 
.-. ar= 12-36 H.-P. 
Ex: 77. — In how many minutes would an engine working at 25 horse- 
power raise a load of 12 cwts. from a depth of 160 fathoms ? 

Ans. 1*564 min. 
Ex. 78. — A locomotive engine draws a gross load of 60 tons at the rate 
of 20 miles an hour ; the resistances are at the rate of 8 lbs. per ton ; what 
must be the horse-power of the engine ? 

[The reader must bear in mind that the work to be done is to overcome 
a resistance of 480 lbs. through 20 miles in one hour.] Ans. 25*6 H.-P. 

Ex, 79. — What must be the horse-power of an engine that raises 20 

cubic feet of water per minute from a depth of 200 fathoms ? 

Ans. 45^H.-P. 

Ex. 80. — How many cubic feet of water would an engine working at 100 

horse-power raise per minute from a depth of 25 fathoms ? Ans. 352. 

Ex. 81. — How many cubic feet of water will an engine of 250 horse- 
power raise per minute from a depth of 200 fathoms? Ans. 110 cub. ft. 

Ex, 82. — It being required to raise 100 cubic feet of water per minute 

from a depth of 495 ft., what must be the horse-power of the engine ? 

Ans. 93f H.-P. 

Ex. 83. — There is a mine with three shafts which are respectively 300, 
450, and 500 ft. deep : it is required to raise from the first 80, from the 
second 60, from the third 40 cubic feet of water per minute; what must be 
the horse-power of the engine ? Ans. 134|^ H.-P. 

Ex, 84. — At what rate per hour will a locomotive engine of 30 horse- 
ipower draw a train weighing 90 tons gross, the resistances being 8 lbs. per 
ton ? Ans. 15*625 miles. 

Ex, 85. — What is the gross weight of a train which an engine of 25 
horse-power will draw at the rate of 25 miles an hour, resistances being 
8 lbs. per ton ? Ans. 46875 tons. 

Ex. 86. — A train whose gross weight is 80 tons travels at the rate of 20 
miles an hour, if the resistance is 8 lbs. per ton what is the horse-power o 
the engine? Ans, 34^ H.-P, 
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Ex. 87. — An engine working with the same power as that in the last 
example draws a train at the rate of 30 miles an hour; the resistances 
being 7 lbs. per ton, what is the gross weight of the train ? 

Ans. 60}f tons. 

Ex, 88. — What must be the length of the stroke of the piston of an 
engine, the surface of which is 1500 square inches, which makes 20 strokes 
per minute, so that with a mean pressure of 12 lbs. on each square inch of 
the piston, the engine may be of 80 horse-power ? Ana, 7J ft 

Ex, 89. — The diameter of the piston of an engine is 80 in., the lengtli 
of the stroke is 10 feet, it makes 11 strokes per minute, and the mean pres- 
sure of the steam on the piston is 12 lbs. per square inch : what is the 
horse-power? Ana, 201*06 H.-P. 

Ex, 90. — Find the horse-power of an engine that will raise in one minute 
100 cubic feet of water from a depth of 600 feet. Ans. 113^ H.-P. 

Ex, 91. — A train weighing 50 tons is to be drawn along a railway at the 
rate of 20 miles an hour ; the resistances being 8 lbs. per ton, find the horse- 
power of the engine. Ans, 21| H.-P. 

Ex, 92. — The cylinder of a steam engine has an internal diameter of 3 
feet ; the length of the stroke is 6 feet ; it makes 6 strokes per minute ; 
under what effective pressure per square inch would it have to work in 
order that 75 horse-power may be done on the piston ? Ans, 67'54 lbs. 

Ex, 93. — What must be the horse-power of a stationary engine that 
draws a weight of 150 tons along a horizontal road at the rate of 30 miles 
per hour ; friction being 8 lbs. per ton ? Ans. 96 H.-P. 

14. Modulus of a mcbchi/ne, — ^An agent rarely, if ever, 
does a considerable amount of useful work directly^ but 
nearly always through the intervention of a machine, by 
which the motive power of the agent is so applied as to 
overcome the resistance in the most convenient manner. 
For instance, when a steam engine raises water out of a 
shaft, the motive power is the expansive pressure of the 
steam on the piston, the resistance to be overcome is the 
weight of the water, the beam, crank, &c., of the engine 
are the means by which the motive power is applied so as 
to overcome the resistance. Now it will be remarked that 
each part of the machine oflFers more or less resistance to 
the motion, so that a certain part of the work done by the 
motive power must be expended in overcoming these re- 
sistances, i. e. in reference to the purpose of the machine, 
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must be expended uselessly. The remainder of the work 
done by the motive power will be expended usefully in 
accomplishing that purpose. 

It admits of proof in the case of a machine moving uni- 
formly, that if the number of units of work done by the 
agent is represented by u, the number expended in over- 
coming prejudicial resistances by Uq, and the number ex- 
pended usefully by Up all in the same given time, then 

U = Uo + Ui 

It also appears that in most machines Ui bears to u a 
constant ratio, so that 

Ui=b:u 
where the letter k denotes some proper fraction, depending 
on the nature of the machine ; this fraction is called the 
modulus of the machine; the following table, taken from 
General Morin's Aide-M&moire de Micanique Pratique, 
gives the value of k for diflferent classes of steam engines: — 

Tablb VI. 
MODULI OF STEAM ENGINES. 



Description of Blachioo 


Horse-Power 


Value of K 






Best working 


Ordinary do. 


Watt's low-pressure engine 


4to 8 


0-60 


0-42 




10 „ 20 


0-66 


0-47 




30 „ 100 


0-60 


0-64 


Cornish engines, working 


up to 30 


0-44 


0-36 


by expansion and con- . 


30 „ 40 


0-49 


0-39 


densation 


40 „ 50 


0-67 


0-46 




60 „ 60 


0-62 


0-50 




60 „ 70 


0-66 


0-63 




70 „ 80 


0-82 


0-66 




80 „ 100 


0-70 


0-69 


High-pressure engines, 


up to 10 


0-50 


0-40 


working without ex- 


10 „ 20 


0-55 


0-44 


pansion or condensation 


20 „ 80 


0-60 


0-48 




30 „ 40 


0-66 


0-62 




above 40 


0-70 


0-66 
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Ex. 94. — The diameter of the piston of a steam engine is 60 in.; it 
makes 11 strokes per minute ; the length of each stroke is 8 ft. ; the mean 
pressure per square inch, 15 lbs. The modulus of the engine being 0'65, 
determine the number of cubic feet of water it will raise per hour from a 
depth of 50 fathoms. 

[The number of units of work done by steam on piston in one hour equals 
irx30*x8xl5xllx60; this number multiplied by 0*65 will give the 
number of units usefully spent in raising water ; hence the number of cubic 
feet of water is found.] Ana, 7763 cub. ft. 

Ex. 95.— The diameter of the piston of an engine is 80 in., the mean 
pressure of the steam is 12 lbs. per square inch, the length of the stroke is 
10 ft., the number of strokes made per minute is 11. How many cubic feet 
of water will it raise per minute from a depth of 250 fathoms, its modulus 
being 0-6 ? Ans. 42*46 cub. ft. 

Ex. 96. — If the engine in the last example had raised 65 cubic feet of 
water per minute from a depth of 250 fathoms, what would have been its 
modulus? Ans. 0-7771. 

Ex. 97. — How many strokes per minute must the engine in Ex. 95 make 

in order to raise 15 cubic feet of water per minute from the given depth ? 

Ans. 4. 

Ex. 98. — What must be the length of the stroke of an engine whose 

modulus is 0*65, and whose other dimensions and conditions of working are 

the same as in Ex, 95, if they both do the same useful work ? 

Ana. 9-23 ft;. 

Ex. 99. — The diameter of the cylinder of an engine is 80 inches, the 
piston makes per minute 8 strokes of 10|ft. under a mean pressure of 
15 lbs. per square inch; the modulus of the engine is 0'55. How many 
cubic feet of water will it raise from a depth of 112 ft. in one minute ? 

Ana. 485-78 cub. ft. 

Ex. 100. — If in the last example the engine raised a weight of 66,433 lbs. 
through 90 ft. in one minute, what must be the mean pressure per square 
inch on the piston ? Ana. 26-37 lbs. 

Ex. 101. — If the diameter of the piston of the engine in Ex. 99 had been 
85 in. what addition, in horse-power, would that make in the uaefvl power 
of the engine? Ana. 1328 H.-P. 

15. "Work of water-wheeU. — Hitherto we have considered 
only one kind of motive power, viz. the pressure of steam- 
The same principles are applicable to machines worked by 
any other motive power, as by the muscular force of animal 
agents, the pressure of moving air, or of falling water. The 
last of these, viz. the power of falling water, is, next to 
steam^ the most conspicuous example of work done on a 
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large scale by an inanimate agent. We shall therefore 
consider somewhat particularly the application of this 
power by means of water-wheels. 

It is plain that 1 lb. of water, in descending through 1 
foot, must accumulate as much work as would be required 
to raise it through 1 foot, and hence if p lbs. of water 
descend through h feet, they will accumulate pA units of 
work ; and if, moreover, we suppose this water to descend 
against an obstacle, such as the float boards of a water- 
wheel, the amount of work so accumulated will be done 
upon the wheel, and this work may then be applied to any 
useful purpose after a certain deduction has been made on 
accoimt of prejudicial resistances. 

It must be borne in mind that the height of the fall is 
the difference between the levels of the surface of the water 
in the reservoir and in the exit canal ; in the case of over- 
shot wheels it is supposed that the extreme circumference 
of the wheel is just in contact with the surface of the water 
in the exit canal. The height is represented by A B in the 
accompanying figures ; of which fig. 2 represents the 



Fig. 3 



Fig. 3 




ordinary undershot wheels with plane float boards ; fig. 3 
the breast wheel, in which the water acts upon the float 
boards considerably above the level of the exit canal. Fig. 4 
represents the overshot wheel. 
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The following table exhibits the moduli of various kinds 
of water-wheels. It is founded on results given in General 
Morin's Aide^-MSmoire. In the table h denotes the length 
of the line ab in figs. 2, 3, 4, and h denotes the length of 
BO in fig. 3 : — 

Table VIL 
MODULI OF WATEE WHEELS. 



Description 


Modulus 


(1) - Undershot wheels with flat float boards 


0-26 to 0-30 


(2) Breast wheels with flat float boards 




(a) when — = 4- 


0-40 to 0-45 


(b) „ i - 1 ... 


0-42 „ 0-49 


(c) „ i - i ... 


0-47 


(d) * = 1 ... 

A 


0-66 


(e) „ i - 1 ... 


0-65 „ 0-70 


(3) Breast wheels with curyed float boards (Pon- 

celet's construction) 

for H greater than 6^ feet 


0-60 to 0-66 


(4) Overshot wheels, when the yelocitj is small and 
1 the buckets half filled 


0-70 to 0-75 
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Ex, 102.— The mean section of a siaream is 5 ft by 2 ft. ; its mean velocity 
is 35 ft. per minute; there is a feJl of 13 ft on this stream, at which is 
erected a water wheel whose modulus is 0*65 ; determine the horse-power of 
the wheel Ana, 66 H-P. 

Ex, 103. — In how many hours would the wheel in the last example grind 
1000 quarters of wheat, it being assumed that each horse-power will grind 
one bushel per hour ? Ana, 1428 hours. 

Ex, 104. — ^How many quarters of wheat will the same wheel grind in 
72 hours ? Ans, 50 -41 quarters. 

Ex. 105. — Suppose the wheel in Ex, 102 to have replaced an undershot 
wheel with flat float boards, whose modulus was 0*25, determine the num- 
ber of quarters of wheat each wheel will grind in 24 hours. 

Ans, (1) 6-8. (2) 16-8. 

Ex, 106. — How many cubic feet of water must be made to descend the 
fall per minute in Ex, 102, 3, that the wheel may grind at the rate of 3^ 
quarters per hour ? Ana. 1749*5. 

Ex, 107. — Giyen the stream in Ex, 102, 3, what must be the height of 

the fall to grind 1 J quarters per hour ; firsts if the modulus of the wheel is 

0-40, next, if it is 0*47, and lastly, if it is 0-65. 

Ans. (1) 37-7 ft. (2) 32 ft (3) 23*2 ft 

Ex, 108. — The mean section of a stream is 8 ft. by 1 ft. ; its mean 
velocity is 40 ft per minute ; it has a fell of 17 J ft ; it is required to raise 
water to a height of 300 ft. by means of a water-wheel whose modulus is 
0*7 ; how many cubic feet will it raise per minute ? Ans. 13*07 cub. ft 

Ex, 109. — To what height would the wheel in the last example raise 2^ 
cubic feet of water per minute ? Ans. 1742| ft. 

Ex, 110. — The mean section of a stream is \\ ft by 11 ft. : its mean 
velocity is 2^ miles per hour ; there is on it a &11 of 6 ft on which is erected 
a wheel whose modulus is 0*7 ; this wheel is employed to raise the hammers 
of a forge, each of which weighs 2 tons, and has a lift of 1| ft. ; how many 
lifts of a hammer will the wheel yield per minute ? Ans, 142 nearly. 

Ex, 111. — In the last example determine the mean depth of the stream 
if the wheel yields 135 lifts per minute ? An^. 1*43 ft 

Ex. 112.— In Ex. 110 how many cubic feet of water must descend the fall 
per minute to yield 9 7 lifts of the hammer per minute ? Ans. 2483 cub. ft 

Ex. 113. — Determine how many quarters of com the mill in Ex. 110 
might be made to grind in six days if it were to work for 13 hours daily ? 

Ans. 281*5 quarters. 

Ex, 114. — Water is raised to a height of 54 ft. above the bottom of a fall 
of water of 14 ft. down which descend 200 cubic feet per minute, by means 
of a wheel worked by the fell, and having a modulus 0*60 ; how many cubic 
feet of water will be thus raised per minute, and if the water were raised 
from, the top of the £eJ1 to the same point what would the number of cubic 
feet then be ? Ans. (1) 31-1 cub. ft. (2) 34*7 cub. ft. 

[Of course in the second case the number of cubic feet of water taken 
from the top of the fall being or, the number of feet that tvum tbfi ^\y^ V^ 
be 200—0?.] 



28 



PBACnCAL MECHANICS. 



Ex, 115. — ^Water has to be raised from a mine 120 ft deep, the whole of 
the water raised forma a stream with a fall of 30 ft, the machinery by 
which the water is raised is a steam-engine of 50 horse-power, and an oyer- 
shot wheel whose modulus is 0*715 turned by the stream; determine the 
whole number of cubic feet raised per minute. Ans. 267*8 cub. ft 

Et. 116. — In the last example if the ground allowed an exit to be made 
for the water 30 feet below the mouth of the shaft (by which of course the 
fall is entirely lost), what must be the horse-power of the engine to raise 
per minute the same amount of water as before ? Ans. 45*6 H.-P. 

16. The work of living agents. — The efficiency of men 
and animals is estimated in the same manner as that of the 
inanimate agents abeady considered, viz. by the number of 
units of work they are capable of yielding. The number 
yielded under given circumstances by any particular agent 
must of course be determined by experiment. The re- 
sults of experiment on this matter are registered in the 
tables that follow ; they are based on similar tables given 
in General Morin's Aide-Memoire. It must be borne in 
mind that these tables give mean results when the agent 
works in the best manner. It would be very possible for 
the agents to work with greater velocities than those 
assigned, but were this done they would yield a much 
smaller daily amount of work — compare the work done by 
a horse walking with that done by a horse trotting. 

Tablb VIII. 
WORK DONE BY MEN AND ANIMALS. 



Nature of Labour 



(1) Raising weights ver- 
ticaUy, 

A man mounting a gentle 
incline or ladder, with- 
out burden, i.e. raising 
his own weight. 



Daily 
Dura- 
tion 
of Work 
in Hours 



No.ofUnlU 
of Work 
per Day 






Labourer raising weights 
with rope and pulley, 
the rope returmngwith- 
out lodd. 



80 



6-0 



2032000 



563000 



No. of 
Units of| 

Work 
per Min. 



4230 



Weight 
raised or 
Mean 
Pres- 
sure 



145 29 



Velocity 



FL 
Min. 



I 



1560 



40 



39 



Miles 

J»er 
ou 



our 



0-33 



0*44 
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Table VIII. (continued). 










Nature of Labour 


Dally 
Dura- 
tion of 
Work Id 
Hours 


No. of Unit! 
of Work 
per Day 


No. of 

Unlti 

of Work 

per 

Min. 


Weight 

railed 

or MoMD 

Prei- 

lure 


Velocity 




Fret 
per Min. 


Mllei 
Hour 




Labourer lifting weights 
by hand 


6-0 


531000 


1480 


44 


34 


0-38 




Labourer carrying 
weights on his bade 
up a gentle incline or 
up a ladder and re- 
turning unladen 


6-0 


406000 


1130 


145 


8 


009 




Labourer wheeling ma- 
terials in 41 barrow up 
an incline of 1 in 12 
and returning with the 
empty barrow 


10-0 


313000 

• 


520 


130 


4 


0-046 




Labourer lifting earth 
with a spade to a mean 
height of 5^ feet 


10-0 


281000 


470 


6 


78 


0-9 




(2) Action on Maohines, 

Labourer walking and 
pushinff or pulling ho- 
rizontally 


8-0 


1500000 


8130 


27 


116 


1-32 




Labourer tumingawinch 


8-0 


1250000 


2600 


18 


144 


1*64 




Labourer pulling and 
pushing alternately in 
a vertical direction 


8-0 


1146000 


• 

2390 


11 


216 


2-70 




Horse yoked to a cart 
and walking 


100 


15688000 


26150 


150 


175 


2-00 




Do. to a whim gin 


8-0 


8440000 


1700 


100 


175 


2-00 




Do. do. trotting 


4-5 


7036000 


26060 


66§ 


391 


4-44 




Ox yoked to a whim 
gin and walking 


8-0 


8127000 


16930 


145 


117 


1-33 




Mule do. do. 


8-0 


5627000 


11720 


m 


176 


2-00 




Ass do. do. 


8-0 


2417000 


5080 


80 


168 

\ 


1-96 

\ 


\ 
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The following table gives the useful eflfect of men and 
animals employed in the horizontal transport of burdens. 
The second and third columns give the useful eflfect, viz. 
the product of the weight in lbs. and the distance in feet. 
The reader must not mistake this for the units of work 
done by the agent, the agent being employed not in raising 
the weight, but in overcoming the passive resistances, fric- 
tion, &c., which depend on the weight indeed, but axe only 

a fraction of it. 

Tablb IX. 

USEFUL EFFECT OF AGENTS EMPLOYED IN THE 
HORIZONTAL TRANSPORT OF BURDENS. 



Agent 


Dura, 
tion of 
Daily 
Work 


Useftil Effect 
Dally 


Useful 

Eflfect per 

Minute 


Weight 

Trans. 

ported* 


Velocity 


Feet 
per Min. 


Miles 
perHr. 


Man walking on 
a horizontal road 
"without burden, 
i. e. transporting 
his own weight 


10-0 


25398000 


42330 


145 


292 


3-32 


Labourer trans- 
porting materials 
in a truck on two 
wheels, returning 
with it empty for 
a new load 


10-0 


13025000 


21710 


220 


99 


112 


Do. do. in a 
wheelbarrow 


10-0 


7815000 


13030 


130 


160 


1-14 


Labourer walking 
with a weight on 
his back 


7-0 


6470000 


13030 


90 


145 


1-64 


Labourer trans- 
porting materials 
on his back and 
returning unbur- 
dened for a new 
load 


6-0 


5087000 


14110 


145 


97 


1-10 



* Exclusive of the weight of the barrow, truck, cart, &c. (Poncelet, 
M6c Ind. p. 247.) 



WORK OP LIVING AGENTS. 



31 



Tablb IX. (continued). 



Agent 


Dura, 
tion of 
Daily 
Work 


Uiefal Effect 
Daily 


Useftil 

Elfbctper 

Minute 


Weight 
Trans- 
ported* 


Velocity 

• 


Feet 
per Min. 


Milei 
per Hr. 


Do. do. on a hand- 
barrow 


100 


4298000 


7160 


110 


65 


0-74 


Horse transport- 
ing materials in a 
cart) walking, al- 
ways laden 


100 


200582000 


334300 


1500 


223 


2-53 


Do. do. trotting 


4-6 


90262000 


334304 


750 


44 


5-06 


Do. transporting 
materials in a cart 
returning with 
the cart empty 
for a new load 


10-0 


109408000 


182350 


1500 


121 


1-38 


Horse walking 
with a weight on 
his back 


10-0 


34385000 


57310 


270 


212 


2-41 


Do. do, trotting 


7-0 


32092000 


76410 


180 


424 


4-82 



Ex. 117. — How many men would be required to raise by means of a 
capstan an anchor weighing 1 ton from a depth of 30 fathoms, in 15 mi- 
nutes ? Ans, 9 nearly. 

Ex, 118.— In what time would 20 men raise the anchor in the last 
example? Ans. 6*4 min. 

Ex. 119. — Through how great a distance would 30 men raise the anchor 
in Ex. 117 in each minute? Ans, 42ft. nearly. 

Ex, 120. — There is a well 150 ft. deep, a labourer raises water from it by 
a rope and pulley, how many cubic feet of water will he raise in a day? 

Ans, 60 cub. feet. 

Ex, 121. — How miiny cubic feet of water would a steam engine of 10 
horse-power raise from this well in 24 hours ? How many labourers would 
be required to do the same amount of work if they raised the water by wheel- 
and-axles, and how many if they raised it by means of capstans ? How 
many horses would do the same amount of work walking in whim gins ? 

Ans, (1) 50688 cubic feet. (2) 380 labourers. 
(3) 317 labourers. (4) 56 horses. 

Ex. 122. — In how many minutes could 20 men working on a capstan 
raise an anchor weighing 2 tons from a depth of 200 fiEkthoms ? 

Ans. 85*88 min. 



32 PRACTICAL MECHANICS. 

Ex. 123. — How many men would in 40 minutes raise the anchor in the 
last example ? Ans. 43 men. 

Ex. 124. — Through hoi<^ many fathoms could 16 men raise the anchor of 
Ex. 122 in 10 minutes? Ans. 17| nearly. 

Ex. 126. — If 13 men are required to raise an anchor through 180 fathoms 
in 20 minutes, what must be the weight of that anchor ? Ans. 763| lbs. 

Ex. 126. — ^A town is situated 26 miles from the mouth of a coal pit, 
from which coal is taken to the town by a level railway on which the re- 
sistance is 10 lbs. per ton ; the engine employed is of 16 horse-power and 
weighs with its tender 10 tons ; each truck weighs 3 tons and contains 7 
tons of coals ; on each journey the engine takes 6 full trucks and returns 
with 6 empty trucks ; supposing no time to be lost at the ends of the journey, 
how many tons of coals will be taken to the town in 48 hours ? How 
many horses would be required to convey the same quantity of coals in the 
same time? Ans. (1) 446 tons. (2) 666 horses. 

17. Remarks on the work yielded by different agents. — 
The following remarks upon the preceding tables and 
examples are worthy of the attention of the reader : — 

(1) Every agent must be allowed to move at a certain 
rate in order to do the greatest amount of work it is cap- 
able of yielding ; thus, a horse walking does considerably 
more work than a horse trotting, as an inspection of the 
tables will show. And this is true not of animate agents 
only, but of inanimate ; thus the work yielded by the con- 
sumption of a given quantity of coal will be larger in the 
case of a slow than of a fast engine. 

(2) Also, in order that an animate agent may do its 
greatest amount of work it must not be required to exert 
more than a certain amount of pressure. This is also plain 
from an inspection of the table. 

(3) It follows from the above considerations that though 
two agents may be capable of doing the same work in the 
same time, it may be in practice impossible or disadvan- 
tageous to substitute the one for the other. Thus an ox and 
a horse walking in a whim gin do very nearly the same 
amount of work ; but since the ox moves more slowly, and 
exerts a greater pressure than the horse, it would generally 
be disadvantageous to substitute a horse for an ox in a 
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machine requiring a slow heavy pressure. Again, in cases 
where great speed is a deaideratuniy it would generally be 
impossible by any machinery to make the slow agent per- 
form the labour of the rapid agent ; as, for instance, in 
the case of locomotion. 

18. On the Cost of Labour, — The chief elements in the 
cost of labour may be enumerated as follows : — 

(1) In the case of human labour, the whole cost is the 
wages paid. 

(2) In the case of a horse, the elements of expense are 
attendance, keep, and the original cost ; the last is but a 
small portion of the expense. Thus, if we suppose a horse 
to cost 20L and to continue in working order for ten 
years, and reckon the value of money at four per cent, per 
annum, the element of cost would be 2'465i, yearly, or not 
quite Ifi. per week. 

(3) In the case of a steam engine, the chief elements 
are the original cost and subsequent repairs, attendance, 
and fuel. Of these elements the most important is that 
of fuel ; and accordingly there is a special definition of the 
power of an engine with reference to the consumption of 
fuel. The definition is as follows : — 

Def. — The number of units of work yielded by an engine 
in consequence of the consumption of 1 bushel (i. e. 84 lbs.) 
of coal, is called the duty of that engine. 

The extent to which the economy of fuel may be carried 
is very remarkably illustrated by the engines employed to 
drain the mines in Cornwall. In 1815, the average duty 
of these engines was 20 millions; in 1843, by reason of 
successive improvements, the average duty had become 60 
millions, effecting a saving of 85,000i. per annum ;* it is 

* Bourne on the Steam Engine, p. 171. It may be remarked that this 
result depends largely on the construction of the boiler; 1 lb. of coal in the 
Cornish boiler evaporates 11 J lbs. of water, while in the waggon-shaped 
boiler 8*7 is the maximum. Fairbaim, Useful Information, p. 177. 

D 
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stated also, that, in the case of one engine, the duty was 
raised to 125 millions. 

The actual cost of 1,000,000 units of work, when done 
by diflferent agents, cannot be specified with great precision; 
but a sufficiently accurate notion of the relative cost of 
different agents may perhaps be obtained from the annexed 
table, which has been calculated upon the following sup- 
positions : — 

(1) The wages of a labourer, 38. a day. 

(2) Keep of a horse, 2s. a day ; attendance of 6 horses, 
38. a day ; cost of each horse, 2d. a day. 

(3) Steam engine of 50 horse-power, at an annual cost 
of 51. per horse-power; attendance, 12s. a day; coal, 6d. 
a bushel.* 

Tablb X. 
COST OF LABOUR. 



Character of Agent 



1) Labourer cuTjring weights up a ladder . 

2) Labourer raising weights by rope and pulley 

3) Labourer turning a winch . 
4^ Labourer turning a capstan . 

5) Horse in a whim gin trotting 

6) Horse in a whim gin walking 

7) Horse walking in a cart 

8) Steam engine, duty 20 millions 

9) Steam engine duty, 90 millions 



Cost per MillioD 
UnittofWork 



88-67 pence 
63-94 
28-80 
2400 

4-548 

3-791 

2-040 

0-429 

0196 



I) 



)f 



iy 



II 



II 



II 



II 



II 



♦ In Weale*s Contractor's Price Book for 1869 the prices of yarious steam 
engines are estimated to cost from 251, to 35^. per horse-power, boilers 
and fittings included; as the nominal horse-power (which is determined 
by measurement) is considerably less than the working horse-power the 
estimate in the text is very ample ; that estimate assumes 50^. the cost of a 
horse-power, and assumes that 10 per cent, will represent interest on capital, 
repairs, and restitution. It may interest the reader to consider the following 
statement taken from Mr. E. Stephenson's paper on Eailway Economy which 
forms an appendix to Mr. Smiles's Life of Oeorge Stephenson. Li 1854 
there were in the United Kingdom 6000 locomotive engines costing from 
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Ex, 127.— How many bushels of ooal must be expended in a day of 24 
horns in raising 150 cubic feet of water per minute from a depth of 100 
&thoms ; the duty of the engine being 60 millions? Ans. 135 bush. 

Ex, 128.— Determine the number of horses working in whim gins re- 
quired to do the work of the last example. Determine also the weekly 
saving effected by employing steam power, supposing the total weekly ex- 
pense of the engine to be double the price of coals consumed; the ooals 
costing 10«. a ton ; and each horse 20«. a week. 

Ans. (1) 960 horses. (2) 924^. lU, Od, weekly saving. 

Ex. 129. — There are three distinct levels to be pumped in a mine ; the 
first 100 fathoms deep, the second 120, the third 150 ; 30 cubic feet of water 
are to oome from the first, 40 from the second, and 60 from, the third per 
minute ; the duty of the engine is 70 millions. Determine its working 
horse-power and the consumption of coal per hour. 

Ans. (1) 191 H.-P. (2) 5*4 bushels. 

Ex. 130. — In the last example suppose there is another level of 160 
fathoms to be pumped, that the engine does as much work as before for the 
other levels, and that the utmost power of the engine is 275 H.-P. Find 
the greatest number of cubic feet of water that can be raised from the fourth 
leveL Ans. 46| cub. ft. 

Ex. 131. — ^An engine raises every minute A cubic feet of water &om a 
depth of a fathoms, b cubic feet of water from a depth of b fEithoms, and 
c cubic feet of water from a depth of e fathoms. The diameter of the 
piston of the steam engine is d in., the length of the stroke I fi;., it makes n 
strokes per minute ; also it consumes o bushels of coal in twenty-four hours, 
and has a modulus m. Determine (1) the pressure per square inch upon 
the piston; (2) the horse-power of the engine (as measured by pressure of 
steam on piston); (3) its' duty. 

Atis (I) ^^QQ(-^^ + ^^ + cg) (o") Aa + B& + cg 
vdHmn 88m 

om 
Ex, 132. — ^Water is to be raised from three levels of 20, 30 and 40 
frithoms respectively ; 10 cubic feet of water is to be taken per minute from 
the first, 20 from the second, and 40 from the third. The engine consumes 
15 bushels of coal in a day. The diameter of the ^ston is 4 ft, it makes 
10 strokes of 6 ft each per minute. The modulus of the engine is 0*65. 



2000^. to 2500^. apiece, and consuming annually 13 million tons of coke, 
made from 20 million tons of coaL It appears moreover that if a railway 
company start with 100 new engines about 20 or 25 will need repair at the 
end of four years, and after that there will always be about 25 in the 
workshop. 

D 2 
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Find the pressure per square inch on the piston, the horse-power (as mea- 
sured by pressure of steam) and the duty of the engine. 

Ans, (1) 12-76 lbs. (2) (nearly) 42 H.-P. (3) 133,000,000 duty. 

Ex. 133. — In Ex. 126 suppose the engine and trucks on the one hand and 
the horses and carts on the other to want renewal every ten years ; suppose 
also that each horse and cart costs 40/., that one man attends to every six 
horses and is paid 3^. a day, that each horse's keep is Is. 6d. a day, that there 
are two turnpikes on the road at each of which there is a toll of 6d. ; determine 
the cost of transporting 446 tons of coals. Next suppose the engine and 
tender to cost 1000/., each truck 120/. (15 trucks are required to prevent 
loss of time) ; that there are three drivers and three stokers each at Gs. a day ; 
that money is worth 5 per cent, and that each mile of road cost 10000/. to 
make and 365/. a year to keep in repair ; determine in this case the cost of 
transporting 455 tons of coals. Also if coal cost Ss. a ton at the pit mouth 
what will it cost in the town according to each method of transport neglect- 
ing profit ? 

Ans, (1) 214/. (2) 123/. (3) 125. 6d. ^ ton by cart 
(4) 8s. 6</. a ton by rail. 

[Interest on the cost price ef engine, larucks, horses -and carts can be 
neglected.] 



Section IL 

19. On the Work done by a Variable Pressure. — There 
are two important que^ions in the subject of work which 
we shall treat in the present section: they are (1) the 
work done by a variable pressure, when exerted through a 
certain space ; (2) the total amount of work done in rais- 
ing a number of weights through dififerent heights. 

Fia.5 As an introduction to the theorem which 

follows, dt may be remarked, that if a constant 
pressure t)f p lbs. act through a space of s 
feet, and if a, rectangle abcd be drawn, of 
which the base ab represents the s feet on 
scale, and ,the perpendicular ad represents the 
p lbs. on the «ame scale : then, since the 
area of abcd contains PS square units on the 
same scale, that area will correctly represent 
the work done by p. 
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PropoBUion I. 

If a variahle freaBure acta through a certain space, and 
if a curve be drawn the abscisacB of which represent the 
epaceSy and the corresponding ordinatea the pressures ai 
the ends of those spaces, then will the area of the curve 
between any Uvo ordinates represent the work done by the 
pressure while acting through a space represented by the 
difference between the extreme abscisscB. 

When the pressure lias acted through a space represented 
on a certain scale by an, suppose it to be represented on 
the same scale by pn ; also, pw. e 

■when it has acted through ^ q 

a space ah, suppose it to he 
represented on the scale by 
QU ; let the curve PQ be 
drawn in such a manner 
that any ordinate PjS, re- 
presents the pressure when 
it has acted through a space AN, ^ we have to prove that the 
area pnmq represents the work done by the pressure while 
acting through the space NU. 

For divide nu into any number of equal parts in 
"i, «„ Nj . . . . draw the ordinates p,n„ p^n,, p^Nj . . . , 
and complete the rectangles pNj, PjNj, p,Nj .... Now, we 
shall nearly represent the actual case if we suppose the 
pressure while acting successively through the short spaces 

HKj, WiNp NjNj to retain unchanged the magnitude it has 

at the beginning of those spaces respectively ; and we shall 
represent the case more nearly the smaller we make the 
spaces, i. e. the greater the number of parte into which we 
divide nm: the actual case being the limit continually 
approached as the number of parts is increased. 

But if the pressure acts uidformly through each spac^ 
it will do a number of units of work represented by the 
sum of the rectangular areas p«i, p,n„ p,Nj . . . ., and this 



^ 
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being true whatever be the number of the small spaces, 
the work actually done will be properly represented by the 
limit of the sum of these rectangles, i.e. by the curvilinear 
area pnmq. 

Cor. — It must be borne in mind that the scale must be 
the same for lbs. and for feet ; thus, if the scale be in 
inches, pn must be as many inches long as the pressure 
contains lbs., and nm must be as many inches long as 
the space represented contains feet; this being so, the 
area of the curve in square inches will give the number of 
units of work. 

Ex, 134. — ^A rope I ft long and weighing w lbs. per foot hangs by one 
end, determine the number of units of work required to wind up a ft. of the 
length. 

Fig. 7 Take ab on scale equal to l^ draw Ac 

perpendicular to ab and on the same scaln 
equal to «; ^, join bc ; in ab take any point 
K, draw PK parallel to AC, then 

PN : nb :: CA : AB :: to : 1. 

Therefore pn—wnb, i.e. the ordinate pn 

represents on scale the weight of the rope 

left hanging when the extremity has been 

raised through a space an. Hence the area 

ABC represents the number of units of work 

required to wind up the whole rope, and the area cafn the number of units 

of work required to wind up a length an of the rope. Hence if v is the 

required number of units 

^ 2 ' 
Ex, 135. — A weight of 2 cwts. has to be raised from a depth of 100 
fathoms by a rope 3 in. in circumference ; determine the number of units 
of work that must be expended in raising it, and the number of minutes 
in which 8 men would do the work by means of a capstan. 

Ans. (1) 207300 units. (2) 8*28 min. 

Ex, 136. — How heavy will that anchor be which 13 men will raise by 
means of a capstan from a depth of 180 fiithoms in 40 min., supposing the 
cable to weigh 1125 lbs. ? (neglecting the buoyancy of the water). 

Ans. 945 lbs. 

Ex, 137. — A chain each foot of which weighs 8 lbs. is suspended from 
the top of a shaft the depth of which is 50 fathoms ; determine the number 
of units of work required to wind up each suocessive 100 ft. of its length ; 
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determine also the length of the chain which will require twice as many 
units of work to wind it up. 

An8, (1) 200000, 120000, 40000 units of work respectively. (2) 424 ft 

Ex, 138. — ^If a chain 300 ft. long and weighing 8 lbs. per foot is wound 
up in 4 min. ; how many men working on a capstan would do it ? How 
many horses working in a whim gin ? How many steam horses ? How 
many of each agent would be required if the weight per foot of the chain 
were doubled ? And how many if the length of the chain were doubled ? 
^^.(1) 29 men. (2) 6*1 horses. (3) 2^ horse-power. 
(4) 57 men. 10*2 horses. 6^ horse-power. 

(6) 115 men. 20*4 horses. lOJJ horse-power. 

Ex. 139. — ^A chain is a ft. long, divide it into n parts such that the 
winding up of each may require the same number of units of work. 



a / ^„ . Tv a 



_ (A/n-Vw-1), -Jl^-v/w-l-Vw-2), _Ji^(V?i-2-V«-3) &c. 

Ex. 140. — Coal is raised from the bottom to the mouth of a pit 150 ft. 
deep in loads of a quarter of a ton, the box containing it weighs 1 cwt., the 
rope by which it is raised is 3 in. in circumference ; determine the number 
of units of work spent in raising the coal, and the number spent in raising 
the box and rope. Suppose the lifting engine to work with 10 horse-power, 
determine the weight of coals raised in 2 hours, supposing the ascent and 
descent of the box to take equal times. 

Ana, (1) 84000 units to raise coal. (2) 21356| units to raise box 

and rope. (3) 47 tons. 

Ex, 141. — ^In the last example suppose machinery to be employed by 
means of which the same drum winds up the rope of an ascending box and 
unwinds that of a descending box. Determine the number of tons raised 
in 2 hours.* Ana, 118 tons. 

[Of course the units of work done by the descending box and rope 
will nearly equal that expended on the ascending box and rope — the weight 
of box and rope can therefore be neglected.] 

Ex, 142. — ^Determine the number of tons raised under the conditions of 
Ex. 140 and 141 supposing \ a minute is expended in filling or emptying 
the box. Ana, (1) \%\ tons. (2) 39| tons. 

Ex. 143. — ^If 4 cwt of material are drawn from a depth of 80 fathoms 
by a rope 5 in. in circumference ; how many units of work are expended 
in raising it, and what horse-power is necessary to raise it in 4| minutes? 

Ana, (1) 344640 units. (2) 2-32 H.-P. 



♦ The primary object of this mode of working was, probably, to save 
time, the saving of labour being an accidental result ; though that saving 
is very considerable. 
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£r. 144. — A lope Sin. iii drcamference is stiong enough to bear a 
working strain of 4 cwt. ; how many nnits of work are wasted in the last 
example bj using a rope 6 in. in drcnmference? Ans. 82944 units. 

Ex. 145. — ^A winding engine raises to the sur&ce a load of 12 cwts. in 
6| minutes from a depth of 115 fathoms ; the rope employed is a flat rope 
composed of 3 ropes each 3 in. in circumference. What is the horse-power 
of the engine ? Ans. 5 67 H.-P. 

Ex. 146. — If the engine in the last example has a cylinder 20 in. in dia- 
meter, and makes per minute 15 strokes of 2 ft. 10 in^ under what mean 
pressure per square inch of steam does it work if its modulus is 0*55 ? 

Ans. 25*5 lbs. 

20. The Steam Indicator. — A very instructive appli- 
cation of Proposition 1 occurs in the steam indicator, which 

may be sufficiently described as follows : 
AB is a small hollow cylinder contain- 
ing a powerful spring, which can be 
partly seen through the aperture ef ; 
within the indicator is a small piston 
or plunger (marked in the figure by 
dotted lines) which is kept down by the 
spring, so that if it is forced up the 
compression of the spring gives the 
amount of the compressing force, which 
can be read oflF on the scale cd by 
means of the pointer gh, which rises 
and falls with the plunger. The end 
H of the pointer carries a pencil, the 
point of which rests against a sheet of 
paper wrapped round a cylinder kl ; if 
this cylinder is stationary, and the pencil moves, a vertical 
straight line will be described; if the pencil is stationary, 
and the cylinder revolves, a horizontal straight line will be 
described ; but if both the pencil moves and the cylinder 
revolves, a curved line will be described. 

The instrument is used in the following manner : — 
The end a being screwed into an aperture properly con- 
structed the steam in the interior of the cylinder of the 
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steam engine can be admitted into the indicator by opening 
the cock p ; at first, however, the cock p is shut, so that 
the pointer remains stationary. The end of the string mn 
is attached to some part of the engine in such a manner that 
the cylinder kl makes one revolution while the piston of the 
steam engine makes a stroke; this being done, and the cock 
kept shut, the pencil will trace on the paper a straight line, 
called the atmospheric line : on the next stroke the cock 
is opened, and now the steam pressing on the plunger the 
pencil will rise or fall according as the pressure of the 
steam is greater or less than that of the atmosphere, and 
will describe a curve that will return into itself at the end 
of a double stroke (or revolution). The area of the curve 
thus described will give the amount of work done by the 
steam during a single stroke. 

To explain this, suppose abcdep to be the curve given 
by the indicator, Aa the atmospheric line ; draw pnq any 
double ordinate, then pn represents the excess of the steam 
pressure above that of the atmo- fig. 9 

sphere when the ascending piston 
is at a certain point, and nq repre- 
sents the defect of the vacuimi 
pressure below that of the at- 
mosphere when the descending 
piston is at the same point. Now the effective pressure 
of the steam is the excess of the steam pressure above 
the vacuum pressure ; but 

PN = steam pressure —atmospheric pressure, 

NQ = atmospheric pressure— vacuum pressure, 
.*. PN + NQ = steam pressure —vacuum pressure, 

therefore pq represents the effective pressure of the steam 
when the ascending piston is at the point corresponding 
to N, i. e. assuming the vacuum pressure at any point of 
one stroke to be the same at the same point of the next 
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stroke. If, then, for the sake of distinctness,* we suppose 
each inch of the ordinate to denote a pressure of I lb. and 
each inch of the abscissa (i. e. of the atmospheric line) to 
denote a foot of the stroke, the area of the curve will give 
the number of units of work done during a single stroke 
by the steam on an area equal to that of the plunger, and 
if the area of the piston of the steam engine be n times 
that of the plunger, the work done by the steam during a 
svagle stroke will be n times that given by the curve. 

The area of the curve may be found by Simpson's rule, 
viz. — Divide Aa into any even number of equal parts, and 
draw the corresponding ordinates; take the sum of the 
extreme ordinates, four times the sum of the even ordi- 
nates, and twice the sum of the odd ordinates (i. e., ex- 
cepting the first and last), add them together, and multiply 
the sum by one of the parts of the abscissa ; the product 
will be three times the area of the curve.f 

Ex. 147. — Let the curve shown in the figure be that given by a stroke 

of 5 ft. ; let AB be divided into 10 equal parts, and let the ordinates 1, 2, 3, 

Fio. 10 4, .... be drawn; suppose them to represent 

respectively 19, 22, 22, 17*5, 13, 11, 9, 7*6, 6, 
5*5, 4 lbs. pressures per square inch. The 
radius of the piston being 20 in., determine 
the units of work done per stroke, and the 
mean effective pressure per square inch on 
the piston — i. e., the constant pressure that would do the same work. 

Ans, (1) 79000 units. (2) 12-6 lbs. 
Ex, 148. — Determine the number of units of work and the mean pressure 
per square inch on a piston 3| feet in diameter having a stroke of 5 feet, if 
the ordinates measured at intervals corresponding to three inches of the 
stroke give the following pressures 5*03, 12-57, 18-04, 20*73, 21*03, 21*11, 
21*25, 20*72, 2014, 18*63, 15*45, 13*24, 10*83, 8*53, 6*49, 4*87, 3*99, 3*74, 
3*52, 3*25, 2*75. Ans. (1) 87600 units. (2) 12*65 lbs. per sq. in. 

21. Work expended on the Elongation of Bars. — It 
is plain that if a rod be lengthened by a gradually in- 

* In practice the scale would be considerably less than this, 
t The curve given by the indicator is useful in other ways beside that 
mentioned in the text Bourne on Steam Engine, p. 246. 
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creasing pressure, the pressure at any degree of elonga- 
tion will be proportional to that elongation ; so that if the 
abscissae represent the d^ree of elongation, and the ordi- 
nates the strain, the area which gives the units of work will 
be a triangle. Hence: 

Ex, 149. — There is a bar the length of which is i. and section k ; it is 
graduallj elongated by a length ^ ; if its modulus of elasticity be b, show 
that the work expended on its elongation will be given by the formula 

Ub» -7»— KB 

2l 

Ex, 160. — The pumping apparatus of a mine is connected with the engine 
by means of a series of wrought iron rods 200 ft. long ; the section of each 
rod is I of a square inch ; the strain is estimated at 6 tons ; how many 
units of work are expended at every stroke upon the elongation of the 
bars ? Ans, 830 units. 

Ex. 151. — A bar of wrought iron 100 ft. long with a section of 2 square 
inches has its temperature raised from 32^ E. to 202° F. ; how many units 
of work has the heat done ? Ana, 3875 units. 

22. The Work easpended in raising Weights through 
various Heights »^-The questions arising out of this im- 
portant part of the present subject are solved by means of 
the following proposition. 



Proposition 2. 

When any weights are raised through different heights, 
the aggregate of the work expended is equal to the 
work that would he expended in lifting a weight equal 
to their sum through the same distance as that through 
which the centre of gravity of the system of weights has 
been raised. 

Let w„ Wg, Wj be the weights of each separate 

body; conceive a horizontal plane to pass below them all; 
let A„ Aj, A3 .... be the heights of these bodies above the 
plane before they are lifted, and let h be the height of their 
cpmmon centre of gravity; then (Prop. 16) 
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H (Wi + "Wa + "Wa . . . .) — "Wi^i + Wa^a + "^3^3 + • • • (1) 

Also, let fcj, ^2, fcg . . . . be the heights of these weights 
respectively, after they have been lifted, and K the height 
of their common centre of gravity ; then 

K (Wi+TTa+Wa ) = Wi^i + W2^a + '^3^3 + ' • • (2) 

hence, subtracting (1) from (2), we obtain 

(K-H)(wi + Wa + W8+...)=Wi(A:i-Ai) + '^a(^a-*2) + '^3(^3-*3)— (3) 

Now, Wp Wj, W3 . . . . are severally raised through the 
heights k^—h^f Ajj— Aj, fcg— ^3 . . . .; therefore the right hand 
side of equation (3) gives the aggregate work expended 
on lifting them ; hence that work is equal to 

(K— H) (Wj + Wjj + Wg ), 

i. e. to the work that must be expended on lifting a weight 
Wj + W2+W3+ . . . through a height K— H. (Q. E. D.) 

Cor. — In the case of the transport of bodies along any 
parallel line, the principle enunciated in the theorem will 
hold good, since the resistances are in a constant ratio to 
the weights. 

Ex. 152. — How many units of work must be expended in raising the 
materials for building a column of brickwork 100 ft. high and 14 ft. square ; 
and in how many hours will an engine of 2 horse-power raise them ? 

Ans. (1) 109,760,000 units. (2) 27*71 hours. 

[Since the material has to be raised from ihe ^roundf the common centre 
of gravity will have to be raised from the ground to the centre of gravity 
of the column, i. e. to its middle point 50 feet above the ground.] 

Ex. 153. — A shaft has ta be simk to a depth of 130 fathoms through 
chalk ; the diameter of the shaft is 10 ft. ; how many units of work must 
be expended on raising the materials ? In how long a time could this be 
done by a horse walking in a whim gin ? How many men working in a 
capstan woxdd do it in the same time ? Determine the expense of the work 
supposing the horse to cost Zs. 6d. a day, and the wages of a labourer to be 
2^. 6d. a day. 

Ana. (1) 3457 mUlion units. (2) 409-6 days. (3) 5-62 men. 
(4) Cost of horse 71^. Us. Cost of men 287^. 15*. 
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Ex, 1*54. — If the work in the last Example is to be done in 24 weeks by 
a steam engine working 8 hours a day, 6 days a week, what must be the 
horse-power of the engine ? Ans, 1*521 H.-P. 

Ex. 156. — In Ex, 153 suppose the box in which the material is raised to 
weigh \ cwt., the rope to be 3 in. in diameter, and each load to be 4 cwts. of 
chalk, also suppose the box to take as long in ascending as in descending 
and that | of a minute is lost in unhooking and hooking at the bottom of 
the shaft and the same at the top; when the sha£t is 100 ft. deep determine 
the time that elapses between the starting of one load and the starting of 
the next ; the engine working at 1\ horse-power. Arts. 2*62 min. 

Blx. 156. — Determine the same as in the last Example when the shaft is 

ar ft. deep. . 112x + 0-045a:* ^^ . 

Ana. ^-^ +0-5 mm. 

Ex, 157. — Determine the whole time of raising the materials of the shaft 
in Ex, 153 under the conditions of Ex. 155. Ans, 3335 hours. 

Ex. 158. — Eeferring to Ec, 153, 155, suppose the drum of the winding 
machine to have two ropes wound round it in contrary directions, so that it 
unwinds one rope while winding up the other, and that consequently an 
empty box descends while a full one is being raised (as in Ex. 141) ; deter- 
mine the time that must elapse between two consecutive lifts of 4 cwts. 
when the shaft is 100 ft. deep. Ans, 1*155 min. 

Ex, 159. — Obtain a determination similar to that in the last example, 
when the shaft is ar ft. deep. . 448a: .__ . 

Ex. 160. — Obtain the whole time of lifting the materials fi»m the shaft 
under the circumstances of Ex. 158. Ans. 1248 h. 

Blx. 161. — In how long a time would a 15 horse-power engine empty a 
shaft full of water, the diameter of the shaft being 8 ft. and the depth 200 
fathoms ? If the engine has a duty of 30 millions determine the amount of 
coal consumed in emptying the shaft 

Ans. (1) 76 hours. (2) 75*4 bushels. 

Ex. 162. — There is a certain railway 200 miles long ; it may be assumed 
that in the course of 10 years there will be 50,000 tons of iron railing laid 
down ; and that it will be equally distributed along the line. How many 
units of work must be expended in conveying the rails (neglecting the 
weight of the trucks), if the depot is at one end of the line ? And how 
many if the depot is in the middle of the Hne ? The resistances being 
reckoned at 8 lbs. per ton. 

Ans. (1) 211,200 million units. (2) 105,600 million units. 

Ex. 163. — How many journeys of 200 miles performed by a train 
weighing 50 tons does the difference of the results in the last Example 
represent? Resistances 8 lbs. per ton. -4»w. 250 journeys. 
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CHAPTER m. 

ELEMENTABY STATICS. 

23. Mechanics. — ^The science of Mechanics is that which 
treats of the motion and rest of bodies as produced by 
force. The words *as produced by force' are added in 
order to exclude the science of pure motion or mecha/nismy 
which treats of the forms of machines, and in which ma- 
chines are regarded merely as modifiers of motion. Into 
all questions which are properly mechanical the idea of 
force must enter. 

24. Force. — Force may be defined to be any cause which 
puts a body in motion, or which tends to put a body in 

.motion when its effect is hindered by some other cause. 
On this definition the following remark is to be made: 
Suppose a given weight (say of 12 lbs.) is supported by a 
string passing over a pulley and fastened at one end; 
next, suppose an equal weight to be supported by a man's 
hand ; lastly, suppose an equal weight to be supported by 
the expansive pressure of a spring. Now, here we hav^ 
three physical agents, viz., the tension of a string, the 
muscular power of a man, and the elastic power of a spring, 
very different in many respects, but agreeing in their com- 
mon capacity to support a given weight. They may 
clearly be regarded as equal, when viewed with reference 
to that capacity ; and in the case we have supposed, each 
may be correctly represented by 12 lbs. In short, as in 
geometry, we regard all bodies as equal which can succes- 
sively fill the same space, without any regard to their 
physical qualities, such as weight, colour, &c., so in me- 
chanics we regard all forces as equal which will severally 
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balance by direct opposition the same weight, irrespectively 
of their physical origin. 

25. Statics a/nd Dynamics. — It follows, from the delBni- 
tion, that, in Mechanics, we can consider a force either as 
producing motion, or as concurring with others in produc- 
ing rest. Accordingly, the science of mechanics is divided 
into two distinct though closely connected branches, viz. 
statics and dynamics. Of these, statics is that science 
which determines the conditions of the equilibrium of any 
body or system of bodies under the action of given forces. 
Dynamics is that science which determines the motion, or 
the change of motion, that ensues in a body or system of 
bodies subjected to the action of a force or forces that are 
not in equilibrium. 

26. Det&rmination of a Pressure.* — From what has 
already been said, it appeal's that the maxjnitude of any 
pressure is assigned by considering the weight it would 
just support if applied directly up- 
ward ; in other words, we arrive at 
the magnitude of any pressure by 
comparing it with the most familiar 
and measurable of pressures, viz. 
weight. A little consideration will 
show that the eflFect of a pressure 
in any case depends not only on its 
amount but also on its point of a/p- 
plication, BJid the Zme along which 
it acts. We may say, therefore, in 
general terms, that a pressure is 

completely determined when we know (1) its magnitude, 
(2) its point of application, (3) the direction of its action. 

* The term * pressure * is used throughout the following pages to denote 
any force that is estimated in pounds — any force so measxired as to suggest 
statical relations : accordingly, it is used indifferently either for a ^tUl or a 
push, as shown in Fig. 11. 
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A line is frequently said to rqpresent a pressure ; when 
this is the case, it must be drawn from the point of ap- 
plication of the pressure along the line of its action, 
and must contain as many units of length (say inches) 
as the pressure contains units of weight (say lbs,). It is 
of great importance that the student should attend to 
all the conditions which must meet when a line correctly 
represents a pressure'. Suppose a pressure of p lbs. to act 
on a body at the point A ; if the pressure is a puU, as 
in the first figure, the line ab containing as many inches 
as p contains lbs. will represent the pressure ; but if the 
pressure is a push, AB must be measured, as in the 
second figure. 

27. Resultant and Components. — K we consider any 

system of pressures that keep a body in equilibrium, it is 

Fio. 12 plain that any one of them balances 

all the others : thus, if three strings 
be knotted together at A, and be 
pulled by pressures of p lbs., q lbs., 
and R lbs. respectively so adjusted 
as to balance one another, it is 
plainly a matter of indifference 
whether we consider that p balances q and r, or that Q 
balances r and p, or that r balances p and q. Let us con- 
sider that R balances P and q; now r would of course 
balance a pressure r' exactly equal and opposite to itself; 
so that if we substitute r' for p and Q, or vice versa, p and 
Q for r', in either case r is balanced, and the force r' is 
equivalent to p and Q ; under these circimistances, r' is 
called the resultant of p and Q, and p and q are called the 
components of r'. Hence we may state generally, 

Def. — That pressure which is equivalent to any system 
of pressures, is called their resultant. 

Def. — Those pressures which form a system equivalent 
to a single pressure, are called its components. 
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28. Resultant of Pressures acting along the sa/me 
Straight Li/ne.'^K the pressures act in the same direction 
the resultant must be their sum. If some act towards the 
right and some towards the left, the first set can be formed 
into a single pressure (p) acting towards the right, the 
second set can be formed into a single pressure (q) acting 
towards the left : the resultant of these two, and therefore 
of the original set of pressures, will be equal to the diflFerence 
between p and q, and will act in the direction of the greater. 
If the pressures are in equilibrium the sum of those acting 
towards the right must equal the sum of those acting to- 
wards the left. 

Ex. 164. — If three men pull on a rope to the right with pressures of 31, 
20, and 27 lbs. respectiyely, and are balanced by 2 men who pull with 
pressures of 40 and p lbs. respectively ; find p. Ans, 38 lbs. 

Ex, 165. — In the last example find the resultant of the 6 pressures (1) 
if p«30 lbs. ; (2) if p=»40 lbs. 

Ans. (1)8 lbs. acting towards the right, 
(2) 2 lbs. acting towards the left. 

Ex, 166.— There is a rope ab and men pull along it in the following 
manner: the first with a pressure of 50 lbs. towards a; the second with 
a pressure of 37 lbs. towards b ; the third with a pressure of 35 lbs. towards 
A ; the fourth with a pressure of 20 lbs. towards ▲ ; the fifth with a pres- 
sure of 54 lbs. towards b ; the sixth with a pressure of 27 lbs. towards ▲ ; 
the seventh with a pressure of 52 lbs. towards b ; the eighth with a pressure 
of 30 lbs. towards b. Determine the single pressure that must act along ab 
to balance them, and find whether it acts towards a or b. 

Ans, 41 lbs. acting towards a. 

Ex, 167. — In the last example suppose the second pressure to act towards 
A, find the resultant. Ans, 33 lbs. acting towards a. 

29. The terms Reaction, Thrust, Stravn, and Tension 
are of frequent occurrence in Mechanics. They may be 
most readily explained with reference to the equilibrium of 
two pressures. Let ab (Fig. 13) be a body urged by a 
pressure T against a fixed plane AC, and let the motion 
which T tends to communicate to the body be prevented, 
by the fixed plane ; that fixed plane must supply a pres- 

E 
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Fig. 13 



B 



sure (r) which exactly balances T ; and the body ab is 
really compressed between two pressures r and t, of which 

the former is the Reaction of the fixed 
surfiaxje, and the latter the Thrust along 
AB. A Thrust and a Eeaction compress 
or tend to compress the body on which 
they act. If, on the contrary, the body 
(ab) had been acted on by two equal 
opposite pressures t and r tending to 
produce elongation, it is said to sustain 
a strain t. There is no essential diflfer- 
ence between a strain and a tension ; the former term is 
generally used when the body is inflexible, the latter when 
the body is flexible ; thus, we speak of the strain on a 
tie beam, and the tension of a cord. One of the pressures 
producing a strain or a tension may, of course, be a 
passive pressure like a reaction; thus if one end of a 
string is tied to a nail, and a weight of 10 lbs. to the 
other end, the string is stretched by two forces each of 
10 lbs., viz, the weight, and the reaction of the nail, and 
the string is said to sustain a tension of 1 lbs. 

30. Resultant of two parallel Pressures acting towards 
the same parts. — Let p and q be the two pressures acting 

at the points a and b ; join ab and divide 
it in so that 

AC : CB : : Q : p 

B then the resultant (r') of p and q acts 



Fig. 14 

n 

A 



j I through c in a direction parallel to p and 

p B' Q Q and towards the same part, and equals 

their sum (p + q). 
If c rests on a fixed point p and Q will balance round c, 
and the fixed point will sustain a pressure r'. 



Ex. 168. — If weights of 12 lbs. and 8 lbs. are hung from a and b respec- 
tiyelj, the ends of a rod 6 ft. long, and if the weight of the rod is neglected, 
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detennine the distance firom a of the point round which these pressures 
balance, and the pressure on that point. Ana, (1) 2 ft. (2) 20 lbs. 

Ex. 169. — Let ab be a rod 12 ft long — ^whose weight is neglected — 
from A a weight of 20 lbs. is hung, and an unknown weight (p) from b, it is 
found that the two balance about a point 3 ft. from a ; determine p. 

Ans. ^ lbs. 
JEIr. 170. — ^If a weight of 16 lbs. is himg from the end a, and 12 lbs. from 
the end b of a rod (whose weight is neglected), and if they balance about a 
point c, whose distance from a is 4 J ft., what is the length of the rod? 

Ans. lOj ft. 

31. Conditions of Equilibrium of three parallel Pres- 
sures. — In the last article we saw that the pressures p and 
Q acting severally at A and b are equivalent to the pressure 
k' acting at c ; now r' will clearly be balanced by an equal 
opposite pressure r ; and therefore p and q acting at a and 
B will be balanced by the pressure r acting at c. Hence 
the following conditions must be fulfilled by three parallel 
pressures that are in equilibrium on a given body: — 

(a) Two of the pressures (p and q) must act towards the 
same part, and the. remaining pressure (r) towards the 
contrary part, the line along which the latter acts lying 
between those along which the former severally act. 

(6) The sum of the former pressures (p and q) must 
equal the latter pressure (r). 

(c) If any line be drawn cutting the directions of the 
pressures (p, q, r in A, b, c, respectively) the portion of the 
line between any two pressures is proportional to the re- 
maining pressure, i. e. 

BC : CA : : p : Q 
CA : AB : : Q : R 
AB : BC : : R : P 

32. Centre of Gravity, — Since each part of a body is 
heavy, it follows that the weight of a body is distributed 
throughout it; there exists, however, in every body a 
certain point called its centre of gravity y through which 
we may suppose the whole weight of the body to act, 

E 2 
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whenever that weight is one of the pressures to be con- 
sidered in a mechanical question. It admits of proof that 
the centre of gravity of any uniform prism or cylinder is 
the middle point of its geometrical axis : and as a uniform 
rod is merely a thin cylinder its centre of gravity will be 
at its middle point. 

Ex. 171. — Two men, a and b, carry a weight of 3 cwts. slung on a pole, 
the ends of which rest on their shoulders ; the distance of the weight from ▲ 
is 6 ft., and £rom b is 4 ft. Find the pressxire sustained by each man. 

If F is the pressure sustained by a and q that sustained by b 

p + qb3 cwts. 

and 6 : 4 : : Q : p 

therefore p «■ If cwt. and Q » 1| cwts. 

Ex, 172. — There is a beam of oak 30 ft. long and 2 ft. square; at a dis- 
tance of 1 ft. from one end is hung a weight of 1 ton ; how far from that 
end must the point of support be on which tiie beam when horizontal wiU 
rest, and what will be the pressure on that point ? 

An8, (1) 11-37 ft. (2) 9245 lbs. 

Ex, 173.-- If a mass of granite 50 fL lon^, 1 ft high, and 3 fL wide is 
supported in a horizontal position on two points each 3 inches within the 
ends (and therefore 29J feet apart), find the pressure on each point of 
support. Ans, 7383 lbs. 

Ex. 174. — If in the last Ex, another mass of granite with the same section 
and half as long is laid lengthwise on the former, their «nds being square 
with each other ; determine the single pressure to which their two weights 
are equivalent, and the line along which it acts, and hence the pressure on 
the two points of support. 

Ans, (1) Eesultant acts 17*5 feet from one end. 

(2) Pressures on point of support respectively 9197 and 12950 lbs. 

Ex, 175. — ^If in the last case the upper block is shifted round through a 
right angle in such a manner that middle point of the upper block is exactly 
over a point in the axis of the lower, and the end of the lower in the same 
plane with one face of the latter; determine the pressures on the points of 
support. Ans, 7695 lbs. and 14452 lbs. 

Ex, 176. — ^A ladder ab, 50 ft. long, weighs 120 lbs., its centre of gravity 
is 10 ft. from a ; if two men carry it so that its ends rest on their shoulders, 
determine how much of the weight each must support. If the one of them 
nearer to the end b is to support a weight of 40 lbs., where must he stand ? 

Ana, (1) 96 lbs. and 24 lbs. (2) 20 ft. from b. 
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33. The Parallelogram of Pressures. — When two pres- 
sures act on a point along different lines, their resultant is 
determined by the following rule, which is called the prin- 
ciple of the parallelogram of pressures : — If two pressures 
act on a point, and if lines be dravm representing those 
pressures y and on them as sides a parallelogram he con- 
structedy that diagonal which passes through the point 
will represent the resultant of the pressures. The student, 
when applying this principle to any particular ca^e, must 
bear in mind the meaning of the words a line represents a 
pressure (Art. 26). 

Ex. 177. — ^If at a point a of a body two ropes ap and aq are fastened 
and are pulled in directions ap, aq at right angles to each other by pres- 
sures of 120 and 100 lbs. respectively ; determine the magnitude and direc- 
tion of the resultant pull on the point A. (See fig. a.) 

Along * AP measure on scale ab containing 120 units of length, and 
along AQ measure ac containing 100 units of length; complete the rect- 
angle BC and draw the diagonal ad; this line represents the magnitude 
and direction of the resultant. In fig. (a) the scale employed is 1 in. for 
40 lbs. ; the results obtained by construction were the following b = 156'8 
lbs. and pab = 40^ 5' ; the measurement of the angle was made with a 
common irory protractor, so that the number of minutes was determined 
by judgment : on calculating the parts of the triangle abd the results 
obtained were b = 166 '2 lbs. and pab =s 39° 48'. It will be observed that 
when the construction is made on a small scale and with common instru- 

• 

ments we can obtain by the exercise of moderate care a result that can be 
trusted to within the one hundredth part of the Fio. 1 6 

quantity to be determined. The same remark \ 

applies to all the questions that were solved - ^"^ 

by the constructions from which the figures in 
the present volume were copied. If in this 
example the point a were to be pushed along 
the line ap by a pressure of 120 lbs. the re- 
sultant would, of course, be determined by the 
construction shown in the annexed figure. 




* The examples in the present chapter are to be done by construction ; if 
solved by calculation they will be found in many cases to lead to very long 
arithmetical work, e.g. Ex. 184. 
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34. Conclitmi of Equilibrium of Three Pressures. — If 

three pressures, p, q, and 

Fig. 16 i j • j • 

B, whose directions are 
not parallel, act on a 
body, it is necessary and 
sufficient for equilibrium 
that K be equal and op- 
posite to the resultant 
of p and Q ; the resultant 
of p and Q being found 
by the parallelogram of 
pressures. It is worthy 
of remark that this con- 
dition involves the con- 
dition that the direc- 
tions of the three pressures pass through a common 
point. 

Ex. 178. — Three ropes, pa, qa, ea, are knotted together at the point a ; 
on each a man pulls; the angle paq = 120°, qab = 132° and therefore bap 
= 108° ; if the man who pulls on ap exerts a pressure of 24*5 lbs. ; find 
with what pressure the other men must pull that the three may balance 
each other. 

[Produce pa to c and measure off on scale AC = 24|, this line must re- 
present the res\iltant of q and b, therefore drawing bc parallel to aq and CD 
parallel to ab, the pressures q and b will be represented by the lines ad 
and AB respectively, and can be found by measuring them on scale or by 
calculating their lengths by trigonometry.] 

Atis, q=31-35 lbs. E=28-651bs. 

Ex. 179. — If in the last Example the rope ap were pulled with a pressure 
of 28 lbs. ; AQ with a pressure of 35 lbs. ; and ab with a pressure of 12 lbs., 
determine the angles paq, qab, and bap. 

-4w5. QAB«134°9'. BAP«630 46'. paq = 162° 5'. 

Ex, 180. — If in Ex. 178 pa is pulled by a pressure of 28 lbs., qa by a 
pressure of 40 lbs., and the angle paq is 135°, determine the magnitude of 
the pressure along ba, when they are in equilibrium, and the angles baq, 
and BAP. Ans, qab =135° 34' 30". 

BAP= 89° 25' 30". 
B» 28*28 lbs. 
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Ex. ISl.— Let A£CD be a rectangle ; ab is 7 ft. 
long, BC ie 3 fl. long ; join BP tlie middle points 
of AD and Bc ; on b act two pressures, p and 
a, in Bach directioas that pkp ^ i5° and vm = 
30°; thepressnrePD S20 lbs.; find a (1) when 
the resaltant of F and q acta tlirongh b, (2) 
when it acts through f, (3) when it acts through , 
o. Ana. (1) 421 Ibe. (2) 73G lbs. 

(3) 1120 lbs. 

Ex. 182.— A boHt is dragged along a stream 
60 feet wide by men on each liani ; the length 
of each rope from its point of attaclunent to the 
bank is 72 ft. ; each rope is palled by a pressure 
of 7 cwta. ; the boat mores straight down tbe 
middle of the stceam ; determine the effective 

pressure in that direction. If, in the next place, one of the ropes is shortened 
by 10 ft., by how mneh most the pressHie along it be diminished that the 
direction of the effective [iresHam on the boat may be unchanged ? What 
will now be the magnitude of the effective pressure ? 

Aju. (1) 13'13 cwts. (2) ||cwt. (3) 12-03 cwts. 

35. Note. — la a large number of questions the solidity 
of the figurea concerned does not enter the question ; ex- 
cept BO far as it affects the determination of their weight, 
it being manifest from the conditions of the question that 
all the forces act in a, single plane ; in 
many such cases a complete enunciation 
would be long and troublesome to the ' 
reader, while an imperfect enunciation 
is without any real ambiguity ; wherever 
this happens the imperfect enunciation 
will be preferred ; thus, in the next 
example all the pressures are supposed 
to act in a vertical plane passing through 
the centre of gravity; and the dia- 
gram ought, strictly speaking, to be 
that given above, fig. 18, in which the dark lines are 
all that are shown in the figure which accompanies the 
example. 
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Ex. 163. — Let aecd r^>resent a recbragokt mass 

of oak '2J ft. thick, ab and ad are Tespectivelj 1 ft. and 

12 ft. long; it ia polled at d bj a horizontal pressora f, 

and ia preTentad fiwm eliding by a small obstacln at a ; 

of oak ia on the point of turning 

Ajii. 10dO|lbs. 
e of graTitf of abcd, draw kw 
I ■, the weight will act along the 
Lne Bw, and the resallsnt of P and w must paas 
through A since the bodj ia on the point of taming 
round a; — the remainder of the investigation is con- 
ducted aa before.] 

„ « „ £r. 18*. — ABCD rBpreaenta 

a block of oak 35 ft. long and 
3 ft. square ; the point a is 
kept from sliding ; the mafia is 
held by a rope cb 60 ft. long 
in BQch a poeilion that the 
angle dak Ib 67°; determine 
the direction and amount of 
the pressure on the point A, 
and the tension on the string. 
[Through o the centre 
of gravity of Ibe block draw 
ow vertical and meeting bc in r ; the ptaMures that balance upon the block 
are the weight w, the tension t of the gtring and the resistance of the 
ground at tbe point i, ; thig presaure must pass tlirough f, and then wa 
have three pressures acting in known directions through f ; &c.] 

An». (1) Tension 8453 Ibe. (2) Pressure on gronnd 24,G92 lbs. 
making with vertjeal an angle of 17° 39'. 

Ex. 185. — On every foot rf the length of a wall irf brickwork whose 
aection is abcd a pressure acta on the upper angle c, in a direction making 
an angle of 1S° with the inner side bc ; determine this pressure when the 
resultant of it and of the weight of the wall passes through the angle a at 
the bottom of the wall ; the height of the wall being 20 ft. and its tlucknesa 
ift. Ans. lS84lbB. 

Ex. 186. — If in the laat example there were a bracket cs on the inude 
of the wall, ca being in the same line with dc, the top of the waU, and the 
pressure (inclined at the same angle as before) were applied at b, 2ft. 
within the wall ; what must be its mognitade if the resultant of it and of 
the weight of one foot of the length of the wall passes through the point 
A ; determine also the point in which the resultant would cut ab, the base 
of &e wall, if the pwsaure were the aame as in the last example. 

^M. (1)1810 lbs. (2)a|in. 
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Ex, 187. — ^If AB are two points in the same horizontal line 10 ft. apart ; 
AC and BC, ropes 10 ft. and 5 ft. long respectively tied by the point c to a 
weight w of 3 cwts. ; determine the tension on each rope. 

Am, Tension on ac = 86*8 lbs. Tension on bo « 303*6 lbs. 

[The triangle abc is, of course, fixed in position, the weight w wiU act 
Tertically through c and be supported by the tensions acting along the 
ropes.] 

36. Triangle of Pressures. — The reaxier will remark 
on reference to fig. 16, that if lines are drawn parallel to 
the directions of p, q, and r respectively, they will form a 
triangle ahc similar to abc, and whose sides will therefore 
have the same ratios as the pressures, each side being 
homologous to that pressure to whose direction it is parallel. 
This fact is frequently of great importance. Thus in Ex. 
183, if AE be joined the sides of the triangle aep are respec- 
tively parallel to the pressures, so that 

EF : FA : : w : p 

and since ef, fa, and w are known, p is at once found. 
Again, in Ex. 184, if ah be drawn parallel to ec, the sides 
of the triangle afh will be parallel to the pressures, so 
that 

FH : HA : : w : T 
and FH : FA : : w : B 

from which T, the tension on the string, and b, the pressure 
on the ground (or the reaction of the ground to which it 
is equal and opposite) are at once found. 

37. Reaction of Smooth Surfaces. — ^We have already seen 
(Art. 29) that if a body is urged against a surface and there- 
by kept at rest, that surface reacts upon the body : the ques- 
tion, under what circumstances the reaction necessary for 
keeping the body at rest can be exerted? is reserved for sub- 
sequent consideration; if we suppose the body to be perfectly 
smooth the reaction can only be exerted in the direction of 
the common perpendicular to the surfaces of contact. The 
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supposition of perfect smoothness is commonly very far 
from the truth, but by making it we avoid a great deal of 
complexity in our reasoning and results. So long as both 
surfaces resist the tendency of the pressures to crush them 
any needful amount of reaction can be supplied, but, as 
before stated, only in the direction of the perpendicular, if 
the surfaces are perfectly smooth. 

Ex. 188. — ^A body whose weight is w rests on a smooth plane ab inclined 

at a given angle bag to the horizon ; determine 
the pressure p which acting parallel to the plane 
will just support the body. 

Find G, the centre of gravity of the body, and 
through it draw a vertical line gw, cutting in 
D the direction of p; through d draw db at 
right angles to ab, then b, the reaction of the 
plane, must act along bd, and we have three pres- 
sures p, w and B in equilibrium acting in known 
directions; and since the magnitude of w is 
known, that of e and p can be found by the usual 
construction : viz. take dh to represent w, draw 
HK parallel to dp, and kl parallel to dh, then 
DK represents b and dl represents p. 

Ex. 189. — ^In the last example show that p : b : w : : BC : ca : ab. 

Ex. 190. — In Ex. 188 if a were 46° and w were 1000 lbs., find p and e. 

Arts. 707 lbs. (each). 

Ex. 191.— In Ex. 188 if a were 30^ and p were 200 lbs., what weight 
could p support? Ans. 400 lbs. 

<» 
Ex. 192. — If a cylinder whose weight is w rests between two planes ab 

and AC inclined at different angles to the hori- 
zon (as shown in the figure) ; determine the 
pressures on the planes. 

The weight w wiU act vertically through o, 
and wiU be supported by the reactions e and e^ 
of the planes ab and Ac; as these pressures 
must act at right angles to the planes respec- 
tively, their directions wiU pass through o, and 
their magnitudes can be determined as usual. 
The pressures on the planes are, of course, 
.equal and opposite to b and b^ respectively. 
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TENSION OF A FLEXLBliE COUD. ^9 

Ex, 193. — ^In the last case if bad and cab are angles of 30° and w equals 
112 lbs., determine the pressures. Ans. 64*6 lbs. apiece. 

Ex, 194. — Explain the modification that Ex. 192 undergoes if both ab 
and A.C be on the same side of the vertical line drawn through a ; and deter- 
mine the pressures when w equals 112 lbs. and cab and bag are each 30°. 

Ans. B » 1 12 lbs., Bi » 194 lbs. 

38. Transmission of Pressure by means of a perfectly 
jlexihle cord. — If a cord is stretched by two equal pressures 
p and Q, one acting at each end, the pressures will balance, 
and the tension of the cord is equal to either (Art. 29) ; 
suppose the cord to pass round a portion ab fig. 23 

of a fixed surface, as shown in the figure, the 
portions ap and bq of the cord mil be straight, 
while AB will take form of the surface (which 
is supposed to be convex), and if p and q con- 
tinue to balance they must be exactly equal, 
provided the surface ab is perfectly smooth and the cord 
perfectly flexible; conditions which are supposed to hold 
good unless the contrary is specified. Hence pressure is 
transmitted without diminution by means of a perfectly 
flexible cord which passes over perfectly smooth surfaces. 

Ex. 196. — Let a and b be two perfectly smooth points in the same hori- 
zontal line, and let w be a weight of 100 lbs. tied at c to cords which pass 
over A and b, and let w be supported by pressures p and q tied to the ends 
of these cords respectively, and suppose the whole to come to rest on such a 
position that bac equals 30^ and acb equals 90° ; find 
P and Q. F'°- 24 

Since the pressures p and q are transmitted without 
diminution to c, w is supported by a pressure p acting 
along CA and q along cb. Hence draw cc vertically 
and such that on scale it represents the vertical pres- 
sure which balances w, and complete the parallelogram 
acbCf then ca and ob represent the transmitted pres- 
sures that support w : — hence p equals 60 lbs., and Q 
equals 86*6 lbs. 

Ex, 196. — In the last example show that the pressures on a and b are 
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equal to 86*6 lbs. and 167*3 lbs., ajid that their directions bisect the angles 
PAC and QBC respectively. 

* 

39. The Principle of MoTnents. — A large class of ques- 
tions has reference to the equilibrium of a body one point 
of which is fixed ; in these cases it is frequently suflBcient 
to determine the relation between the pressures that tend 
to turn the body round the point, the actual amount and 
direction of the pressure on the point not being required ; 
under these circumstances the relation sought is given at 
once by a principle called the Principle of Moments. 
The definition of the moment of a pressure is as follows : 
— If p represents any pressure, and A is any point, and AN 
is a perpendicular let fall on p's direction, then if the num- 
ber of units of weight in P is multiplied by the number of 
units of length in an, the product is called the moment of 
the pressure p with reference to the point A. The prin- 
ciple of moments in its general form will be found in the 
next chapter ; for present purposes the following statement 
will be suflBcient. If any number of pressures acting in 
the same plane keep a body in equilibrium round afia^ 
point, and if their moments with reference to that point 
be taken, the sum of the moments of those pressures which 
tend to turn the body from right to left round the fixed 
poi/nt, will equal the sum of the moments of, those pres- 
sures which tend to turn the body from left to right round 
that point. 

The following case will exemplify the mode of applying 
the principle of moments. In Ex. 184, let it be required 
only to determine the tension of the rope. Construct the 
figure to scale (see fig. 6); determine G, the centre of 
gravity of the block, draw the vertical line GW, cutting ak 
in M ; draw an perpendicular to ce ; if t is the tension on 
the rope, and w the weight of the block which can be found 
to equal 18,388 lbs.; then the moments of t and ware 
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respectively an x T and am x 18,388 ; and the principle of 
moments assures us that these two are equal. In the con- 
struction from which fig. b was drawn, the scale employed 
was 1 inch to 10 feet; and it was found that am equals 
8*25 ft., and an equals 18*1 ft.^; hence was obtained for t 
a value of 8381 lbs. ; the value of T as determined by cal- 
culation is 8453 lbs. 

The student is recommended, as an exercise in this 
important principle, to work by this method all the 
previous examples in th« present chapter, to which it can 
be readily applied, viz. Ex. 171, 172, 173, 174, 175, 176, 
183, 185, 186. 

40. The Lever. — ^This is the name given to a rod capable 
of turning round a fixed point (called the fulcrum) and 
acted on by the reaction of the fixed point and by two 
other pressures : as most machines are used for the pur- 
pose of moving bodies, one of these pressures is to be over- 
come, or opposes motion, and this is called the weighty the 
other pressure which produces the motion is called the 
power. When the lever is in equilibrium the moments of 
the power and the weight with reference to the fulcrum 
must be equal ; and, of course, those pressm-es will 
tend to turn the lever in difierent directions round the 
fulcrum* Levers are sometimes classified as belonging to 
the first, second, and third orders respectively ; those of 
the first order have the fulcrum between the power and 
the weight, as the beam of a pair of scales, or a poker when 
used to stir a fire ; levers of the second order have the 
weight between the power and the fulcrum, as a crowbar 
when used to lift a weight one end resting on the ground, 
or an oar used in rowing, in which case the water is the 
fulcrum ; levers of the third order have the power between 
the weight and the fulcrum, as the limbs of animals, e. g. 
when a man has a weight in his hand and extends his arm 
the forearm is a lever of which the elbow is the fulcrum 
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and the power is the contractile force of the large muscle 
of the npper-arm acting by means of tendons festened into 
one of the bones of the forearm — of course in such a case 
the power most be very mnch larger than the weight. 
3iany simple instroments consist of two levers fastened 
together by, and capable of turning roond, a common 
fnlcrom ; these are called double leverSy and are classified 
as double levers of the first, second, and third orders re- 
spectively ; a pair of scissors and of pinchers are of the first 
order, a pair of nut-crackers of the second order, and a 
pair of tongs of the third order. 



Ex. 197. — Jjet AB be a lerer 16 ft. long moraUe about a fblcnm d at a 
distance of 6 ft. from b, a weigfat of 28 lbs. is sas^nded from a and from b 
a wei^t of 336 lbs. ; find the veigbt that most be hong at b (vhich is 7 ft 
from d) to balance the lerer. Ans. 248 lbs. 

Ex. 198. — Let ab and db be levera connected bj a bar dc and capable of 

taming loond fnlcnims b and f; 
AB and DB are re^)ectiTeljr 5 and 
6 It. long, AC is 3 ft^ and fb is 
9 in. Icmg ; the pressure p acting 
at B eqnals 1000 lbs. and is ba- 
hinced bj q acting at a ; find q. 
♦ Ans, 571 lbs. 
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Ex. 199. — A crane cbd is aostained in a Totieal position bj the tension 



Fig. 16 




of a rope ab ; its dimensions are as fi>l- 
lowsi bc, bd, bb and ac are respectiyely 
19, 13, 1|, and 16 ft long, the angle 
CBD equals 108^ ; a weigfat p of 7 cwts. 
f is sappoited by a rope that passes oyer 
a pulley d and is &stened to c ; deter- 
mine the tension on the rope ab, the 
weight of the crane and the dimensions 
of the pulley being neglected. 

Ans. 7329 cwts. 



Ex. 200. — Let bcdb represent a block of Porthind stone whose dimensions 
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Fig. 27 



are 5 ft long, 2 ft. high, and 2^ ft 
wide ; a rope fpq is attached to it, 
which after passing over a pulley p 
is pulled vertically downward by a 
pressure q, which is just sufficient to > ' 
raise the block : determine q on the Q 
supposition that the dimensions of 
the pulley can be neglected, having 
given that bf equals 6 in. and ba 
and AP respectively 15 and 13 ft., 
the point a being vertically under p. 

Ans, 1942 lbs. 



Ex, 201. — In the last Example determine the amount and direction of the 
pressure on the ground through the point c. 
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41. The Steel-yard. — If a beam ab is suspended about 
a fine axis passing through its centre 
of gravity (a), and on the arm bg is 
placed a moveable weight w, then if a 
substance equal in weight to w is 
suspended from a, the beam will ba- 
lance when w is at a distance from a equal to AG ; if the sub- 
stance equals twice the weight of w, the beam will balance 
when w's distance from a equals twice AG ; and so on in 
any proportion. Hence, if the beam is made heavy at the 
end A, so that G is very near that point ; the arm bg can be 
divided into equal divisions which shall indicate the weight 
of a substance suspended at A by means of the position occu- 
pied by w when it balances that substance. An instrument 
constructed on this principle is called a steel-yard, and is 
used when heavy substances have to be weighed, and 
extreme accuracy is not required ; the advantage it pos- 
sesses arises from the fact that the weights employed are 
much less heavy than the substance to be weighed. A 
very common application of the principle of the steel-yard 
can be seen in the weighing machines employed at most 
railway stations. 
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Ex, 202. — Show that the graduations of the steel-yard must be equal 
eren if the centre of grayitj of the beam do not coincide with the axis ; but 
that the graduations must begin from that point at which the moveable 
weight would hold the beam in a horizontal position. 

[Let p be the fulcrum, o the 
centre of gravity, and w the weight 
of the beam ; suppose that o is so 
chosen that w at o balances w at o, 
then 

FO X W = PO xw 

Now, suppose that a mass weighing n w is hung at a ; then, measuring 
moments round f, we have 

FPX W + FOXtO=sFA xn W 

Therefore, by addition, 

OP X w « FA X n w 
Hence, if the mass equals w, op must equal fa; if twice w, op must 
equal twice fa, and so on in any proportion.] 

42. The Equilibrvam of Walla. — The question what is 
the greatest pressure which acting in a certain specified 
manner on a given wall, will be just suflBcient to overthrow 
it, can be answered by an application of the Principle of 
Moments ; the general method of considering this im- 
portant question is as follows : — 

Let ABCD represent the section of 
a wall, the base ab being on the level 
of the ground ; let it be acted on by a 
pressure p along the line pq : now it 
is considered that a wall, to be stable, 
must be capable of standing irrespec- 
tively of the adhesion of the mortar* ; 
hence, if we suppose bd to be a conti- 
nuous mass, and simply to rest on the 
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* * Though ordinary mortar sometimes attains in the course of years a 
tenacity equal to that of limestone, yet, when fresh, its tenacity is too smaU 
to be relied on in practice as a means of resisting tension at the joints of the 
structure ; so that a structure of masonry or brickwork, requiring, as it does, 
to possess stability while the mortar is fresh, ought to be designed on the 
supposition that the joints have no appreciable tenacity.* — Eankine, Applied 
Mechanics, p. 227, 
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section ab, and determine the pressure p which will be on 
the point of turning the mass round the point A, we shall 
obtain the greatest pressure that the wall can support ; the 
pressure is, of course, determined by the rule that its 
moment with reference to the point A equals the moment 
of the weight of the wall with reference to the same 
point. 



Ex. 203. — A wall of brickwork 2 feet thick and 26 feet high sustains on 
the inner edge of its summit a certain pressure on every foot of its length ; 
the direction of this pressure is inclined to the horizon at an angle of 60° ; 
find its amount when it will just not overthrow the wall. (See fig. c.) 

Draw the section of the wall abc to scale ; make the angle ban equal to 
30°, then the pressure p acts along the line pn ; draw cn perpendicular to 
PN ; through g, the centre of gravity, draw the vertical line qm, cutting cb 
in M ; the principle of moments gives us 

P XCN = W XCM 

The weight w equals 6600 lbs. ; cm equals 1 foot; cn,«s obtained by mea- 
surement, equals 10*8 feet; whence p equals 518 lbs. When p is found by 
calculation it equals 620 lbs. 

Ex. 204. — In the last example suppose the pressure to be applied by 
means of a bracket, at a horizontal distance of 3 ft. &om the inner edge of 
the summit; determine its amount when it will just not overthrow the 
wall. Ans, 686 lbs. 

43. The Effect of Buttresses. — Let Fig. 31 represent 
the elevation of a wall, Fig. 32 its plan, and Fig. 33 its 
section made a- 
long the line ab ; 



Fio. 31 
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if now we neglect 
the weight of the 
buttresses, their 
effect in support- 
ing the wall will 
be understood 
by mspecting 

Fig. 32; for it is manifest that the wall would fall by 
being caused to turn round the line xt ; but, if the but- 



66 



PRACTICAL 3CBCHAXICS- 




Taa.n tresses were 

removed, by 
being caused 

^ ^ totum round 

the line xy; so that, in the former case, the moments 
must be measured round m, in the lattor round k : in other 
words, the introduction of buttresses diminishes the mo- 
ment of p, and increases that of the weight of the walL Their 
useful effect is still farther increased br the fact that if 
JK.S3 the moment of the weight of the 

buttress is taken into account, it in- 
creases the moment of the weight of 
the walL 

It is to be observed that if en and 
EF be drawn at equal distances from 
AB, and at a distance from each other 
equal to the distance between the 
centres of two consecutive buttresses, 
then we may consider that the total 
pressure on cf is supported by the weight of the por- 
tion of the wall between cd and ef, and by the weight of 
the buttress. 

It must be remembered that the above explanation 
applies to the case in which the pressure is distributed 
uniformly along the top of the wall ; which in this case is 
supposed to be so strong as not to bulge between the but- 
tresses. In many instances, however, particularly in large 
ecclesiastical buildings, the whole, or nearly the whole, 
weight of the roof, and its lateral thrust, act on the but- 
tresses, and not on the portion of the wall between the 
buttresses ; in such cases the wall serves as a curtain be- 
tween the buttresses, and not as a support to the roof, and, 
of course, the moment of the lateral thrust must equal 
that of the weight of the buttress. 
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Ex, 206. — In the last example if the wall were snp- 
ported by buttresses 2ft. thick*; to what can the 
pressure on each foot of the length of the wall be 
increased without overthrowing it : — the weight of the 
buttresses being neglected. Ans, 2609 lbs. 

Ex, 206. — In Ex. 203 suppose the wall to be sup- 
ported by counterforts reaching to the top of the wall, 
1 foot thick, 1 foot wide, and 10 feet apart fi*oni centre 
to centre, determine the pressure on each foot of the 
length of the waU that can be supported ; (1) when the 
direction of the pressure is inclined at an angle of 60° 
to the horizon ; (2) when the direction is inclined at an 
angle of 30° to the horizon. 

Ana, (1) 1146 lbs. (2) 662-8 lbs. 

Ex. 207. — In each case of the last example determine 
to what the pressure can be increased if the buttress 
assumes the form of a Gothic buttress, as indicated in 
the annexed diagram, where AC and cb are each a foot 
square, and cd and ab are respectively 20 and 10 ft. 
high. Ana, (1) 1903 lbs. (2) 875 lbs. 
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44. The Thrust of Props. — Let ab represent a beam or 
prop resting on a fixed support at the end A ; and suppose 
it to be acted on by certain pressures 
which are balanced by the reaction of 
the end A. That part of the reaction 
which acts along the axis of the beam 
AB is called the thrust of the prop, and 
is, of course, equal to the thrust pro- 
duced by the pressures on the prop, the 
two being equal and opposite. If no pressure acts on the 
beam except at the end b, it is plain that the whole reac- 
tion from A must pass along the beam. In the following 
question, which concerns the thrust of props, it will be 
assumed that the thickness of the prop can be neglected, 
except so far as it afifects its weight. 

* The thickneaa of a pier or buttress is measured in a direction perpen- 
dicular to the face of the walL 

F 2 
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Ex. 208. — A wall of brickwork, 25 ft high and 2 ft. thick, sustains on 

the inner edge of its summit a pressure of 1000 lbs. on eveiy foot of its 

length, whose direction is inclined at an angle of 65° to the vertical ; it is 

Y^Q^ 35 supported at every 5 ft of its length by a 

prop 25 ft long, resting against a point 3 ft. 
from the top; determine the thrust on the 
prop. Ans. 7750 lbs. 

[If the annexed figure represent a section 
of the wall and prop, the pressures acting 
are p, the pressure on the summit o'f the 
wall, w, its weight ; these are balanced by 
T, the thrust of the prop, and the reaction of 
the ground ab: now, unless the prop is 
wedged up against the wall, it will not sup- 
ply more pressure than is just sufficient to 
support the wall ; consequently the resultant 
of p, w, and t must pass through a, at which 
point it will be balanced by the reaction of 
the ground ; hence by measuring moments round a we can find t.] 

45. The Thrust along Rods connected by a Smooth 

Hinge. — Let ab be a rod ca- 
pable of moviDg freely round a 
joint or hinge at A; if it were 
acted on by a pressure it would 
turn round A, unless the pressure 
acts through a, i.e. along ab, re- 
garding AB as a line. Now, sup- 
pose two such rods, ab and ac, 
to be connected by a perfectly smooth joint at a, while 
their ends b and c rest against immoveable obstacles, and 
let us suppose the rods to be without weight; let a 
weight w be hung at A, and let it be required to determine 
the pressures against the fixed obstacles caused by w. Now, 
from what has been said, the reactions at b and c, which 
support w, must pass along ba and CA ; hence, if we take 
Aa to represent w and complete the parallelogram Abac^ 
the lines ab and Ac will represent the thrusts caused by w 
along AB and AC, and these are respectively equal to the 
reactions by which they are balanced (Art. 29). 





u 



Fig. d, page 69. 





K. 


Www 

8 J 



THRUST ALOXG RAFTERS. 69 

46. The Thrust along a Rafter. — The case which we 
have jiLst explained enables us to determine the thrust 
produced on the summit of a wall by ^^^ ^ 

each rafter of an Isosceles roof: let ab, ^ 

AC, represent two of the principal 
rafters of such a roof, and let the 
whole weight sustained by each rafter 
(including its own weight) be repre- 
sented by w ; this weight will act at 
the middle point of the rafter, and 
therefore can be replaced by weights equal to ^w acting 
at each end of the rafter ; so that the whole weight sus- 
tained by AB and AC may be distributed as shown in the 
figure, viz., it will be equivalent to w acting at a, ^w at b, 
and ^w at c ; then the thrusts along the rafter (t) will be 
produced by w acting at A, and can be determined as 
explained above, viz., take AJ9 to represent w, and com- 
plete the parallelogram Arpg, then Ar and Lq represent the 
thrusts in question : the total pressure on the wall at b will 
be found by compounding t with ^w. When the deter- 
mination of the pressure is made for the purpose of ascer- 
taining whether a certain wall will support the roof, it is 
much better not to compound the pressures t and ^w, but 
to regard the wall as acted on by those two pressures 
separately. 

Ex. 209.— There is a roof weighing 25 lbs. per square foot, the pitch of 
which is 60° ; the distance between the side walls is 30 ft. ; determine the 
magnitude and direction of the pressure on the foot of each rafter, the 
rafters being 5 ft. apart. (See fig. d,) 

Let ABC represent the roof; then the weight (w) supported on each rafter 
equals 3760 lbs. ; hence, when the weight is distributed, we have w at 

W MT 

c, -J— at A, and --- at b ; draw cw vertical, and take cd to represent 3750 lbs.; 

draw DB parallel to bc [which is broken in the figure as indicated by the 
letters a, a and &, h] ; then ce represents the thrust (t) along the rafter. 

The total pressure on the wall (b) is the resultant of •;- and t acting at a ; 
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take AF to represent on scale 1875 lbs. and ah equal to cb ; complete the 
parallelogram fh ; then ak gives the magnitude and direction of the result- 
ant B ; it was found &om fig. d that b equals 3885 lbs. and the angle kaf 
equals 16^ ; the results given by calculation are that b equals 3903 lbs., 
and that the angle kaj* equals 16° 6'. 

Ex, 210. — If in the last example the walls were 20 ft. high, 2|ft. thick, 
and of Portland stone, would they support the roof? 
Ans, The wall will stand — the excess of the moment of the weight of 
5 ft. of its length over that of the thrust being 29620. 

Ex. 211. — K in the last example the walls be supported by buttresses 20 
ft. apart from centre to centre, 15 ft. high, 2 ft. wide and 2ift. thick, would 
these support the wall if its thickness were reduced to 1| ft. ; and what 
would be the excess of the moment tending to support 20 ft. of the length 
of the wall over that v^'hich tends to overthrow it ? 

Ana. (1) Yes. (2) 221000. 

Ex. 212. — Show that the total pressure on each wall is equivalent to a 
vertical pressure w, and a horizontal pressure w x BC-r4AD. (Art. 46.) 

Ex. 213. — In the case of an equilateral roof show that the horizontal 
pressure equals 0*29 w. 

47. The Equilibrium of a Triangular Frame. — Let 

ABO be a frame consist- 
ing of three rods con- 
nected by smooth joints 
at A, B, c, and let pres- 
sures p, Q, and R act on 
thesejoints respectively, 
we are to determine the 
pressures to which each 
rod will be subjected. 
First, the pressures p, 
Q, and R must be in equilibrium, i. e. their directions must 
pass through a common point o, and the relation between 
them must be given by the parallelogram of pressures, as 
indicated at o. Secondly, since the pressures can only be 
transmitted from joint to joint along the lines joining 
tliem, resolve the pressure p into the two components re- 
presented by Apj, Ap^ along ab and AC, and in like manner 
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Q and B into components represented by Bg^ Bq^ and crp 
CTj, as shown in the figure. It is evident that the two 
pressures acting on each rod must be equal and opposite,. 
i. e. Api = B^j, B^i =cr^y cr^ = Ap^. It will be remarked 
that the tendencies of the pressures are to crush ab and AC, 
and to stretch bg, i. e. ab and ag sustain a thrust^ and bc a 
strava (Art. 29). Referring to Art. (46); if the ends bc 
of the rafters are connected by a beam bg (fig. 38), called . 
a tie beam, they will constitute a triangular frame like that 
we have just considered ; it can be easily shown that the tie 
beam is subject to a strain equal to the horizontal thrust of 
each rafter, i.e. equal to w x BC-r-4 ad {Ex. 212). Under 
these circumstances the roof will act on the walls merely 
by its weight, and each wall will, of course, support half 
the whole weight of the roof. 

Ex. 214. — If in fig. 39 the point o fe,lls within the triangle, show that all 
the bars will be compressed or all stretched. 

Ex, 215. — If two rafters ab and AC are each 20 ft. long, and their feet 
are tied bj a wrought-iron rod bc whose length is 35 ft., a weight of 1 ton 
is suspended from A : determine the strain it produces on the tie, the weight 
of the rafters, &c., being neglected. If the rod have a section of a quarter 
of a square inch, determine the weight that must be suspended at a to 
break it Ans. (1) 2024 lbs. (2) 18,590 lbs. 

Ex, 216.— There is a roof whose pitch is 22° 30', the rafters are 40 ft. 
long ; the weight of each square foot of roofing is 18 lbs. ; determine the 
diameter of the wrought-iron tie necessary to hold the feet of the principal 
rafters with safety, supposing them 10 ft. apart Am, 1*28 inches. 

48. Note. — The foregoing remarks as to the thrusts on 
the rafters and the strain on the tie beam, apply to the 
cases in which the joints are perfectly smooth : as this is 
never the case, the thrusts, &c., may not equal the cal- 
culated amount ; but it is generally considered that reliance 
should never be placed on the resistance ofifered by a joint 
to the revolution of a rod round it. It will be instructive, 
however, to consider the case in which the joint at A 
(fig, 40) is made perfectly rigid. Suppose two points*. 
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b and c, to be taken near to A, and 
joined by a rod be ; if this rod were 
inextensible, and if there were no 
tendency in the materials to give 
either by crushing or tearing at b 
and c, then would be act the part of 
a tie beam, and there would be no horizontal thrust on the 
wall, which, as before, would merely have to support the 
weight of the roof. 

If we suppose the rod be to be replaced by a metal 
Fio. 41 plate firmly fastened to the beams, as 

shown by abde in fig. 41, this would 

tend to render the attachment of the 

'^^^^^^''^^^^^^* beams rigid, the horizontal thrust 

being more or less neutralised by the 
resistance by the materials to crush- 
ing on the bolts, and to the tearing of the plate across ad. 
Hence, under all circumstances, the walls have to sustain 
the whole weight of the roof, and besides this, a horizontal 
thrust which will more nearly equal w x BC-r-4AD as the 
joint is less rigid. 
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CHAPTEE IV. 

THE FUNDAMENTAL THEOREMS OF STATICS. 

49. Axioms. — The following elementary principles, or 
axioms, are assumed in the demonstrations of the funda- 
mental theorems. 

Ax. 1. The line which represents the resultant of two 
pressures acting on a point, falls within the angle made by 
the lines that represent those pressures. (See Art. 27.) 

Ax. 2. If two equal pressures act on a point, the line 
that represents their resultant bisects the angle between 
the lines that represent those pressures. 

Ax. 3. If a pressure acts upon a body it may be sup- 
posed to act indififerently at any point in the line of its 
direction, provided that point is rigidly connected with the 
body. 

Ax. 4. It is necessary and sufficient for the equilibrium 
of any system of pressures, that one of them be equal and 
opposite to the resultant of all the rest. 

Ax. 5. If a system of pressures in equilibrium be imposed 
on or removed from any system of pressures it will not 
affect the equilibrium of that system, if it be in equilibrium, 
nor its resultant, if it have a resultant. 
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Proposition 3. 

The pirmdple of the parallelogram of pressures is true 
of the direction of the resulta/nt of two equal pressures. 

Fio. 42 Let the equal pressures p and Q act 

on the point A along the lines ap and 
AQ; let AB represent the pressure p, 
and AC the pressure Q, then will ab 
equal AC ; complete the parallelogram 
ABCD^ and draw the diagonal ad. We 
are to show that the resultant of p and 
Q acts along the line ad. 
Since ac equals ab it equals cd, therefore the angle cad 
is equal to the angle adc, but since cd is parallel to ab, the 
angle adc is equal to the angle bad, therefore the angle 
BAD equals the angle cad, and the line ad bisects the angle 
PAQ ; but the direction of the resultant of p and q bisects 
the angle paq (Ax. 2), therefore ad is the direction of the 
resultant. Q. E. D. 

50. Remark. — The following proposition may be re- 
garded as the foundation of the whole science of statics ; 
the demonstration generally seems obscure to readers who 
meet with it for the first time : this results from the some- 
what unusual /orTJi of the proof; it may therefore be well 
to remark that the demonstration consists of two parts; in 
the first part it is shown that if the principle is true in 
two cases, viz. with regard to the pair of pressures p and 
Pj and the pair p and Pg, it must also hold good in a 
third case, viz. in regard to the pair of pressures p and 
Pj + ^2 » *^^ P^^ ^^ ^^® proof is purely hypothetical, as 
much so as in the case of a demonstration by reduction to 
an absurdity ; the second part of the proof takes up the 
argument, but as a matter of fact the proposition is true 
in two certain cases ; therefore it must be true in a third 
cajse^ therefore in a fourth case^ and so on. 
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Proposition 4. 

The principle of the parallelogram of pressures is true 
for the direction of the resultant of any two comment 
aurable pressures. 

Let the pressure P act on the point A along the line 
AB, and the pressures P| and p^ on the point a along the 
line AC ; take ab, ag, cd^ fio.43 

respectively proportional to 
p, p,, and Pg, and complete 
the parallelograms bc, ed, 
then is the figure bd a paral- 
lelogram ; draw the diagonals 
AE^ CF and AF5 and suppose 
the points c, d, e, f, to be rigidly connected with A. 

(a) The lines ab and ac represent the pressures p and 
Pj ; assume that ae is the direction of their resultant ; 
then can p and Pj be replaced by their resultant acting at 
A along AE, and, since A and e are rigidly connected, by 
that resultant acting at e along ae (Ax. 3) ; but this re- 
sultant acting at e can be replaced by its components act- 
ing at E, viz. by Pj along be, and by p along ce ; and these 
again, since c and F are rigidly connected with e, by Pi 
acting at f along bf, and p acting at along ce. 

(6) Since A and c are rigidly connected, Pj, may be 
supposed to act at c along cd; then ce represents the 
pressure p, and cd the pressure v^ ; assume that cf repre- 
sents the direction of the resultant, then by reasoning in 
the same manner as in paragraph (a) it can be shown that 
the pressures p and p^ can be transferred to f. 

(c) Thus it follows from our two assumptions that the 
pressures P, Pp Pj, may be supposed to act indifferently on 
A or F, therefore each of these must be a point in the 
direction of their resultant, i. e. their resultant must act 
along the line AF. Now ab represents the pressure p and 
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AD the pressure Pj + Pj ; hence, if the proposition is true of 
the pair of pressures p and Pp and of the pair of pressures 
p and Pj, it must also be true of the pair p and Pj + Pg. 

(d) But it appears from Prop. 3, that the proposition is 
true of equal pressures, i. e. of any pair p and p, and of 
another equal pair p and p, therefore it will be true of 
the pair p and p -i-p, i. e. of p and 2p ; again, since the 
proposition is true of the pair p and p, and of the pair p 
and 2j9, it must be true of the pair p and j9 + 2p, i. e. of 
p and 3p ; similarly it is true of p and Ap^ of p and 5p, 
&c., and generally of p and mp. 

{e) Again, since the proposition is true of the pair of 
pressures mp and p^ and the pair mp and p, it must be 
true of the pair mp and p + J9, i. e. of mp and 2p, similarly 
it must be true of mp and 3p of mp and 4p, and generally 
of mp and np. 

(/) Now, any two commensurable 'preBsuxes P and q must 
have a common unit (e. g. a pound or an ounce, &c.\ and 
therefore can be represented by mp and np ; hence the theo- 
rem is true of any two commensurable pressures. Q. E. D. 

Proposition 5. ^ 

The principle of the parallelogram of pressures is true 
of the direction of the resultant of any two incommen- 
surable pressures. 

Fig. 44 Let p and Q be the two pres- 

sures represented by the lines 
AB and AC ; complete the paral- 
lelogram ABCD, then will the 
resultant (r) of p and q act along 
the line joining A and d. For 
if not suppose k to act along any 
other line, this line must fall 
within the angle PAQ (Ax. 1), and therefore must cut 
either cd or db ; let it cut bd in the point e. Now, by 
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continually bisecting ab, a part can be found less than 
DE ; set off distances equal to this part along Ac, and let 
the last of them terminate at f (it cannot terminate at c 
since ab and AC are incommensurable) ; therefore FC is less 
than this part, and therefore also less than de ; draw fg 
parallel to cd, this line will cut bd, in a point a between 
D and E, join AG. Suppose af to represent a pressure q' 
and FC a pressure g, then will q equal Q' + g ; now q' and 
p are commensurable, therefore their resultant (r') will act 
along the line AG. But the resultant r of p and q must 
equal the resultant of p, q/ and q ; i. e. of r' and q ; but r' 
acts along AG, and q along ac, and therefore (Ax. 1) their 
resultant r must act within the angle gaq ; but by the sup- 
position it acts along ae without the angle gaq ; which is 
absurd. Therefore &c. Q. E. D. 

Proposition 6. 

The principle of the parallelogram of pressures is time 
of the magnitude of the resultant 

Let P and q be the two pressures acting on the point A, 
and let them be represented 
by the straight lines ab and ^^' F10.45 

AC, complete the parallelo- 
gram abcd, and draw the 
diagonal ad ; we have to 
prove that not only does the 
resultant (r) of p and q act 
along the line ad, but also 
that it is represented in 
magnitude by that line. 
Suppose R^ to be the pres- * 

sure which balances P and q, 

it must act along da produced. Let ae represent r^; 
complete the parallelogram cb, and join af; the resultant 




^p 
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of Q and vf must act along af ; but since p balances Q and 
k', it must act along fa produced ; therefore fab is one 
straight line, and is parallel to on, so that fd is a parallelo- 
gram. Hence we have fc equal to ad, but fc equals ae, 
therefore ea equals ad. But r is equal and opposite to r', 
which is represented by ae, and therefore r is represented 
in magnitude by ad. Q. E. D. 

51. Application of Trigonometry to Statics. — It is 
manifest that the sides of the triangle acd (Prop. 6) are 
proportional to the three pressures P,Q, R^ which are in 
equilibrium. And hence if any triangle acd be drawn 
similar to acd, its sides will be proportional to the pres- 
sures. Such a triangle will be formed by drawing lines 
respectively parallel to the directions of the pressures, each 
pressure being an homologous term to the side pai*allel to 
its direction. The pressures at A act towards the same 
parts as dc, ca^ ad respectively, as shown by the arrow 
heads. A similar remark applies to a triangle formed by 
drawing lines perpendicular to the directions of three 
pressures in equilibrium. The relations between three 
pressures in equilibrium are thus reduced to the relations 
between the sides of a triangle; and of course all the 
trigonometrical relations between the sides and angles of 
that triangle will be analogous to relations between the 
pressures and the angles between their directions. The 
two of most importance are proved in the following pro- 
position : — 

Proposition 7. 

If three pressures, p, q, r are in equilibrium, and act 
upon a poi/nt A, to show that the following relations 
obtain : — 

(1) p : Q :: sin qar : sin rap. 
Q : R :: sin rap : sin paq. 

(2) R* = p* + Q^ + 2 PQ cos PAQ. 
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(1) Draw the tri- fio.46 

angle abc whose p 

sides bcy ca^ dby are 
respectively parallel 
to the pressures ^ 





p,Q,ii, Then it is* 
evident that the 
angles a,6,c are re- 
spectively equal to 
180°— QAR, 180°-BAP, 180°-paq; now 

be : ca :: sin bac : sin cba :: siu qar : sin rap 
ca : ab :: sin (ha : sin acb :: sin bap : sin paq 
But by Art. (38) 

6c : ca ::p : Q 
ca : a6::Q : R 
therefore p : q ::sin qar : sin rap 

and Q : r :: sid rap : sin paq. 

These proportions are sometimes expressed by the rule, 
' If three pressures are in equilibrium, each pressure is 
proportional to the sine of the angle contained by the 
other two.' 

(2) Employing the same figure, we have, by a well- 
known theorem in trigonometry, 

a6^=6c^ -f-ca^— 2 be . ca cos bca. 

Now 6ca is the supplement of paq, so that cos paq= 
—cos bca. 

.-. a6*=6c^ + ca* + 2 be . ca . cos paq. 

But 6c, ca, ahj are respectively proportional to the pres- 
sures p, Q, R. 

.'. R^=p* + Q^ + 2 PQ cos PAQ. Q. E. D. 

Proposition 8. 

To determine the resultant of two pressures acting in 
parallel directions and towards the same parts. 
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Let p and q be the pressures acting respectively on the 

points A and b ; join ab ; suppose any two equal and op- 

p^ 47 posite pressures t, t^ to act at A 

and B respectively along the 
line ab; these pressures being 
separately in equilibrium will 
not affect the resultant of p and 
Q (Ax. 5), therefore the required 
resultant will be that of t,p,q, 
andTp Le. of u and v, if u is the resultant of t and p, and v 
the resultant of Q and Tj. But since u's direction lies 
within the angle tap and Vs within the angle qbTj, their 
directions will meet when produced ; let them be produced 
and meet in c; then if c is rigidly connected with the 
body, u and v may be supposed to act at c ; through c draw 
ox parallel to ap or bq ; now u acting at c can be resolved 
into p, acting along ex, and t, acting parallel to ba, and 
similarly v can be resolved into Q acting along ex, and t^ 
acting parallel to ab ; hence the required resultant will be 
that of T, Tp P, and q acting at c ; or, since t and T| are in 
equilibrium, of p and Q acting along ex, i. e. the resultant 
is a pressure equal to p + Q, it acts along a line passing 
through X parallel to ap or bq, it also acts towards the same 
part as p and q. 

Next, to find the position of x. Since u is the resultant 
of P and T, those pressures will be proportional to the sides 
of the triangle Axc ; 
therefore AX : xc :: t : p ; 

similarly ex : xb :: Q : Tp 

therefore ax : xb :: Q : p ; 

i. e. the point x divides ab in the inverse ratio of the pres- 
sures, which is the proof of the rule already given (Art. 
30). Q. E. D. 

Cot. 1. — ^Hence can be immediately deduced the condi- 
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tions of the equilibrium of three parallel pressures men- 
tioned in Art. (30). 

Cor. 2. — Hence, also, we can determine the resultant of 
two parallel pressures acting towards contrary parts. Thus 
suppose F acting at A and Q acting at b fio.48 

to be the t)ressures, of which let q be g 

the greater; now if r' is the pressure 
that balances p and q, it must be equal 
and opposite to their resultant B; but 
b'+p=Q5 and ab : bx::b^ : p, i.e. ab + 
BX : BX :: b' +p : p, or ax : bx :: q : p. ^ 

Le. the resultant equals Q— P, and acts towards the 
same part as q at a point x, whose distances from A and b 
are inversely as the pressures, and so taken that the 
greater pressure acts between the resultant and the lesser 
pressure. 

52. The Use of the Positive and Negative Signs to de- 
note the Di/reetions of Pressures. — Since a line can be taken 
to represent a pressure, and since if+a is used to denote a 
line of a feet (or other units), measured to the right from 
a fixed point, then —a must be used to denote a line of 
a feet measured to the left from that point, it should seem 
that the same principle ought to be applicable to pressures, 
and that if+p denote a pressure of plbs. acting to the 
right along a given line, then — p must denote a pressure 
of P lbs. acting towards the left along that line. That the 
principle so commonly used in geometry is correctly ap- 
plied to pressures, will be evident from a little considera- 
tion. Thus, if p and q are two pressures acting to the 
right along a line, and b their resultant, we have 

K = P + Q (1) 

If Q act to the left and be less than p, b will act to the 
right, and we have 

B = P-Q (2) 

a 
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If, however, q be greater than p, k will act to the left, 
and we have 

K = Q-P (3) 

Here we have three equations to express a certain 
result; but if we suppose p + q to be an algebraical sum, 
these three equations can be included in one, viz. 

K=P + Q (4) 

It is quite plain the (4) includes (1) and (2), it abo 
includes (3), since that equation can be written 

The same principle can be applied to the moments of 
pressures. If we measure the moment of a pressure with 
reference to a certain point, we may agree to reckon it 
positive if the pressure tends to turn the body round that 
poiDt in a direction contrary to that in which the hands of 
a watch move. If this assumption is made, then the mo- 
ment of any other pressure must be reckoned negative 
which tends to turn the body in the contrary direction 
round that point. It will be remarked that in fig. 50 the 
moments of P, Q, R, with respect to o are positive; in 
fig. 51 the moments of q and r are positive, and of p 
negative. 

53. Representation of a Moment by an Area. — Let the 
line AB represent a pressure p, and from a point o let fall 

a perpendicular on on ab or ab pro- 
duced, join OA, ob; then twice the 
area of the triangle aob equals the 
product of ON and ab, i. e. the pro- 
duct of the perpendicular on p's direc- 
tion and the line that represents P ; 
hence twice the area of the triangle aob represents the 
moment of the pressure p with respect to the point o. 
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Proposition 9. 

The algebraical sum of the momenta of two pressuresy 
whose directions are not parallel^ taken with reference to 
any poi/nt in their plane equals the 
rrumient of their resultant with re- 
ference to the same poi/nt. 

Let p and q be the pressures ^/ C^y J — \ ^/" > p 
acting on the point A; let ab re- 
present P, and AC represent q; 
complete the parallelogram abdc, 
and draw the diagonal ad, then ad represents the re- 
sultant B. 

(1) Let the point o about which the moments are to be 
measured fall beyond ab, as shown in the annexed figure ; 
in this case all the moments are positive; we have, there- 
fore, to show that 

Join OA, OB, oc, OD, and draw om parallel to AC. Then 
we have 

M*R— M*P = 2AA0D — 2AA0B 

=2Aabd— 2A0BD 
=:BC— Bm=Am=2AAoc 

therefore m*b = m*p + m*q 

(2) Let the point o fall on the inside of the parallelo- 
gram BC, and within the angle par fio. si 

as shown in the annexed figure; in a^ _ ^ ^ p 

this case the moments of Q and r 
with respect to o are positive, and c 
that of P negative, so that we have to 
prove that ^ 

M*R=— M*P-fM*Q 

Make the same construction as before^ 
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Then we have 

ii*b+ii*f=2Aaod+2Aaob 
=2Aabd— 2Aom 
=BC— Bm=Am=2AAOC=:xH2 

It will be found that a similar proof applies to any other 
position of o. Hoice &c. Q. K D. 

PropogUian 10. 

The algebraical sum of the nwments of two parallel 
pressures with reference to any point in their plane is 
equal to ike moment of their resultant with reference to 
^uU point 

Let p and q be the two pressnres^ and let them act 
Ywa,9t towaids the same part, b their 

^ resultant, o the point about 
t T T ^^^'^ ^^ moments are mea- 

I I I snred; draw a line ob at right 

^ ^ X B i^jjgigg ^ ^jjg directions of the 

pressures, and cutting them in A^ b, and x respectively. 
Now in the case selected the moments of p, Q, and b 
are all positiye, hence we have to show that 

Sut since b=p+q 

we have if^^oxB 

= 0XP + 0XQ 

= GAP + AIP + OBQ— BXQ 

Again axp=bxq (Prop. 8) 

therefore m*b=oap+obq 

= M*P + M*Q 

A similar proof will apply to every position of o, and 
to cases in which p and Q act towards contrary parts. 
Hence &c. Q. £. D. 
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54. Statical Couples. — In Cor. 2 to Prop. 8 it was 
shown that if p and Q are two paral- ^^^ ^ 

lei pressures acting at A and b 
towards contrary parts, then if Q is 
greater than p their resultant R will 
equal Q— P, and will act in a parallel 
direction through a point x given by 
the proportion 

AX : bx::q : p 

ABP 



^p 






B 


J 


A 






YQ 





or BX = 



Q — P 



Now, if we suppose Q to be gradually diminished, but 
AB and p to remain imaltered, the magnitude of r (or 
Q— p) will continually diminish and BX will continually 
increase, and in the Umit when q becomes equal to p, the 
magnitude of the resultant is zero, and x is removed to an 
infinite distance ; in other words, two equal parallel pres- 
sures acting towards contrary parts have no resultant, and 
therefore cannot be balanced by any single pressure. 
Such a pair of pressures constitute what is called a 
statical couple. If in fig. (53) we suppose p and q to 
be equal, and ab to be at right angles to their directions, 
AB is called the arm of the couple, and ab x p its moment. 
A little consideration will show that the sum of the mo- 
ments of the pressures with regard to any point in the 
plane of the couple will equal ab x P ; and moreover, that 
if the sign of the sum of the moments with reference to 
one point is positive, it will be positive when taken with 
reference to any point in the plane of the couple ; and 
if negative, negative, e. g. the couple represented in the 
diagram has a negative moment. 

Proposition 11. 
If two couples of equal moments and of opposite 



86 



PRACTICAL MECHANICS. 



siffns act in the same plane they will balance one 
another. 

First. Let the pressures which constitute the two 
Fig. 64 couplcs Dot act along parallel 

lines, then must the four lines 
by their intersection form a paral- 
lelogram. Let ABCD be the paral- 
lelogram thus formed, and let the 
pressures (p, p') of the one couple 
act along ab and en, then must 
the pressures (q, qQ of the other 
couple act along ad and cb, since the moments of the 
couples have contrary signs ; draw Am and An at right 
angles to cd and cb, then since the moments of the 
couples are equal 

AmXP = A7lXQ 
also A7lXAD = AmXAB 

since each is the area of abcd ; therefore 




or 



ADXP = ABXQ 

p : q:: AB : AB 



therefore AB and ad represent (Art. 26) the pressures P 
and Q, and therefore, joining ac, the diagonal AC repre- 
sents their resultant (r). In like manner p' and q' are 
represented by CD, and cb respectively, and therefore CA 
represents their resultant (r'). Hence the four pressures 
p, Q, p', q', are equivalent to a pair of equal opposite 
pressures r and r', and therefore are in equilibrium. 
Secondly. Let the four pressures act along parallel 

lines; draw a straight line cut- 
ting their directions at right 
angles in A, b, c, d, respectively ; 
and let p and q act towards the 
same part, and p' and q^ towards 
the contrary part, then the 



I 



Fio. tA 



B 



Q 



1 r 



O' 
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moments of the couples will have contrary signs ; now r 
the resultant of p and Q equals p + Q, let it act through 
the point x, then we have 

AXXP = CXXQ 

also since the moments of the couples are equal 

ABXP = CDXQ 

therefore Bx x p = nx x Q 

or BXXP'^DXXQ^ 

hence the resultant (r^) of p' and q' acts through the 
point X, and as it equals p' •+• q', the four pressures p, q, p', q' 
are equivalent to two equal pressures r and r' acting in 
opposite directions along the same line, and therefore are 
in equilibrium. 

Cor. 1. Hence two couples of equal moments and of 
the same sign and acting in the same plane are equivalent 
to one another, since either would be balanced by a couple 
of equal moment and of contrary sign. In other wordiS, 
there will be no change produced in the effect of a couple 
by supposing it to act anywhere in its original plane, and 
by supposing its arm to be lengthened or shortened pro- 
vided the pressures undergo a corresponding change, so 
that its moment remains unaltered in sign and magnitude. 

Cot. 2. Hence, also, if m and n are the moments of 
two couples acting in the same plane, they will be equiva- 
lent to a single couple whose moment is their algebraical 
sum M + N. For let both couples be reduced to equivalent 
couples having arms of the same length a, then if P and 
p' are the pressures of the one, and Q and q' of the other, 
we shall have ap, or as' equal to m, and oq or ag' equal 
to N ; now place the couples so that their no. 66 

arms coincide, then if both moments are 
positive, the couples will lie as shown in 
the figure, i. e. they are equivalent to a 
pair of parallel pressures, p + Q and p^ + q' y ^ 
constituting a couple whose moment is Iq* 
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a (p + q) or M + N. If the couples have contrary rigns p 
and Q will act in contrary directions. 

55. ReTnark.—^ In the previous propositions of the 
present chapter, we have completely discussed the rela- 
tions which subsist between two pressures acting in the 
same plane and their resultant ; we have now to consider 
the case of any system of pressures acting in the same 
plane. It may be remarked that in general every such 
system will have a resultant ; thus, if we have three 
pressures, Pp p^, P3, we can find the resultant Kj of Pj and 
Pg, and then the resultant r of R, and P3, the pressure R 
will be the resultant of Pj, Pj, and P3 ; the same method 
can in general be applied to the determination of the 
resultant of any number of pressures : two particular 
cases, however, may arise, first, when the system is in 
equilibrium, secondly, when the system reduces to a 
couple. A little consideration will show that no other 
exception can possibly arise in the case of a system of 
pressures whose directions lie in a common plane. 

56. The Resultant of any Number of Pressures axAing 
along the same Straight Line. — Since the resultant of two 
such pressures is their (algebraical) sum, the resultant of 
those two and a third pressure must be the (algebraical) 
sum of the three, and the same will be true of any num- 
ber of pressures ; hence, if any number of pressures act 
along the same straight line their resultant will equal 
their algebraical sum. If their algebraical sum is zero, 
the pressures will be in equilibrium. In all the following 
general theorems the term *sum' means * algebraical 
sum.' 

57. The Resultcmt of any Nwmher of Couples acting in 
the same Plane. — Since the moment of the resultant of 
two such couples is the sum of the moments (Prop. 11, 
Cor. 2), that of the resultant of those two and a third 
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will be the sum of the moments of the three, and the 
same will be true of any number ; hence, if any nwmher 
of couples act va the same plane, the mfumwrvt of their 
resultant equals the swm of their several moments. If 
the sum of the moments is zero, the couples will be in 
equilibrium ; for if all the couples are reduced to equiva- 
lent couples with equal arms, and these arms are super- 
imposed on each other, it will be plain that the moment 
of the resultant couple can only become zero by each 
pressure of the couple becoming zero ; i. e. the whole 
reduces to two systems of pressures which are severally 
in equilibriiun. 

58. Extension of the Principle of Moments to any 
Number of Pressures. — Let p,, Pj, P3, . . . . p^ be any 
system of pressures whose directions lie in the same 
plane ; let Rj be the resultant of Pj and Pj, r^ of R, and 
P3, and so on, and r the resultant of Rq^j and p^. Now, 
if the moments are taken with respect to any one point in 
the plane, we shall have 

m*Ri = m*Pi + m^Pj 
m*R2=m*R, +m*P3 









7n*R = m*Rn_2 + m*Pn 

therefore, by addition, 

m*R=m*Pi+m*P2+m*P3 + ... -f m*Pn 

Hence, if any pressures act in a plane, the sum of 
their moments, with respect to any point in that plans, 
wiU equal the moment of their resultant with respect to 
that point A little consideration will show that if the 
pressures reduce to a couple, the moment of the couple 
will equal the sum of the moments of the several pres- 
sures. 

Of course, if the point is taken in the direction of the 
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resultant, its moment, and therefore tlie algebraical sum 
of the moments of the pressures, will equal zero. Now, 
if a body acted on by any pressures be kept at rest round 
a fixed point, the resultant must pass through that point ; 
and therefore in this case the algebraical sum of the 
moments of the pressures round that point will equal 
zero ; a statement which coincides with that already given. 
(Art. 39.) 

Proposition 12. 

To determine the resultant of any system of parallel 
pressures whose directions lie in the same plane. 

Let Pj, Pg, P3, .... be the pressures ; take any point o and 

let fall from it the line OA perpendicular to the directions 

Fig. 67 of the prcssurcs, and cutting 

o ^' ^ yg Na A them in N,, Ng, N3, . . . . let 

I I on, = jPp on2=2>2, on3=P3 

V I f . . . . ; also let r be the re- 

^' ^ P2 p» sultant of the pressures, and 

let its direction cut the line oa in m, and let 0M=r; we 
have to find the magnitudes of R and r. Now the resultant 
of any two parallel pressures equals their sum, therefore 
the resultant of those two and a third pressure will equal 
the sum of the three, and so on for any number of pres- 
sures, therefore their resultant must equal their sum, or 

R = Pl + P5 + P3 + 

again, the moment of R round must equal the sum of the 
moments of the separate pressures, therefore 

Br=Pjj9i+P22)2H-P3P3 4- 

The former equation gives r and the latter r. 

Cor, 1. Let the resultant of P^, P3, . . . . beR ', and let 
its direction cut oa at a distance from o equal to r^ ; then 
it will be necessary and sufficient for the equilibrium of 
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Pp Pj, P3, . . . . that Pj be equal and opposite to b,\ i. e. that 
r' equal p^y and that Pj + r' equal zero : but 

and rV = Pgp J + PaJJg + .... 

Therefore it is necessary and sufficient for the equilibrium 
of the system of pressures that 



= 
= 



Pj + Pj ~r P3 ~r . • • • 

and Fil>i+P2Pa+P3P3 + 

By the words'* necessary and sufficient for equilibrium ' 
is meant that on the one hand if the pressures are in equi- 
librium the above equations will be satisfied, and on the 
other hand if the above equations are satisfied the pres- 
sures will be in equilibrimn. 

Cor. 2. If the equations when formed lead to the follow- 
ing result^ 

P,+P2+P3 + . . . . =0 

and ^iP2+^2P2 -l-^3l^3 + ' • • • = a finite quantity, 

the system of pressures reduces to a couple. 

59. The rectangular components of a pressure. — Let 
oaj, oy be two rectangular axes, and let p be a pressure 
acting on along the line op ; let 
OA be the line which represents 
the pressure p, and let the angle it 
makes with the axis of x, viz. x OA, 
equal ; now if the parallelogram 
OBAC be completed, p will be equi- 
valent to two pressures respectively represented by ob, 
and oc, and since these pressures are at right angles to 
one another, they are called the rectangular components of 
p with respect to the axes ox and oy; again, since oc = 
OA sin and ob=oa cos 0, it is plain that the rectangular 
components of p are p cos along the axis ox and p sin 
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along the axis oj/. If we always measure in the same 
Fio. 89 direction, viz. upwards from 

y oaj, it will be remarked that 

p cos ^, and p sin ^ give 
not only the Toagnitudea 
-J of the components but also 
the directions in which they 
act: — thus if we suppose 
p to act towa/rda o, the line which represents the pres- 
sure is OA, so that is not ax)P, but ax)A, indicated by 
the dotted arc; and then, since lies between 180° and 
270^ both p sin 0^ and p cos will be negative, as they 
ought to be. 

Proposition 13. 

To determine the resultant of any system of pressures 
axsti/ag in one plane on a point : and to imfer the condi- 
tions of equilibrium of such a system of pressures. 

(a) Let Pj, Pj, P3, .... be the pressures acting on any 
given point o, through draw two rectangular axes x and y, 
and let ^j, 0^ ^39 • • • be the angles that the lines represent- 
ing the pressures make with the axis of x. Then these 
pressures can be replaced by their rectangular components 
along the axes of x and y, L e. by 

Pj cos 0^y Pj cos ^2, P3 cos ^3, . . . along the axis of a;, and by 
p, sin ^p Pj sin ^j, P3 sin ^3, . . . along the axis of y. 

Now the former set is equivalent to a single pressure x 
acting along the axis of a;, and the latter to a single pres- 
sure T acting along the axis of y, provided 

x=Pj cos ^i+Pj cos ^a+P3 cos ^3 + . . . . 
T=Pi sin ^i+Pj sin 0^ f p, sin ^3 + . . . . 

Now, if R be the resultant of x and t, and <f> the angle 
which the line representing it makes with oaj, we must hdve 
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RCOS^ = X (1) 

R sin ^=r (2) 

which equations determine r and <f>. It will be remarked 
the determination is free from ambiguity, since the signs 
of X and T will give the signs of cos ^ and sin ^, and 
therefore determine the quadrant in which the line repre- 
senting R falls. Of course the magnitude of R is given by 
the equation 

R« = X« + T« (3) 

(6) To obtain the conditions of equilibrium of Pp Pj, P, . . . 
It must be remembered that it is necessary and suflScient 
for the equilibrium of these pressures that p, be equal and 
opposite to the resultant of Pj, Pg, . . . . (Ax. 4), so that the 
rectangular components of this resultant must be— p, sin 0^ 
and— Pj cos ^j, therefore the required conditions are 

— p, sin ^i=Pj| sin ^j + Pg sin 0^ + . . . . 
— Pj cos^i=PjCOs ^g+PaCOS ^3 + .... 

Pj sin ^j + PjSin ^a + ^a ^^ ^3 + « •• -^^ 

PjCOS tfj+PjCOS ^j + PjCOS ^3 + . ... = 

That is to say — * It is necessary and sufficient for the 
equilibrium of any system of pressures acting in one plane 
on a pointy that the sums of their components along each 
of two rectangular axes be separately zero.' 



an^ 

or 
and 



Ex, 217. — Let Pi, Pj, P3 be three pressures 
of 60, 80, and 100 lbs. respectively, acting on 
tiie point o, as shown in the figure ; let the 
angle xov^ equal 30^, and X0P3 equal 
60^; it is required to determine their re- 
sultant 

In this case, tf^ "Oi ^2 - ^^* u^d 08 » 240^ 
therefore 
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B COS ^-50 cos 0^ + 30 cos 30^ + 100 cos 240^ 
and Bsiii^»50 sin 0^-1-30 sin 30<> + 100 sin 240^* 

or B cos ^ » 50 -f- 25*98— 50 » 25*98 

and Bsin^- 15 -86-60>= -71*60 

hence b= 76*17 lbs. and ^=289° 57', i.e. b acts as 
indicated in the diagram : this result may be veri- 
fied bj construction. 

Ex. 218. — ^Let p„ Pg, P3 be three pressures each 
of 100 lbs., let the angle X0F3 be 135°, find their 
resultant as above. 

Ans. B= 41-4 lbs. 4»=316<>. 

60. Transfer of a Pressure in a Parallel Direction. 

Let AB and cd be two parallel lines, and p the length 
Fio.es ^^ *^® perpendicular on drawn from o 

,1^ K r D in AB to CD ; then if a pressure p acts 
* from A to B along ab, it will be equi- 

^ valent to an equal parallel pressure act- 

ing along CD towards the same part, and 
a couple whose moment is pp, the sign of the couple being 
positive if on is to the left of the direction of the pressure 
(as in the diagram), and negative if to the right. For if 
two opposite pressures v/ p,'' each equal to p, act along 
CD, they will be in equilibrium, and the three will be 
equal to p ; but p and p" constitute a couple with a posi- 
tive moment Pj9, hence P is equivalent to p' and that couple. 

Hence also we can determine the resultant of a pressure 
Fig. 63 P, acting slong a line ab, and a couple 

p^ o p B whose moment is M ; for let m equal pp, 

from in ab, draw a perpendicular on 
equal to j9, and to the right of p's direction, 
if the moment of the couple is positive; 
make the arm of the couple coincide with on, then the 
couple will consist of the pressures p' and p^', each equal 
to p, acting as shown in the figure, hence the pressure and 
the couple are equivalent to the three pressures p, p', and 
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p/' but P and nf' are in equilibriunij therefore the pressure 
p and the couple are equivalent to p'. 

Ex, 219. — ^If A, B, 0, D are the comers of a square taken in order, and if 
pressures act along three of the sides, viz. f &om a to b, p from a to d, and 
p from c to D, show that the three are equivalent to a single pressure p 
acting from b to c. 

Proposition 14. 

To determine the resultant of any system of pressures 
dcting in a plane. 

Take or, ot/, any two rectangular axes, and let Pj, p^, 
P3, .... be the pressures, acting along given lines ; from 
let fall perpendiculars jpj, p^^ p^. . . on these lines ; then 
Pj is equivalent to an equal parallel pressure acting towards 
the same part through o, and a couple whose moment is 
PiPi, the like is true of Pj, P3, . . . , ; let 0^, 6^^ ^3> • • • be 
the angles made with the axis of x by the lines representing 
the transferred pressures. 

Now, let R be the resultant of the transferred pressures, 
and let <^ be the angle which the line representing it makes 
with the axis of x. Therefore, 

R cos ^=Pi cos ^i+Pg cos ^a + Pg cos ^3 + , ... (1) 
R sin ^=Pi sin ^i + Pg sin ^2 + ^3 sin ^3 4-. • • • (2) 
also let Rr be the moment of the resultant of the couples, 
therefore, 

Rr=P£P2 + P2P2 + P3)93 + . ... (3) 

The equations (1) and (2) completely determine R. Hence 
the given system of pressures is reduced to a known pres- 
sure and a couple of known moment ; by compounding 
these we obtain the required resultant. 

Cor. When equations (1) (2) and (3) are formed, if we 
obtain 

P, cos ^i + P2 cos ^2 + ^3 ^^S ^3 + ' • • '^^ 

Pj sin ^i + P2 sin ^2 + ^3 ^^^ ^3 + - • • -^^ 

^lPi + ^29% + ^3^3 + •••• = a finite quantity 
the system manifestly reduces to a-couple. 
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Ex. 220.^iBC is a triangle right angled at a, its sides Ab and ac are each 
Fig. 64 1^ ft- long- The pressures Pi, Pt, P3, each of 100 lbs., act 

as shown in the figure : find their resultant. 

The pressure P3 is equivalent to an equal parallel pres- 
sure whose direction passes through a, and a couple 
whose moment is 500 ^/2, Hence the three given pressures 
are equivalent to the three pressures of Ex. 218, and to 
the above couple. Now the latter three pressures are 
equivalent to b acting through a parallel to cb, where b equals 100 ( V2 — 1), 

and the couple is equivalent to the two pressures b and 
b" each equal to b acting as shown In the figure where 
the line an is drawn at right angles to ab, and equals 
600v'2j-100 (-v/2-1) or 6 (2- v'2) ft in length. 
The required resultant is therefore the pressure b''. 

Ex. 221. — ^In the last case if P3 equals 200 lbs., 
show that the resultant equals 100 (2— V2)lbs. and 
acts parallel to b' (fig. 65) along a line which 
cuts NA produced at a distance of 10 ( ^/2 + 1) tL 
from A. 

Ex. 222. — If ABC is a triangle, each of whose sides is 10 ft. long, and if a 
pressure p acts from a to b, an equal pressure from b to 0, and another equal 
pressure from c to a, show that the three are equivalent to a couple whose 
moment is 5p^/3. 

Ex. 223. — K ABCD is a square, and if a pressure equal to 2p acts from a 
to B, an equal pressure from b to c, 3p from c to d, and an equal pressure 
from D to A, show that the resultant equals pa/2, and acts in a direction 
parallel to the diagonal ca, along a line which cuts the diagonal bd pro- 
duced in a point whose distance from d equals 2bd. 

Ex. 224. — Let abc be an equilateral triangle, draw ad at right angles to 
BC, in BC produced take db equal to da, let equal pressures (f) act from a 
to B, from B to c, from c to a, and from d to a respectively ; show that 
their resultant equals p, and acts through b in a direction parallel to da. 

Ex. 225. — In the last case determine the resultant if the fourth pressure 
had acted from A to d. 

Ex. 226. — If three parallel pressures are in equilibrium, they consist of 
two couples of equal and opposite moments. 

Ex. 227. — If ABO is any triangle, and if a pressure p acts from a to b, q 
from B to c, and b from to A ; and if p : q : b : : ab : bc : ca, show that 
the resultant of the three pressures is a couple whose moment is represented 
by twice the area of the triangle. 
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Proposition 15. 

To determine the conditions of equilibrium of a system 
of pressures acti/rtg in the same plane. 

Adopting the notation of Prop. 14, let r be the resul- 
tant of Pg, P3, Now the necessary and sufficient 

condition of equilibrium is that Pj shall be equal and op- 
posite to B. But if we transfer Pj to the point 0, and then 
resolve it along ox and oj/, we obtain a pressure Pj cos 6^ 
acting along ox, a pressure Pj sin 0^ acting along oj/, and a 
couple whose moment is Pi p^ : and in like manner by 
transferring r we shall obtain r cos j> along o«, r sin ^ 
along oy, and a couple whose moment is Rr. But in order 
that Pj and r may be equal and act in opposite directions 
along the same line, we must have Pj cos 0y equal and op- 
posite to R cos <\>i p, sin ^i to R sin ^, and v^py^ to Rr. i. e. 
it is necessary and sufficient for the equilibrium of the 
system that 

Pj cos ^i + R cos ^=0 

Pj sin ^i + R sin ^=0 

Pjj^i +Rr =0 

But by Prop. 14 

R cos ^=P2 cos ^2 + ^3 ^^3 ^8 + - • • • 
R sin ^=P2 sin ^a + Pg sin ^3 + - . . 

Rr =P2l>2 +^8^3 + 

Hence the required conditions are 

Pj cos ^i + Pa cos ^2 + ^3 ^^^ ^3 + * • • ' — ^ (0 

Pi sin ^i + Pa sin ^g + Pg sin 0^-\-. . . .=0 (2) 

^vPx H-PaPa +^3^3 +.... = (3) 

These three conditions are sometimes stated thus : — " It is 
necessary and sufficient for the equilibrium of any system 
of pressures acting in a plane that the sum of their hori- 
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zontal components equal zero, the sum of their vertical 
components equal zero, and the sum of their moments 
with respect to any one point equal zero." 

61. Remark. — The determination of the resultant of 
any system of pressures acting in a plane, can also be 
eflfected by the following process : — Eesolve each pressure 
into components parallel to each of two rectangular axes, 
then the original system is replaced by two systems of 
parallel pressures, viz. One parallel to occ, and the other 
parallel to oy. Find (by Prop. 12) the resultants Bf and 
r" of these systems respectively, and then the resultant of 
r' of r" is the required resultant. The student will find 
it a useful exercise to work Ex. 220, 221, 223, and 224 
by this method ; he may also prove that when the system 
of pressures, is in equilibrium the pressures parallel to ox 
generally constitute a couple, and likewise those parallel to 
oy, and these couples have equal moments of opposite 
signs. 

62. The Centre of Parallel Pressures. — If we conceive 
any system of Parallel Pressures, and suppose that each 
pressure acts at a particular point, then if we suppose the 
directions of the pressures to be turned round the points 
through any equal angles so that they still continue 
parallel, it will be found that there is a certain fixed point 
through which their resultant will always pass, whatever be 
the common magnitude of the angles ; the fixed point in 
the direction of the resultant is called the centre of that 
system of parallel pressures. If the parallel pressures 
are the weights of the parts of a heavy body, or of the 
members of a system of heavy bodies, the centre of those 
parallel pressures is the centre of gravity of the body or 
system of bodies. 

If the parallel pressures act through points which lie in 
a straight line, their centre can be found thus : — Let Pj, Pj, 
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i»3 . . . . be the pressures acting at Nj, Nj, Ng in the 

line oaj, and let their directions make an angle 6 with that 
line ; also let 0Ni=a5p o^^^x^y ONgSsajg, . . . . ; from o let fall 
a perpendicular op cutting the directions of the pressures 
in Ml, Mg, M3 . . . and let OMiSsj^p OM^sjp,, 0M3=j?3, .... 
Let R be the resultant of Pi, Pj, Pj, . . . and let its direction 
cut ox in N and op in m, also let om fio. 66 

=jp, and 0N=£ Then (Prop. 12) pR 
or j[> (Pi+P3 + P3 + . . .)=PiPiH-P2l>2 + 

^bPz-^ B^t 1>=^ sin^, p,= ^ ^im ^ 

Xy sin 5, P2=-^2 sin ^, ... . Therefore f ^ >r H 

by substitution we obtain, after di- 1 « * ^s 
viding out sin 

i(Pi + P2 + P3+...)=Pj«i + F2^2 + ^3^8+ ••• (1) 

Now this value of a: is altogether independent of 0, and 
therefore will be the same whatever value may have; 
hence the direction of the resultant will always pass 
through N, when the directions are turned through any 
equal angles round Nj, Nj, N3 . . . . and continue parallel. 
The above equation therefore both proves the existence of 
a centre of parallel pressures, and serves to determine it, 
in the case considered. If p^ Pj, P3 . . . are the weights of 
a number of heavy points arranged along a line, the above 
equation (1) serves to determine their centre of gravity. 

Proposition 16. 

To determine the centre of parallel pressures of any 
system of svjch pressures acting in one plane. 

(1) Consider the case of two parallel pressures, p,, p^ ; 
let them act at the points Qj, q^, the co-ordinates of 
which are ONi=a;i, NiQi=2/p 0Nj, = aj2, n^Qj = 3/2. Di- 
vide Qj Qj in K, so that 

q,b: : KQ2 : : P, : Pi 
H 2 
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then the resultant 
Rj of Pj and Pg will 
equal Pj + Pa? and its 
direction will pass 
through K; let the 
co-ordinates of k be 

OM=ajj and km=2/i; 

through Qj and k 
draw lines parallel to 
ox, then by Eucl. (2 
— ^VI.) we have 



therefore .^i 

therefore p j-uj — jt i.^i — * 2'*'2 ~ * 2*^1 

or ^1(^1 + ^2) = ^1^1 + Py^2 



•«/i ■"" **/i • **/o »*'i • • * 2 • * 1 
PitZ/l ^"Plfl/l ^^ Po«*/o ~" Po«^i 



Again, since q^k : kQj : : Km : Qjfc, we shall obtain, by 
reasoning in a precisely similar manner, that 

3^1(^1 + ^2) =1^13/1 + ^22/2 

The position of K will not be affected if the directions 
of Pj and Pj be turned round Qj and Qj through equal 
angles so as to remain parallel ; consequently k is the 
centre of Pj and p^ and its position is determined by x^ 
and y^, 

(2) Suppose there are three pressures, p^, Pj, P3 ; find 
Rj the resultant of Pj and p^, acting at the point x^ 2/p then 
we have 



Ki=i*i + P2 (1) 



and 



«^i(Pi + ^2)=Pia^i + P2a'2 



(2) 
(3) 
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Find R the resultant of Rj and Pg, acting at the point 
X y, then we have 

R = Rl+P3 = Pj + P2 + P3 

aj(Bi + p3) = Kja;i + P3^3 
or X (PiJ- p, + P3) = (pj + P,) X, + P3 ^z (4) 

and ^ 2/(Ri+i»3)=«i2/i + P3^3 

or 2/(Pi+P2+P3)=(Pi + P2)2/i + P3y3 (5) 

Hence, adding together (2) and (4), and also (3) and 
(5), we obtain 

^S^i-^^2 + ^z)='^i^i+^^2 + ^s^z (6) 

y (Pi + P2 + P3) = i*i2/i + P22/2 + 1*32/3 (7) 

The same proof can evidently be extended to four, five, 
or any number of pressures. Q. E. D. 

Cor, 1. — If the points of application of the pressures had 
been situated in space of three dimensions, and referred to 
three co-ordinate planes, a precisely similar proof would 
have given us 

^(Pl4-P2+P3+...) = ^l^l + ^2^2 + ^3^3 + -»' 
^ (Pl-i-I*2 + P3 + - • = 1*12/1 +^22/2 + 1*32/3 *+•• • 
Z (Pi4-P2 + P3 + "-) = Pl^l+^2^2+ V3+--' 

It will be remarked that precisely the same values of a?, 
3/, z, would be obtained in whatever order the pressures 
had been taken, consequently a system of parallel pressures 
has only one centre. It, of course, follows from this that 
a body or system of bodies can have only one centre of 
gravity. 

Cor. 2. — If the case should arise in which 

Pi-fP2 + P3 + =0 

but Pl^^l + P2^2 + ^3^3 + '" = ^ 

and T^y^ + t^^ + v^^ + . . . =b 

where one at least of A and b has some determinate finite 
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Ti^ue^ the system reduces to a couple ; and in this case 
there is tw centre of parallel pressures in finite space. If 
the pressures are the weights of parts of a body they act 
towards the same parts^ and therefore their sum can never 
be zero^ so that every body and system of bodies must 
have one, and only one centre of gravity, which can be 
determined by the above equations. 
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CHAPTEE V, 

OP THE CENTRE OP GRAVITY. 

63. Definition of the Centre of Oravity, — It has been 
already remarked that the weight of a body is an instance 
of a distributed pressure, and that it can be treated as a 
single pressure by supposing it to be collected at a certain 
point, called its centre of gravity. The formal definition 
of the centre of gravity is as follows: — The centre of 
gravity of a body or system of bodies is that point at which 
%ve may suppose the weight of the whole to act without 
changing its statical effect. That, as a matter of fact, 
every body has a centre of gravity, is shown in the corol- 
lary to Proposition 16. In determining the centre of 
gravity of any figure, it is assumed that a heavy line is 
made up of heavy points, a heavy plane of heavy parallel 
lines, and a solid of heavy parallel planes. It is also assumed 
that every figure is of uniform density, unless the contrary 
is specified. 

Ex. 228. — Determine the centre of gravity of a uniform straight line ab. 

The line ab may be conceived tb be made up of a number of equally 
heavy points distributed uniformly along it (like beads on a wire) ; now if 
we take the two extreme points, the resultant of their weights will pass 
through the middle point of ab, that of the weights of the next two will 
pass through the middle point of ab, and in like manner that of each suc- 
cessive pair; consequently the weight of the whole will act through the 
middle point of ab, which is therefore the centre of gravity of the whole, or 
of the heavy line ab. 

64. Method of determi/ning the Centre of Gravity of 
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Fig. 69 

A 



a Plane Area. — Let abcd be the plane area; we may 

conceive it to be made up of a set of 
parallel heavy lines, such as bd, ef . . . • 
drawn in any direction. If we can find 
* a set of parallel lines which are all bisected 
by a single line AC, the centre of gravity 
of each line must be in AC, and there- 
fore that of the whole figure must be in 
AC If, moreover, we can determine a se- 
cond line bisecting another set of parallel 
lines, we know that the centre of gravity 
must also be in this second line, and must therefore be at 
its point of intersection with ac. By this method, the 

centres of gravity of many simple figures 
can be determined : it also suggests a prac- 
tical means of determining the centre of 
gravity of any plane area whatever. Suppose 
the figure to be cut out carefully to the re- 
quired shape in cardboard or tin ; suppose 
it to be suspended by a fine thread from any 
point B ; now the pressures in equilibrium 
are the tension of the string and the weight 
of the body ; they must therefore act along 
the same line, so that the required centre 
of gravity must be in the prolongation bc of 
AB ; this prolongation can easily be marked 
by suspending a plumb-line from a. Again, 
suspend the body by a fine thread de 
fastened to any other point e, and draw the 
prolongation of this line, viz. ef ; the centre 
of gravity must be in ef, and therefore at G, the point of 
intersection of ef and bc. 

Ex. 229. — Show that the centre of gravity of the area of a circle is at its 
centre. 
iSince any diameter bisects all lines in the circle drawn perpendicularly 
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to it, the centre of grayity must be in any diameter, and therefore at the 
centre of the circle. 

Ex, 230. — Show that the centre of gravity of an ellipse must be at its 
centre. 

JSr. 281. — Determine the centre of gravity of a triangle. 

Let ABC be any triangle, bisect bc in d and join ad ; Fio. 70 

draw any line kl parallel to bc cutting ad in h ; then a 

by similar triangles we have 

KH : HA :: bd : DA 
HA : HL : : DA : DC 

.*. (ex sequali) kh : hl : : bd : dc 
But BD is equal to dc, therefore kh is equal to hl, or 
Ki. is bisected by ad ; and the same being true of any 
line drawn parallel to bc, the centre of gravity of the 
triangle must be in ad. Again, if ac is bisected in e and bb is drawn, the 
centre of gravity will be in bb, and therefore must be at g, the point of 
intersection of ad and be. 

It can be easily proved that od=s|ad. For join ed, then because aebec, 
and BDsDC we have 

AE : EC : : BD : DC, 

and therefore ed is parallel to ab ; hence the triangle deg is similar to abq 

and bdc to abc ; 

therefore dg : de : : ga : ab 

and DE : DC : : AB : BC 

therefore (ex sequali) dg : dc : : ga : bc 

But pcs^BC /, dg»Jga»|da 

Ex, 232.^ Show that the centre of gravity of a parallelogram is at thd 
intersection of the diagonals. 

65. Centre of Oravity of Solids. — The above method 
can easily be extended to the case of solids ; we may sup- 
pose them to be made up of heavy parallel planes : if we 
can show that the centres of gravity of these all lie along 
a line, we know that the centre of gravity of the solid 
must be in that line, and if two such lines can be found, 
the centre of gravity of the solid must be at their point of 
intersection. 

Ex, 233. — Show that the centre of gravity of a sphere is at its centre. 

Ex, 234. — Show that the centre of gravity of a cylinder is at the middle 
point of its axis. 

[It may be regarded as evident that the same rule will hold good of any 
prism.] 
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Ex. 236. — Show that the centre of grsvitj of a parallelopiped is at the 
point of intersection of its diagonals. 

66. Centre of Gravity of a Figure consisting of Two or 

Tuore Simple Figures. — ^Let w, and w^ 
be theweights of the simple figures and 
Gp G, their centres of gravity, join Gj 
6y divide it in g in such a manner that 

GjG : (JGjiiWj : Wj 
Then is g the required centre of 
gravity. 
If there were a third body weighing Wj whose centre 
of gravity is G^ we can find the common centre of gravity 
of the three by joining gGj and dividing it into parts 
inversely proportional toWi+w, andw,; and of course 
we could continue the same construction to a fourth or a 
fifth weight, &C. 

Ex. 236. — Two spheres whose radii are respectiTelj 4 and 5 in. touch 
one another; determine the distance of the centre of gravity fix>m the 
centre of the smaller sphere when the former is of copper and the latter of 
cast iron. Ans. 5*54 in. 

Ex. 237. — A cast iron sphere whose radins is 4 in. is fastened to a copper 
cylinder 3 ft. long, and whose section is 1 in. in diameter ; the prolongation 
of the axis of the cylinder passes through the centre of the sphere. Find 
the distance between the centre of the sphere and the centre of gravity of 
the whole. Ans. 2'507 in. 

Ex. 23S. — Determine by constroction the centre of graTity of the bodies 
shown in fig. e, where ab is a beam 20 ft. long, and its section 1 ft square ; 
c and D the centres of two cylinders one foot thick, the radii of whose bases 
are respectively 6 ft. and 4 ft ; they are of the same material as the beam, 
and rest with their centres of gravity vertically over the axis of the beam, 
at distances of 6 in. from a and b respectively. 

Construct the figure to scale ; this is done in fig. e, to the scale of 1 in. 
for 5 ft — j(nn cd, then the weights of the cylinders being in the proportion 
of 9 to 4, divide cd into parts do^ and 0^0 respectively proportional to 9 
and 4 ; this will give the centre of gravity of the two cylinders. The con- 
fltmetion may be made as follows, by End bk. VL — Take dh any line 
containing 13 equal parts (in the figure each part is |th of an inch) and 
measure off dk containing 9 of them, join hc and draw kq^ parallel to ho ; 
then coj : o^d ::HK:KDLe.::4:9. Find B the centre of gravity of the 
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beam, join eQi ; now the united weight of the cylinders is to the weight of 
the beam very nearly in the ratio 163 : 20, hence, divide eOi in o so that 
BO : oOi : : 163 : 20, and the point o is the centre of gravity reqidred. 

Ex. 239. — A disc of cast iron 12 in. in radius and 2 in. thick rests on a 
disc of lead 24 in. in radius and 3 in. thick ; the circumference of the upper 
disc passes through the centre of the lower ; determine by construction the 
centre of gravity of the whole. 

Ex. 240. — If any quadrilateral be drawn on paper, show that its centre 
of gravity can be found by construction without the use of a scale. 

67- The Centre ofOravity of Points lying in a Straight 
Li/ne. — The method above explained of finding the centre 
of gravity of a collection of two or more j.,o, 72 

bodies can be applied to all cases ; how- oi g g^, 

ever, if there are only two bodies, or if 
the centres of gravity of three or more 
bodies lie in a line, it is commonly more 
convenient to determine its distance from some fixed point 
in that line. Let Gi, G, be the centres of gravity of the 
two bodies whose weights are Wi and Wj, respectively; 
then the distance go of the centre of gravity of w^ and 
W2 from is determined by the equation 

OG (Wi+W2) = OGjXWi + OG2XW2 

The method of treating three or more weights is exactly 
the same. It is also plain that if we know OG and OGg, 
the same equation will give us OGj. 

Ex. 241. — How far from the one end of the handle is the centre of gra- 
vity of the hammer described in Ex. 9 situated, if we suppose the other end 
to fit square with the face of the hammer ? 

[If the annexed figure represent the ham- Fio. 73 

mer, we have 0A = 42in. AB=:2in. so that if ^ , ri 

. ^ t « » 1 11 » 

Oi is the centre of gravity of the handle and qi q bLJ 

O2 that of the head, we have oo^ s21 in. OGg 

m41in. Also the weight of the handle is 4*45 lbs. and of the head 
9-36 lbs. Hence 

00 X 13S1»21 X 4-45 + 41 x 9*36 
/, OG=s34*5 inches] 

Ex. 242. — How far from the end of the handle is the position of the 
centre of gravity of the hammer described in Ex. 12 ? Jsu, 72^ in. 
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Ex, 243. — Let ab be the diameter of a circular disc of cast iron 12 in. in 
Fig. 74 radius ; out of the disc is cut a circular hole (whose 

centre is in ab) 4 in. in radius ; the shortest distance 
between the circumferences is one inch ; find the dis- 
tance of G, the centre of gravity of the remainder, 
from A. Ans, ll|in. 

Ex. 244. — If in the last Example the hole were filled 
up with lead, determine the distance of the centre of gravity of the body 
from A. Ans. 12*42 in. 

Ex. 246. — If an oaken cylinder exactly filled the hole in the disc in Ex. 
202 and projected 29 in. on each side of the disc, which is 2 in. thick (so 
that the cylinder is 5 ft. long), find the centre of gravity of the whole. 

Ans. 13*7 in. from a. 
Ex, 246, — The gnomon abc is cut out of a parallelogram Ac ; determine 
Fio. 75 ^® distance of its centre of gravity from e ; having 

c given that, db and db are respectively 20 and 15 ft. 
in length. Ans. 6*786 ft. 

Ex. 247. — If AB is the axis of a cross made up of 
six squares each being 3 in. on the side ; find the 
distance of the centre of gravity from a. 

Ans. 6iin« 

Ex. 248. — There are two spheres which are 6 and 6 in. in radii, the larger 

one of lead and the smaller of cast iron ; they are connected by a rod 

3 ft. 1 in. long; determine the distance of the centre of gravity of the whole 

from the centre of the larger sphere, the weight of the rod being neglected. 

Ans. 12*9 in. 
Ex, 249. — In the last Example suppose the rod to weigh 3 lbs. per foot ; 
determine the distance of the centre of gravity of the whole from the centre 
of the larger sphere. Ans. 13*1 in. 

Ex. 250. — There is an open cylindrical vessel of lead; it is externally 
12 inches high and the base 6 inches in diameter, the thickness of the 
metal (both of bottom and sides) is \ of an inch ; in it is placed an iron 
sphere 4 inches in diameter, so that the axis of the cylinder may pass 
through the centre of the sphere ; the vessel is then filled to the brim with 
water ; determine the depth of the centre of gravity below the surface. 

Ans. 6*8 in. 

Ex. 251. — AB is a cylindrical rod of steel 40 inches long and ^ of an inch 
in diameter ; at the end, b, is cut a fine screw making 20 turns to the inch ; 
on this is fitted a steel cylinder cd (whose axis coincides with that of the 
rod) half an inch thick and an inch and a half in radius ; determine the 
distance of the centro of gravity from a when the base of cd is in the same 
plane as the end b of the rod. Ans. 32*66 in. 

Ex. 252. — If in the last Example the measurement were made at 60^ 
Tahr., by how much wili liie eentro of gravity fall if the temperature is 
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raised 30^ ; and how many turns of cd on the screw will restore the centre 
of grayitj to its former position ? 

^?w. (1) 0-00625. (2) Jthof atum. 

Ex. 253. — A cone with its vertex downward contains mercury ; the depth 
of the liquid is 6 inches and radius of surface 2 inches ; if the temperature 
rises 50^ F., determine the rise in the centre of gravity — neglecting the 
expansion of the vessel. Ana, 0*008 in. 

Ex, 254. — A brass rod and a steel rod are fastened at the ends so as to 
be in one straight line ; they are of the same thickness ; the length of the 
brass rod is a ; what must be the length of the steel rod, that a change of 
temperature shall not affect the distance of the centre of gravity from the 
joint? Ans. l'333a. 

68. Remark, — The following examples of the determi- 
nation of centres of gravity are similar to those contained 
in the former article, but involve somewhat greater geo- 
metrical difficulties ; in many cases it will be well if the 
reader bears in mind, that when bodies are of the same 
substance, their weights are proportional to their volumes, 
so that it frequently happens we may reason upon their 
volumes instead of their iveighta, 

Ex. 255. — To find the centre of gravity of a triangular pyramid. 

Let ABOD be the pyramid ; bisect bd in h, join ah and hc ; take FHa|AH 
and hbsb|hc; draw fc and ae, then these lines being in the same plane, 
viz. AOH, will intersect, let them do so in o ; this point will be the required 
centre of gravity, and eg will equal F,o, y^ 

}th part of AB. For draw any plane x 

bed parallel to bcd cutting the plane 
ACH in hCf the line ab in e, and ah in 
h ; then h is the middle point of bd ; 
and it is evident by similar triangles 
that ^. 

A« : aA :: hb : AH 
and Ah : hc :: AR : Kc 

.'. (ex 8eq.) he I hc i: ke : tlc 

but HBa-^HO /. hem,^hCf and e is the 
centre of gravity of the triangle bed ; 
and the same being true of every ^ 
other parallel section, the centre of gravity of the pyramid must be in ab ; 
in precisely the same manner it can be proved that the centre of gravity of 
the pyramid must be in cf ; therefore it must be at o the point of intersec- 
tion of AB and CF. Next^ to show that bg—Jab. Join fb; then since 
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sJbc and hf^Jfa, we have hb : bc :: hf : fa, and therefore fe is 
parallel to ac ; hence the triangles obf and oac are similar, and we have 

OB : OA : : EF : AC : : BH : CH 

bat BHsJcH /. ob»}oa=|ab. Hence the centre of gravity of a triangnlar 
pyramid is found by the rule : — ^Draw the line joining the centre of gravity 
of the base and the vertex of the pyramid, divide it into four equal parts ; 
the first point of section above the base is the centre of gravity. 

Ex. 256. — Show that the centre of gravity of any pyramid or cone is 
found by the same rule as the centre of gravity of a triangular pyramid. 

Ex. 257 If out of any cone a similar cone is cut, so that their axes are 

in the same line and their bases in the same plane ; show that the height of 

the centre of gravity of the remainder above the base equals i . — — _ 

where h is the height of the original cone, and h' the height of that which 
18 cut away. 

Eat, 258. — If out of any right cylinder is cut a cone of the same base and 
height ; show that the centre of gravity of the remainder is | of the height 
above the base. 

Ex, 269. — Find the centre of gravity of a trapezoid in terms of the length 
of the two parallel sides, and of the line joining their middle points. 

Let ABCD be the trapezoid, of which ab and cd are the parallel sides ; 
Fio, 77 produce ad and bc to meet in e ; 

bisect AB in F, join bf cutting dc in 
H, which is its middle point Take 
FGissjFE, HGa^^HB ; then Oj is the 
centre of gravity of the whole trian- 
gle ABE, and Og of the part cde; 
therefore o, the centre of gravity of 
the remainder, will lie in fe. Now, 
we have given ab = a, dc = i, and 
FH=A, and are to find tq—x. 

Since the weights are in the same proportion as the areas of the triangles 
ABE and CDS, we have 

FGj X ABB = FG X ABCD + FOg X CDE 

NowfGi=|fe andFG2=^ + iHB=A + J (fe— A)=s-— + |fe 

o 
.'. X X ABCD =Bg' FB X ABE— (—- + |fe) X CDE 

But by similar triangles (Eucl. 19— VI.). 

ABB : CDE : : a» : ft* 
/. ABCD : CDE :: a*— 6* : 6« 

/. X (a«-6«)«|-FBxa«-. (?^+|fe) 6* 

o 
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Again, by similar triangles 

FB:HB::AB:DE::a:6 
.'. FB : FB— HE :: a : a— 5 

.. FE=s 

a—o 

=|(« + 24) (<•-*) 
• x= g + 26 

JEir. 260. — Show that the centre of gravity of the frustum of a pyramid 
is situated on the line joining the centres of gravity of the ends and at a 

distance from the lower end, given by the formula jr-:— • — -. — r^— 

4 a* + 00 + 0* 

where a and h are any pair of homologous sides of the ends, and h is the 

length of the line joining the centres of gravity of the ends. 

Ex. 261. — If a segment of a sphere is described by the Fio. 78 
revolution of abc round bo ; show that the centre of gravity 
of the sui&ce of the segment is in the middle point of bc. 

[It can be easily proved that if bc is divided into any a 
number of equal parts, and planes are drawn perpendicularly 
through the points of section, they will divide the surface of 
the segment into equal zones — the weight of each can be 
collected in bo ; and as these weights will be imiformly dis- 
tributed along bc, the required centre of gravity will be in its middle point] 

Ex, 262. — Show that the centre of gravity of the spherical sector formed 
by the revolution of the sector abo round bo is at a distance from os 

|oB — f'BC. 

[It must be remembered that the spherical sector may be conceived to be 
made up of an indefinitely great number of pyramids whose bases form the 
spherical surface, and having a common vertex o ; the weights of each of 
these can be collected at its centre of gravity, distanced |ob from o, and 
the question is reduced to a case of the last Ex,"] 

Ex. 263. — Determine the position of the centre of gravity of the volume of 
the spherical segment formed by the revolution of abc round bo. 

69. Applications of the Formulce of Prop. 16. — When 
a body consists of parts, and we know the weights of the 
several parts, and the coordinates of their centres of 
gravity ; the coordinates of the centre of gravity of the 
body will be found by means of the formulae of Prop. 16. 
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Ex. 264. — Find the coordinates of the centre of gravity of the trapezoid 
Fio. 79 ABCD, haying given 0B=7ft. oc=sl9ft. AB = 12ft. 

i> DC » 18 ft. ; the angles at b and c being right angles. 
[If AN is drawn parallel to bc dividing the figure 
into a triangle and a square, the coordinates of the 
centre of gravity of each can be easily found, and 
if X and y are the required coordinates, it will ap- 
pear that they are determined by the equations 
180 x=13x 144 + 15x36 
Oh c 180^=6x144 + 14x36] 

Ans. x = 13|y=7| 

Fio. 80 Ex. 265. — Let abcd represent the section of 

^ a ditch, the breadth ad is 20 ft. and the depth 
8 ft. ; the slope of ab is 1 in 1 and of dc is 2 in 
1 ; determine the horizontal distance from ▲ of 
the centre of gravity of the section, 
t ^ Ans. lOf ft. 

Ex. 266. — If in the last Example the breadth ad is a feet, the depth of 
the ditch h feet, and if ab has a slope of wi in 1 and dc of n in 1, show that 
if X be the horizontal distance of the centre of gravity of the section from a ; 
then X will be found by the formula 

Ex. 267. — If ABCD represents the section of a wall of which bc is vertical 
and equal to A, AB«a and dc =ai ; then if w is the weight of a cubic foot of 
the material, the moment of 1 foot of the length of the wall round a and b 
respectively are given by the formulae 



M 



__wh {2a^ + 2ah-b^) 



6 



andM« i — ^ 

o 

Ex. 268. — The engine-room of a steam vessel is 30 feet long, 20 feet 
wide, and 15 feet high ; at 10 feet from one side, 6 feet from one end, and 
6 feet from the floor, is situated the centre of gravity of the boiler, the 
weight of which is 2 tons ; at 4 feet from the same side, 11 feet from the 
same end, and 7 feet from the floor, is the centre of gravity of the beam of 
the engine, which weighs } a ton ; at 9 feet from the side, 7 feet from the 
end, and 3 feet from the floor, is the centre of gravity of the furnace, which 
weighs 1| ton; at 5 feet from the side, 11 feet from the end, and 10 feet 
from the floor, is the centre of gravity of the cylinder, which weighs 1 ton ; 
where is the centre of gravity of the whole ? 

Ana. 8*1 ft^ from the side, 7*8 ft. from the end, 5*6 ft;, from the floor. 
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70. Oeometrical Applicationa of the Properties of the 
Centre of Gravity . — The most important of these axe proved 
in the following propositions : — 

Proposition 17. 

If a surface be described by the revolution of a plane 
curve round a fixed axis^ its area is found by multi- 
plying the length of the curve into no. si 
the length of the path described by ^ ° 
its centre of gravity. v^g^l— n 

Let AB be the curve, cd the axis ^^ '^* 

of revolution ; a the centre of gra- ^^ , j^^^ 

vity of the curve ; draw gm at right pz/q k 

angles to cd ; we have to show that ff q' ^. 

the area of the surface described by p^ 
the revolution of ab round cd is 
found by multiplying the length i 
of AB into the length of the path 
described by g. 

In AB place any number of equal chords, viz. AP, pPp p^Pj, 
&C. Take Q, Qj, Qj, . . . their middle points, and draw qn, Q^s^y 
QjNj, ... at right angles to cd ; also find g' the centre of 
gravity of the chords, and draw g^'m' at right angles to cd ; 
now when the curve revolves round cd, the chords will 
describe frustums of cones, the surfaces of which will be 
respectively 27r x ap x qn, 27r x pPj x QiNp 27r x T{P^ x Q^Nj, 
&C., and therefore the sum of the surfaces of these frus- 
tums will equal 

29r (ap X QN + PPi X QjNi + PjPj X Q2N2 + . . .) 

But by the property of the centre of gravity (Prop. 16) 
we have 

GV (AP + PPi-f-PiP2 + ....) = APXQN + PPiXQiN, +P1P2X 

Q2N2 + ... 

I 
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Therefore the sum of the surfaces of the conic frustums 
will equal 

27r g'm' X the sum of the chords AP, pPj, p^Pj .... 

Now this being true, however great the number of chords, 
will be true in the limit ; but the surface of the solid of 
revolution is the limit of the sum of the surfaces of the 
conic frustums ; the length of the curve is the limit of the 
sum of the chords ; and since of must ultimately coincide 
with G, the limit of g^'m' is gm. Therefore, area of surface 
described=27rGMx length of curve ab. But 27rGM is the 
length of the path of G, or the area of the surface is found 
by multiplying the length of the curve into the length of 
the path of its centre of gravity. 

Cor. — It is manifest that the above proof includes the 
case of the figure described by the revolution of an area 
bounded by straight lines. It is also obvious that the same 
rule applies to any portion of the area contained between 
two given positions of the revolving curve. 

Proposition 18. 

If a plane curve revolve about any aods^ the volume of 
the solid described is found by multiplying the area 
of the curve by the length of the path of its centre of 
gravity. 

Let ABCD be the plane curve ; the lines AC and bd are 
perpendicular to CD, the axis about which it revolves ; find 
G its centre of gravity, and draw gm at right angles to 
CD: we have to show that the volmne of the solid de- 
scribed by the revolution of abcd equals the length of g's 
path multiplied by the area of abcd. 

Divide CD into any number of equal parts in Np Nj, Kg, 
.... and from these points draw ordinates to meet the curve in 
Pp PjjPj, . . . .and complete the rectangles an^PiN^jP^Nj, . . . .; 
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when* the figure revolves round cd, these rectangles will 
describe cylindei's, and their united fig. 82 

volumes will equal 

TT (AC^ X CN J + P,Nj' X NjNj + P2N2' 
XNjN3 + ....) 

Let a' be the centre of gravity 
of these rectangles, draw g'm' at 
right angles to cd; now the cen- 
tre of gravity of Ain^ is at a dis- 
tance from CD equal to -J^ac, that 
of PjNj is at a distance from cd 
equal to J^p^Nj, and similarly of 
the others. Hence g'm' x sum of 
rectangular areas, equals 

|AC X AC X CNj + ^PiN^ X PjNj X N^Nj + ^^^^2 ^ ^2^2 ^ ^2^3 + ••• 

Therefore the sum of the volumes of the cylinders above 
mentioned will equal 

2^0^ X the sum of the areas of ANp PjNj, PgNg, 

and this being true whatever be the number of parts into 
which CD is divided, will be true in the limit ; now the 
volume of the solid of revolution is the limit of the sum of 
the cylinders ; the curvilinear area is the limit of the sum 
of the rectangles ; and since g^ must ultimately coincide 
with G, the limit of g^m' is gm. Hence the volume of the 
solid of revolution is found by multiplying the area of the 
curve by the length of the path described by its centre of 
gravity. 

Cor. — The remarks contained in the corollary to the last 
are applicable, mutatis mutandis^ to the present Proposition. 

Proposition 19. 

If a right prism or cylinder is cut by any plane, the 
volume of the frustum is found by multiplying the area 

I 2 
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of the base into the length of a line dravm perpendicularly 
to the base through its centre of gravity, and terminated 
by the cutting plane. 

Let ABCD be the frustum of the right prism or cylinder, 
staoding on the base abe, whose centre of gravity is g ; 
through G dranr qq at right 
angles to abe and termi- 
nated by the cutting plane 
BCf ; we have to show that 
the volume of the frustum 
is found by multiplying 
the area of aeb into the 
length of G<J. Suppose the 
plane of the paper to be 
perpendicular to the planes 
oftheend8,andtocutthem 
in abb'cd ; if the planes of 
the two ends are produced, 
they will intersect in a line kk' perpendicular to the plane 
of the paper ; hence ab'd is the angle of inclination of the 
cutting plane to the base ; we will denote this angle by 0. 
Draw an at right angles to kk'. 

In AEB describe a series of rectangles of equal width, 
with sides peipendicular to ab; and divide them into 
squares, each of whose areas is represented by A ; and of 
these squares, let nskt be one ; from the points n, B, s, T, 
draw lines perpendicular to the base, and terminated by the 
cutting plane, viz. pk, rk', ss', rr' : through Ps' draw a plane 
pa parallel to the base, the figure pros is a rectangular 
parallelepiped, and its volume is equal to a x ps. Xow all 
the angles at K being right angles, the plane pt is perpen- 
dicular to SN, and therefore if produced to cut kk', it will 
be perpendicular to kk', let it cut that line in h; then i^p 
and TM when produced, will meet in h and each will he 




GEOMETRICAL APPLICATIONS. 117 

perpendicular to KKf ; therefore, the angle phn equals 0^ 
and the volume of ptos equals 

A X HN. tan 

Now if we imagine the same to be done on each of the 
squares, we shall have the required volume equal to 
tan X the limit of the sum of each square area multiplied 
by the perpendicular distance of an angle from kk\ But 
in the limit, the magnitude of the side of each square can 
be neglected in comparison with its distance from kk'; 
hence the above limit will be the same as the limit of the 
sum of the areas of the squares, into the distance of the 
centre of gravity from kk', i. e. will equal area aeb x gm, 
and the volume will equal aeb x gm tan 0. 

Now if QM be joined qmg=^, therefore gq=gm tan 0^ 
and the required volume equals area aeb x gq. 

Cor, — It is evident that if the prism or cylinder is cut 
by another plane inclined at any angle to the base, the 
volume contained between the cutting planes equals the 
area of the perpendicular section multiplied into the part 
contained between the planes of a line drawn through the 
centre of gravity of the perpendicular section at right 
angles to its plane. 

Ex. 269. — Show that propositions 17 and 18 are true in the case when 
the curve is a closed curve and revolves round an axis wholly without it. 

£^.270. — In Proposition 19 show that q is the centre of gravity 

of DCF. 

Ex, 271. — An equilateral triangle revolves round its base, whose length 
is a ; find the area and volume of the figure described. 

Am. (1) waV3 (2) 



v a* 



Ex. 272. — An equilateral triangle revolves round an axis parallel to the 
base, the vertex of the triangle being between the axis and the base, the 
base is 6 in. long and the distance from the vertex to the axis is 9 in. ; 
determine the yolume of the ring described. Ans. 12207 cub. in. 



118 PBACnCAL MECHANICS. 

Ex. 273. — Determioe the Tolome of a ring formed like that in the last 
example having given that each side of the triangle is 6 in. and the external 
diameter of the ring 3 ft. Ans. 1593*4 cub. in. 

Ex. 274. — The section of a ring is a trapezoid, its height is 3 in. and its 
parallel sides are respectively 7 in. and 3 in. long, they are parallel to the 
axis, the shorter being the nearer to the axis and at a distance of 1 1 in. ; 
find the volume of the ring. Ans. ir96-9 cub. in. 

Ex. 276. — In the last Example if the longer side of the trapezoid had 
been the nearer to the axis, the external diameter of the ring being the 
same in both cases, what would have been the volume ? 

An^ llo9-2 cub. in. 

Ex. 276. — Determine the volume and sur&ce of a ring with a circular 
section whose internal diameter is 12 in. and thickness 3 in. 

Ans. (1) 333-1 cub. in. (2) 444-1 sq. in. 

Ex. 277. — Determine the volume and surface of a ring whose section is 
a r^ular hexagon, whose circumscribing circle has a radius a and its centre 
at a distance b from, the axis of revolution. 

Ans. (1) Z-^ba^^/Z. (2) \2xab 

Ex. 278. — Find the centre of gravity of the arc of a semicircle. 

Ans. Distance feom centre = ^^"^' 

Ex. 279. — Find the centre of gravity of the area of a semicircle. 

Atus. Distance from centre =§.^1^ 



\ 



Ex. 280. — A cylindrical shaft is cut off obliquely at an angle of 45° to 
the axis, its radius is 6 in. and its extreme height is 2 ft 6 in. Find its 
solid contents. Ans. 1-5708 cub. ft. 

Ex. 281. — A cylindrical shaft is cut obliquely at an angle of 60° to the 
axis, the radius of the base is 10 in., the extreme height of the shaft 3 ft. ; 
find its volume. Ans. 9497 cub. in. 

Ex. 282. — A right prism stands on a triangular base the angles of which 
are a, b, c, the angles of the other end being d, e, f, the sides ab, ac, are each 
15 ft. long, BC is 18 ft. long; the other edges, viz. ad, be, cf are each 30 ft. 
long ; through the edge bc passes a plane making an angle of 60° with the 
base ; determine the volumes of the parts into which the prism is divided. 
Also if the prism were cut by a plane parallel to the former and cutting ad 
at a distance of 24 ft. above a, find the volumes of the two parts. 

Ans. (1) 748-3 and 2491-7 cub. ft. (2) 1095*6 and 2144-4 cub. ft. 

Ex. 283. — Show that if any triangular prism be cut by a plane so that 
the edges perpendicular to the base are respectively a, *, <?, and the area of 
tb9 bape a, then the volume of the frustum will be Ja (a + 6 + c). 
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Ex. 284. — Let ahcd Tepresent the plaa and abcd (he 
sectton of a portion of & ditch ; ad = 20 fl ; depth of ditcli ^ 
8 ft. ; dope of ab ia 2 in 1, and that of DC is 1 in 1 ; oi 
and cd are respectively 20 and 10 fL long. Find tha 
Toliune ; and dotacmine the error that would be committed 
if ire had Ibimd the volame by multiplying the area of the 
section by half the sum of ab and de. 

Alts. (1) 326* cnb. ft. (2) Error 96 cub. ft. 
[Coraparo Ex. 22*.] 

Ex. 28S. — Let asod be the plan of square redoubt each ' 
ride of which is 150 ft., tha earaera of the ditch ore qua- 
disnts of circles whoao centres are respectirely A, b, c. D. 
So that it has a uniform width of 2* ft., ila depth is 9 fL, 
the inside slope is 3 in 1 and tbe outside 1 in 1. Find its 
Tolnme. Ana, 108067 cub. ft. 

Ex. 2S6.— K the ditch in the last Example were surrounded with a 
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CHAPTER VI. 

FKICTION OP 
PLANE SURFACES — INCLINED PLANE, WEDGE, SCREW. 

Section I. 

71. Reaction of Surfaces. — It nearly always happens 

that amongst the pressures which keep a body at rest is the 

Fio. 85 reaction of one or more sur- 

^' faces ; to explain the nature 

of this reaction let us consider 
a particular case ; suppose a 

, mass M to rest on a table ab, 

^ B and suppose it to weigh 1000 

lbs. ; that weight must be supported by the table, which 
must therefore exert upwards a pressure of 1000 lbs. in 
a direction opposite to the direction of the weight. If 
we consider the case particularly we shall see that this 
reaction is an instance of a distributed pressure, for the 
under surface of cd will be in contact with the table at 
many points, and at each point there will be a reaction ; 
what is the magnitude of the reactions at the different 
points we do not commonly know, they must however be 
such that their resultant shall act vertically upward through 
the centre of gravity of M and shall equal 1000 lbs. And, 
in general, if a body is at rest when pressed against a 
surface the various points of that surface must supply Te- 
actions whose resultant is equal and opposite to the resultant 
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of the pressures by which that body is urged against the 
surface; this resultant reaction is called the redction of 
the surface. 

72. The Limiting Angle of Resistant. — The question 
now arises under what circumstances is the plane capable 
of supplying the reaction necessary to produce equilibrium? 
this will be the case if the plane does not break, and if it 
keeps the body from sliding ; it is with the latter condition 
we are here concerned. Let us revert to the example dis- 
cussed in the last article, and let 
us suppose a rope to be fastened 
to the point K by means of 
which the body is pulled hori- 
zontally by a pressure p; we 
know that if p have a certain 
magnitude it will just make the 
body slide, but if it be less than 
that certain magnitude the body 
will continue at rest; suppose 
that a pressure of 190 lbs. will 
just not make the body slide ; produce pk to meet the ver- 
tical through the centre of gravity in l, let le represent P 
(190) and lf represent w (1000), complete the parallelo- 
gram and draw the diagonal lh, this must be the direction 
of the resultant pressure E, and its direction makes with a 
perpendicular to ab an angle of 10® 45' ; now if the pres- 
sure P is less than 190 lbs. the resultant pressure will fall 
within the angle rlw; but if it be greater than 190 lbs. it 
will fall without the angle rlw; in the former case the 
surface ab can supply a reaction which prevents motion, in 
the latter it cannot; and thus in the case we have supposed 
the surface ab can supply a reaction in any required direc- 
tion which makes an angle less than 10^45' with the nor- 
mal, i. e. the perpendicular, to the surface ; and when the 
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body is in the state bordering on motion, the direction of 
the reaction will make an angle equal to 10° 45' with the 
normaL 

Now it appears from experiment that if the surface ab 
were of cast iron, and the mass m of wrought iron, a pres- 
sure of 190 lbs. would be required just not to produce 
motion in the case above discussed ; and it also appears 
from experiment that within very considerable limits, the 
same proportions are preserved, irrespectively of the extent 
of the surface pressed and the amount of the pressure ; so 
that we may state as a fact of experience, that when 
wrought iron rests on cast iron the former will exert a 
reaction in any direction required to produce equilibrium 
that does not make with the normal an augle greater than 
10® 45', and when motion is about to ensue, the direction 
of the reaction will make an angle with the normal equal 
to 10® 45', this angle is therefore called the limiting angle 
of resistance in the case of cast iron upon wrought. It 
further appears from experiment, that in the case of any 
two surfaces whatever, there is a limiting angle of resistance 
proper to those surfaces, and depending on their physical 
character ; for instance, in the case of wrought iron on oak, 
the angle is 31® 50', and similarly in other cases. Values 
of this angle in several cases are given in Table XI. 

Henxie if a body is urged agavnst a fixed surface by 
any pressure or pressures, the direction of the reaction of 
that surface can never make with the normal an angle 
greater than a certain angle. That angle is called the 
Ivmiting angle of resistance ; its w/ignitude is fixed by 
the physical nature of the surfaces of contact 

If the resultant of the pressures which urge the body 
against the fixed plane be found, the body will continue 
at rest, provided the direction of the resultant makes 
with the normal an angle less than the limiting angle 
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of resistance; for under these circumstances the re- 
action can act in a direction opposite to the resultant 
and balance it. If the resultant makes with the normal 
an angle equal to the limiting angle of resistance the 
body will still be in equilibrium, but will now be in the 
state bordering on motion, for if the angle between the 
resultant and normal be increased by ever so small an 
amount) the reaction can no longer act in a direction oppo- 
site to the resultant, and therefore can no longer balance 
it. Under all circumstances the reaction will oppose the 
motion of the body. In the following pages ^ will be used 
to denote the limiting angle of resistance. 

Ex. 287. — K a mass whose weight is w rests on a horizontal plane ab, 
and is pulled by a pressure p whose direction 
(cp) makes an angle o with the hopizon, deter- '^* 

mine f when it is on the point of making the 
body slide. 

Find o the centre of gravity and draw gw 
a vertical line ; produce PC to cut gw in d : 
then since the body is held at rest by p, w, and 
the reaction of the plane (n) the direction of b 
must pass through d, also since the body is on 
the point of sliding from b to a, the direction of 
B must make with dw an angle edw equal to <f>. Then we have wpbs 180^ 
— ^, BDP « 90 — a + <p, and pdw « 90 + o, therefore p : w : b :: sin pi 
COS (a— ^) : cos o. 

Ex. 288. — In the last Example determine p and b if the mass m, weighing 
750 lbs., is of wrought iron, on oak, and the direction of p inclined to the 
horizon at an angle of 15°. Ans. p= 413*3 lbs. b=s 756*9 lbs. 

Ex. 289. — What would be the required pressure p in the last case if its 
direction were horizontal ? Ans. p— 465 lbs. 

Ex. 290. — Show that when a body rests on a horizontal plane the smallest 
pressure that will bring it into the state bordering on motion will act in a 
direction inclined to the horizon at an angle equal to the limiting angle of 
resistance. 

73. Conditions under which a body acted on by cer- 
tain pressures will neither be overthrown nxyr slide. — Let 
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Flo. 88 a mass ab rest on a horizontal 

plane cd, and let the pressures 
concerned be its weight acting 
vertically along the line ew and 
a pressure p acting along the 
line PB : find r the resultant of 
these pressures ; in order that 
7 the body may be at rest it is ne- 
cessary that R be balanced by a 
reaction equal and opposite to 
it ; this cannot happen if the direction of r cuts cd outside 
the base ; hence the condition that the body be not over- 
thrown is that the direction of the resultant pressure fall 
within the base; if this condition be fulfilled, the body 
will slide or not, according as the direction of r makes 
with the normal to the point where it cuts the surface, an 
angle greater or less than the limiting angle of resistance. 
The question may be asked, if ab be pulled along the line 
PE by a continually increasing pressure, will it slide before 
it topples, or vice versa? This is readily answered by 
joining ae ; then if aew is less than the limiting angle of 
resistance, the body will topple before it slides, since 
r's direction will fall without the base before its direction 
makes with the perpendicular an angle greater than the 
limiting angle of resistance ; if however aew is greater 
than the limiting angle of resistance, the body will slide 
before it topples. In the intermediate case, when aew 
equals the limiting angle of resistance, the body will be on 
the point of toppling and sliding for the same value of p. 

Ex. 291. — a rectangular mass of oak the base of which is 2 ft. square 
and height 7 ft. rests endwise on a floor of oak^ a rope is fastened to it at a 
certain height above the floor and is pulled by a certain pressure in a di- 
rection inclined at an angle of 20° to the horizon ; it is found to be on the 
point both of toppling and sliding ; flnd the height of the point of attach- 
ment from the floor and the magnitude of the pressure. 

Ans. (1)2-68 ft (2) 648-7 lbs. 
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[It is manifest, referring to fig. 88, that b will be found by making the 
angle baw equal to the complement of the limiting angle of resistance, when 
the circumstances are those mentioned in the question.] 

Ex, 292. — A cylinder of copper the radius of whose base is 2 in. and 
height 3^ in. rests on a horizontal oak table, it is pulled by a horizontal 
pressure whose direction coincides with a radius of the upper end ; find the 
pressure that will just make the body move, and determine whether the 
motion will be one of sliding or of toppling. 

Ana. (1) The body will topple. (2) 8 lbs. 

Ex. 293. — Work the last Example supposing the cylinder to be of oak, 
the fibres being parallel to the axis of the cylinder. 

Ana. (1) The body will slide. (2) 10*2 oz. 

Ex. 294. — A cone stands on a horizontal plane, its vertical angle is greater 
than 2^ ; show that no direction passing through the axis can be assumed 
such that a pressure acting along it wiU make the cone topple rather than 
slide. Also show that the smallest pressure which will move the cone 
equals w tan ^, imd if this pressure acts through the vertex it will just make 
the cone slide. 

Ex. 295. — A rectangular box is overthrown by turning round a horizon- 
tal edge; given the lengths of the edges; determine the height through 
which its centre of gravity must be raised. 



74. Friction, — Let Ab be a horizontal table ; m a mass 
which, in consequence of the action of certain pressures. 



Fig. 89 



is on the point of sliding 
in the direction ba ; then 
the reaction r' will be 
equal to their resultant, 
and its direction will be 
inclined to the perpen- 
dicidar to ab at an angle 
^ equal to the limiting 
angle of resistance ; let ^ 
Cb' be the direction of this reaction ; draw cd perpen- 
dicular to AB, then the angle dor' is equal to ^ ; take cb 
to represent r', and complete the rectangle hk ; we may 
replace r' by two components r and f, of which r acts 
along CD and f along ab ; these components are repre- 
sented by CH and CK respectively ; now it is evident 
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that tan d> =. — i. e. tan ^ = ~ 

CH R 



.•. F = R tan <^ 

The tangential reaction f is commonly called the Fric-- 
tion, and tan ^ (which is generally denoted by the letter 
fji) is called the coefficient of friction ; so that when a body 
resting on a plane is in the state bordering on motion, the 
friction equals the normal reaction multiplied by the co- 
efficient of friction ; it will be remarked that unless the 
body is in the state bordering on motion the whole of the 
friction is not called into play, but only so much, of it as 
is sufficient to produce equilibrium. 

If in any particular case we are required to determine 
the relation between the pressures which keep a body in 
the state bordering on motion, and amongst these pres- 
sures is the reaction of a rough surface, we may treat this 
reaction in either of two ways : — First, we may consider 
the reaction (r') to be a single pressure making an angle 
^ with the normal ; or, secondly, we may replace that re- 
action by two pressures, viz., a reaction r acting along the 
normal, and a friction fiB. acting along the tangent ; the 
former way of looking at the question is generally more 
convenient when the body is acted upon by only three 
pressures, the latter when it is acted on by more than 
three pressures, and when, consequeutly, it is necessary 
to have resource to the general equations of equilibrium. 

In order to complete our remarks on this subject, it is 
to be observed that when the body actually slides, its 
motion is opposed by a constant friction which is properly 
represented by fi times the normal reaction ; it appears, 
however, that the numerical value of fi for the same sub- 
stances is different in the cases of motion and of rest. 
The difference is most conspicuous in the case of soft 
eubstances (e. g. various kinds of wood) that have been 
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some time in contact; wherever a diiFerence exists the 
value of fi for substances at rest is larger than the value 
for the same substances in motion. 

75. Eooperiments on Friction, — The chief general re- 
sults that have been elicited by experiments on the friction 
of surfaces, are called the laws of friction, and may be 
thus stated: 

(1) Friction is proportional to the normal pressure. 

(2) It is independent of the extent of the surfaces in 

contact. 

(3) In the case of motion, it is independent of the 

velocity. 

(4) If unguents are interposed between the surfaces of 

contact, the friction depends mainly on the 
nature and quantity of the unguent. 

It must be added that these laws depend entirely on 
experimental evidence, and that the first of them ceases 
to be true when the pressure per square inch becomes 
very great. The accurate determination of the values of 
fly the coeflBcient of friction for different substances, is 
due to General Morin, on whose authority the results rest 
that are registered in the following table.* 

* The establishment of the laws of friction appears to be due to 
Coulomb, whose Memoir of Friction was published in a.d. 1785 ; a rery full 
abstract of the paper is given in Dr. Young's Natural Philosophy^ vol. ii. 
p. 170 (1st ed.). The properties of the limiting angle of resistance and 
its importance in the statement of mechanical formulae were first pointed 
out by Mr. Moseley. General Morin's Tables are very extensive, they 
have been several times printed; a sufficient account of the experiments 
on which they are based, together with the Tables themselves, will be found 
in his work. Notions FondaTnentales de Mecaniqtie. To enable the reader 
to form some conception of the limits within which the laws of friction hold 
good, the following (somewhat favourable) instance may be adduced. The 
coefficient of friction is given in the tables as 0*54 in the case of oak resting 
in the state bordering on motion on oak with the fibres perpendicular to 
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* The stone employed in M. Morin's experiments seems to hsve been a 
t oolitic atone from the qnaniea at Jaumont near Hetz ; the nearest 
^ish oqmTOlent is probably Fortiand tUme, 
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It is to be observed that in the above Table the numerical values of 
fi were ascertained by experiment; the values of <t> and sin have been 
obtained by calculation. General Morin*s Tables give the values of fi cor- 
responding to various unguents : of these, the following comprehensive results 
will be sufficient for our purposes :— any two of the following substances, 
oak, ehn, cast iron, wrought iron, bronze, pressed against each other, tallow 
being employed as an unguent, have for the coefficient of friction /i = 0*10, 
and therefore ^ = 6° 40' and sin ^=0*10. The same substances when in 
motion, and the unguent is either tallow, hog*s lard, soft gom, or any similar 
substance, have the coefficient of friction equal to 0'07> and therefore 
^«40 and sin ^=0-07. 

76. The Inclined Plane. — The principles which regu- 
late the equilibrium of a body resting on a plane inclined 
to the horizon are the same as those which regulate the 
equilibrium of a body resting on a horizontal plane — a 
case which has been already considered; — the applica- 
tions of the former case are, however, very numerous and 
very important, it will therefore be discussed at some 
length. It is scarcely necessary to observe that the in- 
clined plane is commonly reckoned amongst the ^* Mecha- 
nical Powers." 

Ex. 296. — A mass whose weight is w rests on a plane ab, (Fig. /) inclined 
at an angle o to the horizon AC ; it is acted on by a pressure p in a direction 
(np) making an angle jB with ab : determine the relation between the pressures 
p and w when p is on the point of making the body slide up the plane. 

Take q the centre of gravity of the body, and through it draw the vertical 
line GW, cutting pn in d, both lines being produced if necessary. Now, the 
only pressures acting on the body are its weight w along dw, the pressure 
p along DP, and the reaction (b) of the plane ab ; b's direction must pass 
through D, and must be inclined to a perpendicular to ab at an angle equal 
to <t>f the limiting angle of resistance : draw dm at right angles to ab, and 
make mdb equal to <p ; then b will act along the line ed. (The line ed is 
drawn as in the figure, since the reaction b tends to oppose the sliding of 
the body.) Hence we have 

p : w : : sin wdb : sin BDP : : sin WDB : sin EDP 
But WDB = o + ^, and EDP=90 + i3-^ 

Therefore p : w : : sin (o + </>) : cos (/3- «/>) 

In the same manner it can be shown that 

w : B : : cos (jB- ^) : cos (a + 3) 

If the question is solved by the general equations of equilibrium, we may 
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call b' the normal reaction, acting at a point whose distance from v. ib x; 
the Motion will be /*»', acting from b to a; also represent dm by p. 
Then, if we resolve the pressures along and at right angles to ab, and mea- 
sure moments round d, we shall obtain 

w sin a + /*B'— pcos iBs=0 (1) 

— w cos a+ B' + PsinjBarO (2) 

arB*— /i^B'«0 (3) 

Equations (1) and (2), when solved, give relations between p and w, and 
between w and b', equivalent to those already obtained; equation (3) 
shows that b^ will act through the point b. 

With numerical data, a solution can be obtained by construction, as 
indicated in the diagram, by the parallelogram hk, in which, if dh repre- 
sents the given weight, Dit will represent the required pressure, and dl the 
reaction. 

Ex. 297. — If a greater than ^, show that when the body is on the point 
of sliding down the plane 

p : w :: sin (a— </>) : cos (3+^) 
w : B :: cos (i3+<>) : cos (a+jB) 

Ex, 298. — Show that if a<<t> the body will remain at rest without 
support. 

Ex, 299 — A mass of wrought iron weighing 600 lbs. rests on a plane of 
oak inclined at an angle of 20^ to the horizon, a pressure f acts upon it so 
as just not to pull it up the plane in a direction inclined to the plane at an 
angle of 12<^ ; find p. Ans. 417*9 lbs. 

[In fig. / is shown the construction by which this example was solved, the 
scale being 1 in. to 200 lbs. ; the result obtained by the construction was 
415 lbs. The correct answer being 417*9 lbs.] 

Ex, 300. — In the last example suppose p to act along fd as a pushing 
force; find its magnitude that it may just not push the body down the 
plane. Ans. 142*1 lbs. 

Ex. 301. — Eeferring to examples 299 and 300: first, if p had been a 
pressure of 200 lbs. acting up the plane ; next if p had been a pressure of 
100 lbs. acting down the plane; and lastly if there were no pressure p; 
find the magnitude and direction of the reaction of the plane. 

Ans. (1) 428-7 lbs. pdb=810 18'. (2) 5596 lbs. pdb=49® 17'. 
(3) 500 lbs. acting vertically upward. 

Ex. 302. — Show that the direction of the smallest pressure which will 
make a body slide either up or down an inclined plane make an angle 4> 
with the plane. 

Ex. 303. — What is the least pressure that will draw a cubic foot of cast 
iron down a plane of oak inclined to the horizon at an angle of 14° ? 

kns, 146-7 lbs. 
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Ex, 304. — In the la43t Example what would have been the least pressure 
necessaij to support the mass had the plane been of cast iron ? 

Ans. 38-6 lbs. 

Ex, 305. — What would be the horizontal pressure that would just push 
the body up the inclined plane in the last case ? Ans, 192 lbs. 

Ex. 306. — If the body represented in Fig. / is a cylinder the radius of 
whose base is r and height 2A, and if f acts at a point n so chosen that for 
the same value of p the body is on the point of turning round x when it is 
also on the point of sliding up the plane, show that 

__(r cos a + A sin a) cos (i3— ^) 
cos /3 sin (a + tp) 

and transform the expression into one adapted for logarithmic calculation. 

Ex. 307. — A rectangular mass of cast iron rests on an inclined plane of 
oak ; it is on the point both of sliding down, and also of overturning, its 
base is 2 ft. square ; what is its height ? Ans, 3*08 ft. 

Ex. 308. — In the last example what pressure acting parallel to the 
inclined plane would be just suf&^cient to draw the mass of iron up it? 
could this pressure be applied at any point of the body so far above the 
plane as to overturn the body before making it slide up the plane ? 

Ans, (1) 6044 lbs. (2) It wiU overturn the body if applied at a point 
more than 1*54 ft. above the plane. 

Ex. 309. — If 2a is the vertical angle of a cone standing on a plane whose 
inclination to the horizon is (the limiting angle of resistance), show that 
4 tan A=tan 0, if the cone is such as to be on the point both of toppling 
and sliding. 

Ex. 310, — The earliest experiments on Mction were made in the follow- 
ing manner ; The substances were formed into rectangular blocks — shaped 
like bricks — and were placed on planes of various substances ; the planes 
were then gradually raised, and the angles noted at which sliding com- 
menced; it was found that for the same substances this angle was the 
same whatever the weight of the block, and whether it rested on its broad 
or narrow face ; what conclusions could be inferred from these facts as to 
the nature of friction ? 

Ex. 311. — Given an incline 1 in « (i. e., 1 ft. vertical to «ft. horizontal), 
and that a body weighing w lbs. rests upon it ; given also that the friction 
is 1 lb. in m\ show that the pressure which, acting parallel to the plane, 
will be on the point of making the body move up the plane very nearly 

equals w (- + — ). 
n Tti 

Ex. 312. — Let ca and cb be two planes inclined downward from c on 
opposite sides of the vertical through c, and let ab be horizontal ; let a 

K 2 
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weight Wi be placed on ca, and a weight Wg on cb, and let them be con- 
nected by a fine smooth cord passing over c: if Wi is on the point of 
sliding down ca, and thereby dragging Wj up cb, show that 

Wi sin (0— a) —Wa sin (</H-b) 

77. A considerable variety of questions arises out of 
cases in which a body rests on two planes inclined at a 
certain angle to each other ; in nearly all these cases it is 
most convenient to have recourse to the general equations 
of equilibrium ; a few such examples are here added. 

Fio. 90 Ex, 313. — AB represents a ladder, one end of 

^^' which rests against the ground at a, and the other 

Against a vertical wall at b ; its length is a, the 

B distance from its foot to its centre of gravity (ag) 

is hy its weight is w : determine the angle bag, or 

flj, at which it will just slide. 

The point a must just be sliding outward, and b 
downward ; hence the pressures will act as shown 
in the figure, and, taking the horizontal and vertical 
components, and measuring moments round a,' we 
have the following equations : — 

b + /x'b'— w =0 

./UB — b' ^0 

ob' ein B + €ifi'sf oob O—bw cob 0—0 
Hence (1 + f*/*') b = w," (1 + ju/*') ^' =;«w 

and fio tan 6=5— (a— 5) fifi^ 

The ladder will stand in evfiry possible position if 

It may be remarked that, in general, as it is quite arbitrary wha* point is 
chosen from which to measure moments, it is generally advantageous to 
choose a point through which the directions of one or more of the unknown 
pressures pass — e. g., in the above question, a or b should be chosen. 

Ex, 314. — In the last example, .if .the ladder is placed in a known posi- 
tion, determine at what distance (x) from a a weight Wi must be placed 
that the ladder may be on the point; of sliding (/*=/*'= tan <f>) 

,, w ^ sin «^ pin (a + <^) iw 

Ane, a?=ra(l + — ) — 

^ Wj' cos A Wi 

Ex, 316. — In Ex. 313, suppose c^to be an obtuse angle ( = 180°— 7), and 
suppose /is: fi'; find 0, and find the condition of the ladder resting in all 

positions. ^^ (1) M tan = 1 - («-^;) (1 +M^) sin 7 

a (sin 7— fi cos 7) 




(2) ^^cosy> jb (1 +/i') — oju* I sin 7 
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78. The Wedge. — In the above examples the inclined 
plane, though reckoned as one of the mechanical powers, can 
hardly be regarded as a machine; in many cases, however, 
the inclined plane is itself moveable, and is employed to se- 
parate bodies that are urged together by great pressures, in 
this case it is correctly spoken of as a machine. The simplest 
instance of this use of the inclined plane is the wedge, 
which is, in fact, nothing but a moveable inclined plane. 



Fig. 91 




Ex, 316. — To determine the relation between the resistance and the 
pressure which is on the point of urging forward an isosceles wedge. 

Let ABC be the wedge, w the pressure 
acting along the axis GC, B and r the points 
of contact of the sides of the wedge with the 
obstacle ; draw eB and Jv at right angles to 
AC and BC respectiyely ; make the angles 
eBU and /fb each equal to <p (the limiting 
angle of resistance between the sides of the 
wedge and the obstacle): then, since the 
wedge is on the point of moving forward, 
the mutual action between the surfaces of 
contact at s and f will act along these lines, 
and the wedge is kept at rest by w and re- 
actions b' and b', equal and opposite to b and 
b; the directions of these three pressures 
most pass through a common point g ; therefore 

b' : w :: sin cob : sin BGB 
Now, if Aco equals o, we have cgb equal to 90— (^ + a), and bob equal to 
180 — 2 (<> + o) ; therefoi»e 

w=2B'sin(a + 0) * (1) 

Now, suppose that t, the tendency of the obstacles to collapse, acts along 
TB, and let tb€ equal t ; then the resolved part of b along bt must equal T, 
the remaining part of b being transmitted to the ground. Hence 

BCOS(t + ^)=sT (2) 

Therefore, remembering that b and b' are equal, 

■W cos (t + 0) s= 2t sin (a + <p) 
The angle t is commonly unknown and very small ; it is therefore generally 
neglected. 

Ex, 317. — If w is the pressure required to keep the wedge from starting, 
show that 

■w cos («— 0) «2t sin (a— 0) 
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Ex, 318. — Show that if w is the pressure that has forced a wedge into a 

giyen pofdtion and Wi the pressure required to extract it, then (i==0) 

sin (<^— o) 

'^i"'^8in(</> + a) 
JEx. 319. — An iron wedge whose vertical angle is 13® is driven into a 
mass of oak by a pressure of 1 cwt : — what force will be necessary to 
extract it? Ans. 77*27 lbs. 

Ex, 320. — Show that the wedge will start if the pressure be withdrawn 
provided the angle of the wedge be greater than 2<p, 

Ex, 321. — An iron wedge whose angle is 7® is driven into a mass of oak, 
find what fraction of the driving pressure is consumed by friction. 

Atis, If V is the pressure on the smooth wedge which exercises the same 

normal pressure on the block as that produced by w on the rough 

wedge, then ^ = 0-09 w. 

Ex. 322. — In Ex. 316, if abc is not isosceles, and if the limiting angles 

of resistance at b and f are ^ and ^, and if b is the pressure caused by w 

at B, show that 

B sin (c + <> + ^i) ssw sin (iS— ^j) 
Ex, 323. — In the annexed figure, dc is a horizontal table, hk a fixed 

Fio. 93 obstacle, abcd, abbf two 

movable inclined planes, 
having a surface of contact 
AB, inclined at an angle a 
to the horizon; the former 
is urged forward by a pres- 
sure p, the latter downward 
by a pressure w ; ^, <|>i, ^a 
are the limiting angles of 
resistance at ab, hk, and 
DC respectively: show that 
when the horizontal pres- 
sure p is about to overcome 
the vertical pressure w 
P cos 0a cos (a+0 + 0i) =w cos <p^ sin (a + ^ + ^g) 
[The diagram shows how the various reactions act. The student will 
find it a useful exercise to determine independently the relation between p 

and w, when hk and dc are smooth.] 

Ex. 324. — In the annexed figure, let 
ABKH be fixed, cd a horizontal plate capa- 
ble of moving up and down between the 
guides E and f : if the inclination of ab to 
CD is a, and all the surfaces are smooth 
except AB, show that when the horizontal 
pressure p is about to overcome the verti- 
cal pressure w 
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Ex, 325. — In the last example, if all the surfaces are rough, show that 
p cos (a + 4)) cos (^1 + ^2) =rQ cos ^a sin (a + + tp^) 

Ex, 326. — In the last example, if o^ is the pressure that will jiist force 
p out, show that 

Q sin (a + ^ + 4*1) cos (o— ^) =0^ sin (« — ^— 4*i) cos (a + 0) 
What is the smallest slope of ab at which it will be possible for this to 
happen? 

79. The Form of the Helix or the Thread of the Screw, 
— Let ABC be a right- F10.94 

angled triangle, and defg 
a cylinder, the circumfe- 
rence of whose base is 
equal to the base of the 
triangle Ac; if we sup- 
pose this triangle to be 
wrapped round the cylin- 
der so that A and c come 
together, as indicated by 
the small letters ac6, the 
hypothenuse ab will take 
the form of a curve called 
the helix, i. e. the curve to which the thread of a screw 
would be reduced if it became a single line. 

Ex, 327. — If the distance between two turns of a thread of a screw is h 
and the radius of the cylinder is r, show that the length of n turns of the 
thread is nV^-jr^ + k' 

Ex, 328. — Show that if A is the distance between two turns of the 
thread, and r the radius of the cylinder, then if is the angle of inclination 

of the thread of the screw we shall have tan 6=. 





2Trr 

Ex. 329. — The length of a screw is IJft. in which space the screw makes 
36 turns, the radius of the cylinder is I5 in. ; determine the angle of incli- 
nation of the thread and its length. 

Ans, (1) 3° 2' 12". (2) 3397 in. 

80. The Form of a Screw ivith a Square Thread. — In 
the last article we considered the form. o£ t\i^ ^^Q\£ifc\is^RaiL 
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curve called the helix. If we suppose that instead of the 

triangle acb we have a solid^ such that^ when 
it surrounds the cylinder, its upper face 
projects at right angles to the cylinder at 
every pointy as shown in the annexed figure ; 
this upper surface will have the form of 
the upper surface of the square-threaded 
sci*ew; if now the lower part of this pro- 
jection be cut away, so as to leave a protect- 
ing piece of uniform thickness, we shall 
obtain a screw with a square thread, as shown in fig. 96 *, 
a section of which made by a plane passing through the 
axis of the cylinder is shown in fig. 97. The student will 
remark that the thread of a screw, though a very common 
object, has a very remarkable form ; for instance, the curve 
aa! (fig. 96), which when prolonged passes through the 
points a, a^ a, (fig. 97) is a helix, as also is the curve 
W (fig. 96), which when prolonged will pass through the 

Fio.96 Fig. 97 





71 




a\ 



1% 



"P 



points 6, ftp 63 (fig. 97). Now imagine a cylinder to be 
described whose axis coincides with that of the screw, and 
whose surface cuts the thi-ead between a and 6 (fig. 96), 

* When there is a considerable distance between two consecntiYe turns 
of the thread, as is the case with the screw represented in the figure, it is 
usual to have a second intermediate thread running round the cylinder. 
This is done for the purpose of distributing the pressure exerted between 
the thread and its companion over a larger area, and thereby decreasing the 
risk of breaking the thread. 
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the curve of section will be a helix, as indicated by the 
dotted line ; the triangles whose hypothenuses form these 
helices will all have the same height, viz. aa^ or bb^ (fig. 
97), but their bases will be the circumferences of their 
respective cylinders. 

Ex, 330. — If A is the height between two turns of the thread of a screw, 
r and r^ the radii of the external and internal cylinders, and and Bi the 
angles of inclination of the external and internal helices, show that 

taii(e,-e)^^^^^^-^p 

and show that the formula gives a correct result when r^ ==0. 

Ex, 331. — If the thread of the screw in Ex. 329 were cut half an inch 
deep, determine the difference between the lengths of the interior and ex- 
terior helices, and the inclination of the mean helix. 

Ans. (1) 112-8 in. (2) 3<> 38'. 

Ex, 332. — The external and internal radii of the thread of a square- 
threaded screw are r and r^ ; its thickness (measured parallel to the axis) 
18 a ; show that the volume of one turn of the thread is ir (r^-^rj^) a. 

Ex, 333. — A wrought iron screw is 1 ft. long, and l|in. in radius, the 
thread makes 3 turns in 2 in., its thickness is | in., its depth | in., find its 
weight, and the weight of tiie part cut away when the screw was made. 

Ans, (1) 2761 oz. (2) 106-2 oz. 

81. The Screw Press. — The most familiar application 
of the screw occurs 
in the case of the 
screw-press, and as 
it is very desirable 
that the student 
should get a clear 
conception of the 
mode of action of 
the forces in the 
case of the screw, 
he will do well to 



examme a screw- 
press ; its most 
familiar form is 
represented in the p 
annexed figure, and 
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can be suflBciently described as follows : ffff is a strong 
frame ; at A in the middle of the cross piece is a hollow 
nut, on whose interior surface is cut a groove, called the 
companion screw, which the thread of the screw bc exactly 
fits; the end c of the screw is fixed to the piece de in such a 
manner that the screw is free to turn, while the piece db 
can only move in a vertical direction in consequence of the 
guides FF, and ff; it moves downward when the screw 
is turned by the handle gh in one direction, and upward 
when the screw is turned in the opposite direction ; in the 
former case a pressure is exerted on the mass m which it is 
the purpose of the machine to compress. The action of 
the forces in this case will be imderstood by considering 

the annexed figure, in which 
AAAA represents a section of 
the nut, BC of the screw, ff 
the guides, de the moveable 
piece, YT the thread of the 
screw, XX the groove of the 
companion; the pressure p 
is equivalent to the pressure 
at the end of the arm which 
tends to turn the screw ; q is 
the reaction against de which 
balances P ; the frictions 
called into play in this case 
are the following: (1) be- 
tween the thread and the 
groove, (2) between the end 
of the screw and the piece 
de, (3) between the guides 
F, F and the sides of the 
piece de ; (4) between the cylindrical surfaces b and A. It 
is not easy to obtain the relation between p and q in the 
state bordering on motion when all the frictions are taken 
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into account*; the frictions marked (3) and (4) are, 
however, small, and in the following pages will be 
neglected, 

Ex. 334. — Show that in the case of the screw press the relation between 
p and Q is given by the fonnula 

pa=Qr tan (a + 0) 

where a is the length of the arm on which p acts, r the radius of the screw 
a the angle of inclination of the thread, and ^ the limiting angle of resist- 
ance between the thread and groove ; all other firictions being neglected. 

If (referring to fig. 93) cd is a horizontal table, movable in a vertical direc- 
tion between guides e, f ; and if abhk is a fixed inclined plane, and abcd a 
movable inclined plane, then, if a is the inclination of ab, and if all the 
surfaces are smooth except ab, 

p = tan (a + ^) 

If ABCD is wrapped round a cylinder, and abhk round a hollow cylinder, we 
obtain the same arrangement of pieces that exists in a screw working against 
a fixed nut ; but q acts along the axis of the cylinder, and f acts, not tan- 
gentially to the cylinder, but at the end of an arm a. 

Suppose the pressure q to cause pressures g^, q^, ^3, .... at different points 
of the thread of the screw, and suppose ^1, p^^ i>3, . . . to be the pressures 
which acting horizontally in directions touching the surface of the cylinder 
at those points would be on the point of overcoming g^, 5^3, g's, . . . . respect- 
ively, then the relation between px ^^^ 9.2 must be the same as that between 
p and Q given above. Hence 

Px^q^ tan (a + 0) 

similarly ^2 =$'2 tan (a + 4)) 

^3 = ^3 tan (a + </>) 

and therefore p^ +P2 +P3 + • • = (S'l + S'a + fi'a + • • •) ^^ (** + ^) 

Now jPi, Pa, psf • ' ' ^^"^6 the same tendency as p to turn the screw round its 

axis, and therefore the principle of moments gives us 

pa=pi r+p2 ^+P3 r-¥. . . , 



* If 26 equals db, p the radius of the end of the screw, fi, /*'» /*" the co- 
efficients of friction between screw and nut, screw and db, and guides and 
DB respectively, and the remaining notation the same as that employed in 
Ex. 334, the following, it is believed, wiU be found to be the correct formula 
for the relation between p and q : — 

P ( a^ Mrcos(2a^^) x ^ j, ^_ , v 

\ ^l + M-'cos2ocos(a + <>V b4rlix'ii"p\ "V^^'^^^3^''; 

It evidently differs but little from the formula of Ex. 343. 
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also since the pressures q^ q^, qs, " • u^ aH parallel to q*s direction we haTe 

therefore pa=Qr tan (a + ^) 

Ex. 335. — Show, bj a method similar to that employed in the last 
example, that when all the frictions are neglected 

FaaQTtan cr 
and that p : q : : distance between two tarns of the thread of the screw : 
the circumference of the circle described by the point at which p acts. 

Ex. 336. ^ There is a screw with a square thread the radius of which is 
1 in. ; the distance between two turns of the thread is | in., the nut is of 
cast iron and the screw of wrought iron, their sur£M;es are well greased, 
determine the pressure that would be produced on- the substance in the 
press if we neglect all the frictions but that between the thread and the 
groove, when the screw is turned by a pressure of 150 lbs. acting at a dis- 
t ince of 3 ft from the axis of the scxew^ Ans. 35,275 lbs. 

Ex, 337. — In the last Examine determine q if the screw is not greased. 

Ans, 22,007 lbs. 

Ex, 338. — Find the number of turns per foot which the thread of a per- 
fectly smooth screw will make whose power is the same as that of the screw 
described in Ex. 336. Ans, 12| nearly. 

Ex. 339. — If in any screw reckoned perfectly smooth a pressure f were 
required to compress a substance with a pressure q, and if p' were the addi- 
tional pressure required in consequence of the friction between the thread 
and the groove, show that 

* 2 M P 1 

F= . ^ . very nearly 

sm 2o "^ "^ 

where a is the angle of inclination of the thread of the screw, and /t the co- 
efficient of friction — neither being large. 

Ex. 340. — If the screw described in Ex, 336 has to exert a pressure q, 
find both from first principles and from the formula in the last example the 

value of—. Ans, (I) 1-885. (2) 1*890. 

Ex. 341. — The diameter oi the screw of a vice is 1 in. and the thread 
makes 4 turns to the inch« the whole is of cast iron and the screw is well 
greased ; the handle by which it is turned is 6 in. long and" iis urged by a 
pressure of 100 lbs. ; the jaws of the vice hold an ungreased piece of 
wrought iron ; find the pressure requisite to extract it. Ans. 2530 lbs. 

82. Friction on the End of the Screw. — Let abc be a 

cylinder or pivot, the end of which is urged against a rough 

plane bv a pressure Q acting along its axis oc, the cylinder 
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is supposed to be on the point of turning round the axis, 
and is opposed by the friction, 
it is required to determine the 
moment of the frictions with 
respect to the axis oc. 

It may be assumed that the 
inequalities of the surfaces will 
wear away, and that the pres- 
sure will be equally dis- 
tributed; consequently if p is 
the radius of the pivot (say 

Q 

in inches), — 5 will be the pressure per square inch. 



Q 




irp' 



fiQ 



and consequently-^ will be the friction per square inch ; 

irp 

hence if we consider a small ring enclosed between two 

circles, whose radii op and op are Tespectively r and 

r -f Sr, its area will ultimately equal 2 tt r 8 r, and the pres- 

2/aq 
sure on it will equal — g"^^''^- ^^^ the friction at every 

r 

point of this ring acts in a direction perpendicular to the- 
radius at that point, and hence the sum of the moments 
of the frictions on this ring with respect to the axis will 

ultimately equal -— r'Sr; the same will be true of any 

r 

other ring, and therefore we shall obtain the required 
moment if we divide the area into a great number of 
rings, and ascertain the limit of the simi of the moments 
of the frictions on each ring; this can be done as follows : 
Take DE=p and at right angles to it draw EF=p, 

perpendicularly to both draw eh=: ^ , complete the 

P 
rectangle efgh, and complete the pyramid defgh ; take 

i)P=r and vp=Sr, and through p and p draw planes 

parallel to the base inclosing the lamina prs, then it is 
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plain by similar triangles that ps=r and PR=-^r, 



con- 



sequently the volume of the lamina is ultimately equal to 
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p p 



-J^ T^Svy i. e. the moment of the friction on the ring is 

correctly represented by the volume of the lamina, and 
the same being true of any other lamina, we shall have 
the moment of the whole correctly represented by the 
volume of the pyramid *, i.e. the moment equals ^pxpx 

-f^ or moment of friction =f pQfi. 
P 

Ex. 342. — If the screw rests on a hollow pivot whose internal and 
external radii are respectively Pi and p, show that the moment of the firic- 
tion round the axis of the screw is given by the formula 

and show from this formula that when pi is veiy nearly equal to p the 
friction is veiy nearly equal to pQ/u. 

Ex. 343. — In the screw when the friction on the end as well as the fric- 
tion on the thread is taken into account then 

a a 

where o is the radius of the eTid on which the screw rests. 



* The student who understands the Integral Calculus will perceive that 

the above construction is equivalent to integrating the expression ■ r'dr 

p* 
between the limits of r^o and rssp. 
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[Befemng to Ex. 334 the equation deduced from the principle of moments 
will become 

pa«rpi + rpa + rPa + • • • + sPO/*] 

Ex. 344. — It is required to compress a substance with a force of 
10,000 lbs. ; the screw with which this is done has a diameter of 3 in., and 
its thread makes 1 turn to the inch ; the arm of the lever is 2 ft. long ; 
determine the pressure p that would be required (1) if all frictions were 
neglected, (2) if the friction between the thread and groove were taken into 
account, (3) taking also into account the friction on the end of the screw 
which is 1 in. in radius ; the surfaces being iron on iron well greased. 

Ans. (1) 66-3 lbs. (2) 129-6 lbs. (3) 167-5 lbs. 

Ex. 345. — An iron screw 4 in. in diameter communicates motion to a nut, 
the force is applied at the extremity of a lever 1 ft. long ; the inclination of 
the thread of the screw is 6° ; determine the relation between the pressure 
applied and the weight raised by the nut, taking into account the frictions 
between the thread and groove, and the end of the screw whose diameter is 
3 in. ; the surfaces are cast iron : (1) when well greased, (2) when ungreased. 

Ana. (1) p= 0-0427 Q. (2) p= 0-0583 o. 

Ex. 346. — If the angle of the screw were 12°, the diameter of the screw 
and of its end 4 in., and the lever by which it is turned 2 ft. long, the sur- 
faces being of cast iron and ungreased, what weight will a pressure of 1 cwt. 
overcome? Ans. 2730 lbs. 

Ex. 347. — Determine the pressure required in Ex. 844 if the surfaces are 
of ungreased oak. Ana. 605 lbs. 

[The fibres may be reckoned parallel between thread and groove; the 
fibres of the screw of course rest end^e on the movable piece.] 

Ex. 348. — Given q the pressure to be produced by the screw, r the radius 
of the mean thread, b the length of the arm, h the distance between two 
turns of the thread, ^ the coefficient of friction between the thread and the 
groove, if the friction between the thread and the groove is the only one 
taken into account, show that the pressure to be applied at the end of the 
arm is given by the formula* 

r A + 2ir/xr 
B ' 2irr — A/i 

83. The Endless Screiv. — It is not very unusual to make 
a screw work with a toothed wheel ; the arrangement of 
the pieces when this is done will be sufficiently understood 
by an inspection of the annexed diagram ; the screw ab may 

* This is the formula given in General Morin's Aide-MSmoire, p. 309. 
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be mounted in a frame^ and be turned by a winch ; the 
Fio. 102 teeth of the wheel (c) work with 

the worm of the screw, on turn- 
ing which the wheel is caused to 
revolve ; as the screw has no for- 
ward motion, it will never go out 
-. jj of action with the wheel, and is, on 
that account, termed an endleaa 
screw. The reader will find in Mr. Willis's Principles of 
Mechanism * a discussion of the form that must be given • 
to the teeth in order to secure equable working. When 
the machine is employed, it commonly happens that the 
screw drives the wheel ; sometimes, however, the screw is 
driven by the wheel, as in the case of the fly of a musical 
box. In the former case it is easily shown that if p is the 
pressure at the end of the arm which turns the screw, and 
Q the pressure exerted by the screw on the wheel in a 
direction parallel to the axis, then the relation between p 
and Q is the same as that determined in Ex. 334. 

Ex, 349. — If a pressnre p acting on the thread of a screw in a direction 
parallel to its axis is on the point of driving a pressure q acting along a 
tangent to its base, show that 

a=sP tan (a— ^) 
where a is the pitch of the screw at the working point, and ^ the limiting 
angle of resistance between the driving and driven surfaces. 

Ex. 350. — If the action of an endless screw is reciprocal, i. e. if it will act 
whether wheel or worm is driver, show that the pitch of the screw must be 
greater than <p and less than its complement. 

Ex. 361. — An endless screw consists of a cylinder of cast iron the radius 
of whose base is 3 in. ; the thread makes one turn in 4 in. ; what is the 
greatest extent to which the thread can project if the tooth it drives is of 
cast iron and is ungreased ? Ans, 0*98 in. 

Ex, 352. — In the last example, if the depth of the thread be 1 in. what is 
the least distance between two turns of the thread with which the machine 
can work if the sur&ces are greased ? Ans, 2*513 in. 



* Page 160. 
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84. Friction of Guides. — One or two instances of the 
friction of Guides have been given 
already {Ex. 323-6); the following 
case will still further illustrate the 
subject: — ef is a beam constrained 
to move in a vertical direction by the 
four guides A, b, c, n ; a proj ection gh at 
right angles to ef works with a tooth or 
cam, K, revolving on a wheel : by the 
action of the cam the beam is lifted i^ 
and then allowed to fall by its own 
weight, thereby serving as a ham- 
mer. In the fundamental case the 
pressures act as in the figure: and 
we treat the beam as a straight line, 
the guides as points, and represent 
AC by a, GH by 6, hc by x.* 

Ex, 353. — In the above case, show that 

p I a— 2i^— (a— 2ar) fifi' I esow 

Ex. 354. — In the above case if fi'x>b show that the pressures will not 
act exactly as shown in the figure, and that , 

p(1+^/a') mW 



/i.R i 



^ 



* For a fuller discussion of this case, see Traiti de Micanique appliq. aux 
MachineSf par J. V. Poncelet, vol. i., p. 234 — 238. 
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CHAPTEE VIL 

OP THE EQUILIBRIUM OP BODIES BBSTINa ON AN AXLE, AND 
OP THE BiaiDITT OP BOPES ; WHEEL AND AXLE, PULLET. 

Section I. 

85. Fundamental Condition of Equilibri/um in the 
state bordering on motioUy of a body capable of revolving 
round an axle. — All the pressures acting on the body can 
Fig. 104 be reduced to a single resultant, to which, 

when the body is at rest, the reaction of 
the bearing must be equal and opposite ; 
l^t the annexed figure represent the axle 
resting on its bearing ; let b be the re- 
sultant of the pressures acting on the body, 
and let its direction cut the circumference 
of the bearing at the point p ; take o the 
centre of the bearing and join op ; this 
line is the normal to the point of contact; 
the body will therefore be in the state bordering on motion 
when the angle opr equals the limiting angle of resist- 
ance, the motion being about to ensue in the direction 
indicated by the arrow head. This consideration enables 
us to give a very simple construction, which will apply to 
all cases in which the pressures act on the body in parallel 
directions. Take o the centre of the bearing, draw a line 
AO parallel to the directions of the pressures ; if the body 
is about to move in the direction indicated by the arrow 
liead> make the angle AOP equal to the limiting angle of 
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resistance, then a line kp parallel to OA ^*°- *°* 

must be the direction of the resultant 
pressure, since this is the only line 
drawn parallel to oA which will cut the 
circumference in a point p such that 
the angle opr equals the limiting angle 
of resistance ; hence if we measure mo- 
ments roimd p, we shall obtain the 
required relation between the pressures, 
the sum of those moments being equal to 
zero by Art, 58. Of course if the motion 
is about to ensue in a contrary direction, 
the angle aop must fall on the other side of OA. It will 
be remarked that the radii of the axle and its bearing are 
sensibly equal, so that though in the diagram they are repre- 
sented as different that difference never enters the question. 

86. Friction of Axles. — When the body is in the state 
bordering on motion, the values of the coefficient of friction 
are the same as those given in the last chapter; the 
same is also true in cases of motion where no imguent is 
interposed ; in nearly all cases of motion, however, an axle 
is kept well greased, both to prevent wear and to diminish 
the resistance ; the unguent may be supplied at intervals, 
as in the case of a common cart wheel, or continuously as 
in the case of the wheel of a railway carriage ; as might be 
expected, a continuous supply of unguent is found to be the 
most eflfective means of diminishing the resistance; the 
following table gives the values of the coefficients of friction, 
and the limiting angle of resistance for the axles and bear- 
ings most commonly used ; the coefficients of friction are 
taken from the experimental determinations of General 
Morin,* from which the limiting angle of resistance has 

* Notions Fondamentalcs^ p. 309. To avoid ambiguity the mean of some 
of Gen. Morin's results have been taken ; thus, instead of 0*07 to 0*08, the 
above table gives 075. 

L 2 
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been calculated — ^those cases have been selected in which 
the unguent is most effective in diminishing friction. 

Tablb XIL 
FRICTION OF AXLES MOVING ON THEIR BEARINGS. 



Axle 
and 


Unguents 


Renewed at intervals 


Renewed 
continuously 
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A» 
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tan 9 or sin ^ 
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or sin ^ 


^ 


Cast Iron on 


Oil of olives, tallow, 


0-076 (mean) 


4° 17' 


054 


3^15' 


Cast Iron 


hog's lard, soft gom 










Wrought Iron 


Da 


0-075 (mean) 


4017/ 


0-054 


3«>15' 


on Cast 












Wrought Iron 


Oil of olives, tallow, 


0-075 (mean) 


4017/ 


0-054 


3<» 15' 


on Brass 


hog's lard 










Wrought Iron 


Oil, or hog's lard 


0-11 


60 16' 






on lignum- 












vitae 












Brass on Brass 


Do. 


0*095 (mean) 


5° 25' 






Brass on Cast 


Oil or tallow 


• • • • 


. . 0-0485 


2<»46' 


Iron 




'(mean) 





Ex. 355. — Let ab (fig. g) be a beam moveable about a wrought iron axle 
which rests on a cast iron bearing, and whose axis passes at right angles 
through the axis of the beam ;♦ the centre c of the axle is 12 in. from a, 
and 30 in. from the centre of gravity of the beam and axle ,* the radius of 
the axle being 3 in., the weight of the whole (i. e. of the beam and axle) is 
400 lbs. ; find the weight which when hung at A will just cause the end a 
to descend. 

Draw the figure to scale ; draw through c the vertical line cd, and make 
the angle dcq equal to the limiting angle of resistance (10^ 45') draw the 



* Of course, there are in reality two bearings situated symmetrically with 
reference to the length of the beam, each of which supports half the united 
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pressures p and w ; the ^lan of the machine being shown in the accompany- 
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Fig. hy page 143. 
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TerticaJ line qb cutting ab in n ; then this being the direction of the reac- 
tion the principle of moments gives us 

but since nc is veiy small, it is desirable to construct the axle on a larger 
scale ; this is done in fig. A, from which we obtain en equal to 0*57 in. ; 
hence we find p equal to 1069*8 lbs. ; a result precisely the same as that 
obtained by calculation. 

If AC is represented by pj co by q, CQ by p ; and if <f> is the limiting 
angle of resistance between the axle and its bearing, we shall have 
cn«=p sin 0, and therefore A7i=jp—p sin <f> and na^q + p sin ^, whence 
generally 

p (p— p sin ^)=w (y + p sin <p) 

In future p will be used to denote the radius of any axle that may be under 
consideration. 

Ex. 366. — In the last Example determine the value of p which will just 
prevent the beam from falling when no unguent is used. Ans. 936*5 lbs. 

Ex. 357. — ^Determine the magnitude and position of the resultant pressure 
in Ex. 355 if we suppose p = 1020 lbs. ; and determine the magnitude of the 
angle its direction makes with the normal to the point of its application. 

Ans. (1) 1420 lbs. (2) cn^^m. (3) CQ7i = 3o*13'*47". 

Ex. 358. — There is a beam of oak ab whose length is 30 ft., depth 2 ft., 
and thickness 1ft;.; at right angles to its face passes an axle of wrought iron 
the part of which within the beam is 8 in. square, the projecting part on each 
side is 6 in. in diameter and 6 in. long (so that its total length is 2 ft.), its 
axis is situated 10ft. from the end a, at which end is exerted a pressure of 
5000 lbs., find the pressure at b which will just keep the beam from turning 
and the amount to which that pressure must be increased if it is on the 
point of overcoming the pressure at a; the axle rests on an oaken bearing 
ungreased. Ans. (1) 1655 lbs. (2) 1672 lbs. 

Ex. 359. — If a string were wrapped round the grindstone described in 
Example 10, determine the greatest weight that could be tied to the end of 
the string without causing motion, supposing the bearing to be of cast iron 
well greased. Ans. 4*8 lbs. 

Ex. 360. — If p and q are two parallel pressures acting towards contrary 
parts and keeping a body in equilibrium, and if p, the one more remote from 
the axle, is on the point of causing motion, show that 

p(p + p sin ^)=Q (q + P sin <f>) 

87. Wheel and Aocley Pulleys. — The wheel and axle and 
the pulley are familiar examples of bodies capable of mov- 
ing round a fixed axle ; they may be sufficiently described 
as follows : 
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(1) The Wheel and Axle.— Let 
AB represent a cylinder of wood 
or some other material called the 
axle, to the end of which is firmly 
fixed a cylinder of a large diameter 
EC called the wheel ; they rest on 
a pair of hearings hy means of 
a small cylindrical axis, one end 
of which is D, the geometrical 
axes of all these cylinders being 
coincident ; ropes are wrapped 
round the wheel and axle respectively, to the ends of which 
weights p and e are attached ; if p is so lai^e as to descend, 
it will do so by turning the machine ; this will wind up q'a 
rope, and thereby cause that weight to ascend. It is usual 
to describe the wheel and axle in the above form, in order 
to give definiteness to the calculation ; in practice, how- 
ever, a winch commonly supplies the place of Mxe 
wheel. 

Pio. log (2) The Pulley is simply a this 

cylinder with a groove cut in its 
circumference, on which a rope 
can rest : the cylinder is capable 
of turning round an axis, which 
is supported by a piece called a 
block ; this well known machine 
is represented in the accompany- 
ing diagram. When several pul- 
leys are combined into a single 
machine, they constitute what is called a system of pulleys ; 
the system most commonly used is called the tackle ; 
it consists of two blocks containing pulleys (under these 
circumstances called sheaves) which are eithei- equal 
in number, or else the upper block contiuns one more 
sheave than the lower; the upper block ia fixed, while 



\J 




Fio. lOB the lower carriea the 
ight ; one end of f 
\ the rope by which 
y the weight is raised 
'a fastened to one of 
thehlocka,and passes 
in succession round 
each of the slieaves, 
represented in 
Fig. 109: butitmuBt 
be added that the 
iavea in each 
block are commonly 
made equal, and ar- 
ranged one behind 
the other on a com- 
mon a^is. Another 
n|H system of pulleys, 
^'^ caUed the Barton, 
is sometimes employed ; it con- 




sists of one fixed and any number of moveable pulleys ; to 
the block containing each moveable pulley is fastened a 
rope, which after passing under the nest pulley (thereby 
supporting it) is fastened to a fixed beam. The last of 
these pulleys carries the weight to be raised ; the rope 
which carries the first moveable pulley passes over the fixed 
pulley; on shortening this rope the pulleys, and with them 
the weight, are raised ; the arrangement is shown in 
Fig. 110 ; it rarely happens that more than one moveable 
pulley is employed. 

It is to be observed that the rigidity of the cords, i. e. 
their want of perfect flexibility, plays an important part in 
calculations concerning the mechanical power of the wheel 
and axle, and of the pulley ; we will therefore proceed to 
explain the method of taking that resistance into account. 
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88. Rigidity of Ropes. — Let abc represent a drum or 

pulley, moveable about an axis c, and let a rope abd pass 

Fig. Ill over it, to whose ends are 

applied pressures p and Q re- 
spectively, the friction of the 
rope being sufficient to pre- 
vent sliding ; if one of the 
pressures p overcomes the 
other Q, it must be by causing 
the drum to revolve, thereby 
winding on the rope abd ; 
<J now the portion ab being 
circular, and bd being straight, the rope must be bent at 
the point b, and the rope not being perfectly flexible will 
oflFer a resistance to being thus bent, and a certain portion 
of the pressure P will be expended in overcoming the re- 
sistance. It is found that this 'rigidity' of the rope can 
be taken account of by supposing q to act along the axis of 
the rope, i. e. at a distance from c equal to ^ of the sum of 
the diameters of the rope and drum, and then increasing 
Q by a certain pressure ; it is found by experiment that 
this additional pressure consists of a part depending only 
on the rope, and another part proportional to q ; it is also 
found that, when other circumstances are the same, this 
additional pressure is greater as the curvature of the axis 
of the rope is greater, and therefore it can be correctly 
represented by the formula 

A + BQ 
B 

where A and b are constants to be determined by experi- 
ment, and K is the eflfective radius of the drum, i. e. half 
the sum of the diameters of rope and drum. 

The principal experiments on the rigidity of ropes are 
due to M. Coulomb,* whose results have been discussed by 

' * An abstiAct of CoulofaVs Memoirs is given in Yonng^s Nat. PhiL 
roliip. 171. 
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various writers. M. Morin considers that M. Coulomb's 
experiments are sufficient for the construction of empirical 
formulae only in the cases of new dry ropes and of tarred 
ropes; from a discussion of the experiments* he obtains 
values of A and b which, after reduction, give the following 
values of the above formula : — 

(1) For new dry ropes, the resistance due to rigidity in 
lbs. equals 



i{ 



0-062994 + 0-253868 c» + 0-034910 Q 



} 



(2) For tarred ropes, the resistance due to rigidity in 
lbs. equals 



i{<^ 



222380 + 0-185525 c^ + 0-028917 



"} 



where q is estimated in lbs., c is the circumference of the 
rope in inches, and K the eflfective radius of the drum or 
ptdley in inches. From these formulae the following table 
has been calculated : — 



Table XIII. 
EIGIDITY OF KOPES. 



Badiasof 
Rope 


Circumf. 
of Rope 


New Dry Ropes 


Tarred Ropes 


A 


B 


A 


B 


0-16 in. 


1* in. 


0-32 


0-034910 


0-41 


0-028917 


0-24 


1-5 


1-43 


0078543 


1-44 


0-065068 


0-32 


2 


4-31 


0-139640 


3-86 


0-115668 


0-40 


2-5 


10-31 


0-218183 


8-64 


0-180731 


0*48 


3 


2113 


0-314190 


17-03 


0-260253 


0-56 


3-5 


38-87 


0-427643 


30-56 


0-354233 


0-64 


4 


66-00 


0-5o8660 


61-05 


0-462672 


0-72 


4-5 


106-38 


0-706723 


80-08 


0-585569 


0-80 


5 


160-23 


0-872750 


121-60 


0-722925 



Rule. — Multiply b by q in lbs., add the product to A, 
divide this sum by the eflfective radius of the drum or 
pulley in inches, the quotient is the resistance in lbs. 

* Notions FondamentaleSf pp. 316-332. 
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If the resiatance added to Q gives q', the relation between 
F and Q will be the same as that which obtains between p 
and Q* acting by means of a perfectly flexible rope on a 
dmm or pulley whoBe radius equals the efTectiTe radin& 

It is to be remarked, that the resiatance due to rigidity 
is only called into play when the rope is wound OQ to a 
drum ; there is no resistance when the rope is wound o£F. 

For example; — If the diameter of a puUey is 11 in. and 
a new dry rope 3 in. in circumference is used to lift a 
weight of 500 lba.| we have the effective radius of pulley 
5*98 OF 6 in., and hence 

A + BQ _ 2M3 + 0-31419x500 _ ^^,. 
H 6 

80 that we may consider that aweig^t of 530 lbs. has to be 
raised I7 means of a perfectly flexible string over a pulley 
€ in. in radius. 




In Ihe annexed figure, let a 
radinB of the wheel, be represented 



the r&diuB of liie axle, 
CO, the radius of the axis, 
the power p and the weight 
a set vertically at a. and u, and the 
weight of the macbine, w, acts 
Terticallj through c. If p is od 
the point of prepouderatjng over 
a, make wcd equal to ip (the 
limiting angle of resistance be- 
tween the axis and the bearing), 
then the reaction of the bearing 
will act vertieallj npwaid through 
II ; and if its direction cnts the 



bnt nc=p Bin p, therefore, »ii=p— p sin ^ and ab— ^ + p sin ^; also if we 
take into account the ligidi^ of the rope, the effktiTe value of a is 
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Hence the required relation between p and q is 

p {p—p sin 0') = (q+- ) (j + psin 0) + wp sin ^ 

If no account is taken of the rigidity of the rope the relation between p 
and Q will be 

p (p^p sin <^)=Q (q + p Bin <p) + vrp sin <^ 

Ex, 362. — ^A wheel and axle weighs 1 cwt., the radius of the wheel is 
2 ft., of the aile 6 in., the radius of the axis is 1 in., it is of wrought iron, 
and rests in a bearing of cast iron well greased : if q equals 1000 lbs. find 
the magnitude of p (1) when it will just support (2) when it is on the point 
of raising q — the rope being considered perfectly flexible. 

Ans. (1) 244-2 lbs. (2) 256-7 lbs. 

Ex. 363. — In the last example, if q is supported by a new dry rope 3 in. 
in circumference, determine the value of p when on the point of raising q. 

Ans. 291 lbs. 

[The increase of the radius of the axle due to the thickness of the rope 
must not be overlooked.] 

Ex. 364. — If p and q are two parallel pressures and p is on the point of 
drawing up Q over a pulley whose effective radius is r, and weight w, show 
that 

p (r— p sin 0) = Q (r + f> sin 0) + w p sin <> 

where the positive sign is used if p and q act downward, and the negative 
sign if they act upward ; and that when the rigidity of the rope is taken into 
account the formula becomes 

p (r— psin<^) ss Q f 1 + - J (r + p sin <P)+~ir+p sin 0) + wp sin ^ 

[The proof of the above formulae exactly resembles that given in Ex. 361, 
except that ca and cb are equal.] 

89. Remark — It appears from the formula of Ex. 364 
that the part of p expended on the friction caused by the 
weight of the pulley is small, since it is represented by 
Wp sin <^, in which w is commonly small compared with 
p and Q, and p sin <^ is always small compared with r ; now 
if we omit the last term the formula will be the same 
whether p and Q act vertically upward or vertically down- 
ward, and can be written : 

p=aQ-|-6 
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where a and h are written instead of the complicated 
expressions, 

a = fl + ?V ^ + P ^^^ '^ and 6 = ^ . ^ + P^^'^ 
V r J r — p sin ^ r r ^ p sin <f> 

In the following questions a and 6 will have these 
values, and it will be understood in every question relating 
to combinations of pulleys that the effect of the weight on 
the friction of the axle is neglected ; it must also be re- 
membered that this is not the same thing as neglecting 
the weight entirely. 



Ex. 365. — ^A pulley 6 in. in radius has an axle 1 in. in radius of wrought 
iron turning on an ungreased "bearing of cast iron, a weight q attached to a 
rope 3 in. in circumference is on the point of being raised over the pulley by 
a weight p attached to the other end of the rope : show that 

p«M117q+3-4 

Ex, 366. — If p is on the point of lifting q by means of a Barton consist- 
Fio. 113 "*S ^^ ^^® fixed and one moveable pulley, as 

shown in the annexed figure, determine the re- 
lation between p and q. 

[Let Tj and Tg represent the tensions on the 
portions of the rope against which they are 
written ; then since the rope is the same and the 
pulleys like one another, we shall have : — since p 
is on the point of overcoming t^, and t^ on the 
point of overcoming Tg, and both t^ and Tg to- 
gether lift Q 

p =aTi + 6 

TiaaaTa + fi 

Q = Tj + Ta 
Therefore (1 + a) p « a^Q + (1 + 2a) i.] 

Ex, 367. — If the pulleys and ropes are of the 
kind specified in Ex. 365, and if the whole weight 
lifted is 1000 lbs., determine p, also determine 
p supposing that all passive resistances are neg- 
lected. Am. (1) 590 lbs. (2) 500 lbs. 

[The weight of 1000 lbs., of course, includes 
the weight of the lower block.] 
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Ex. 368. — If Q is raised hj meana of a block and tacUe each contauimg 
a single slieaTe. ehov that the some relatjoo exists between f and q as that 
given in Ex. 366. 

Ex. 369. — If F is on the point of raisiDg q b; means of a block and tackle 
containing in all n equal sheaves — the parts of the rope being all parallel ; 
find the relation between p and a. 

[See Fig. 109. If (,, t,, (,, . . . *, are the tensions on the successive por- 
tions of the rope, we shall have 



and 'l^■'a + 

whence, eliminating f. 



Ex. 370. — Show from the formula in the last example, and also finm first 
principles, that when the passive resiataEces are neglected np = a. 

Ex. 371 There is a block and tackle consisting of 6 sheaves each 3 in. 

in radius, whose axles are i in. in radius and are of wrought iron turning on 
cast iron; the rope used is untarred and is 4 in, in circumference, the t«tal 
weight raised (i.e. the mass and lower black) is 1000 lbs. ; find the pressure 
reqKired, (I) lAkinginU) account the passive resistances, (2) neglecting them. 
Aru. (1)390 lbs. (2) 133 lbs. 
Fio. lu Ef. 372.— When the pulleys are p^ (|j 

"^arranged as in the annexed dia- , 

gram (Fig. Ill) show that the reta- T 
tion between p and 4 is given bj 
the following formula 
p (l + o + oa.) = '''«i« + * (l + a + 

2aa,) + ii6i(l+a) 
where a, 6, refer t« the snwJIer pul- 
leys and fli, Ai to the large pulley, 

Ex. 373. — If a pair of similar 
pnUeys are arranged as shown in the 
annexed diagram (Fig. 116), where 




where w ia the veight of tha moveable pnllef . 
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Ex. 374. — ^In the last example suppose each pulley to be similaT to that 
described in Ex. 371, and the moveable pullej with its block to weigh 50 lbs. ; 
the rope being dry and 4 in. in dicmnference, find the pressnre required to 
nise a weight q of 1000 lbs. and determine the corresponding Talne of p 
when the paaaire resistances are neglected. Ans. (1) 6o8 lbs. (2) 475 lbs. 

^O' lie Ex, 375. — If two eqnal pnlleys are employed to raise a 

S weight Q in the manner indicated in Fig. 116, show that 
(2a + 1) F=a*Q +b(2a+l)'-aw 

and determine p when q weighs 1000 lbs., the pnlleys and 
ropes being the same as in Ex. 374 ; and when passive re- 
sistances are neglected. Ans. (1) 432 lbs. (2) 317 lbs. 

Ex. 376 ^In the case of a tackle with three eqnal sheaves 

show that the pressure p which will jnst support a weight q 
is given by the formula 

(g-l)Q Zb b 

^""fl (fl»-l)'*"fl (a»-l)"'a-l 

and show that when the passive resistances are neglected 
equation reduces to 3p=q. 
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90. The Capstan. — This machine in one of its com- 
monest forms consists of a cylindrical mass of wood, en, 
along the axis of which is cut a cylindrical aperture, 

which receives an axis 
AB (commonly of 
-I metal) on the top of 
which it rests ; in the 
upper part of the cap- 
stan holes 
into which 



are cut, 
are in- 
serted arms, such as 
EF, by means of which 
the capstan is turned, thereby winding up the rope gh 
which carries the weight* 

Ex. 377. — In a capstan turned by two equal parallel pressures p acting 

towards opposite parts at equal distances a from the geometrical axis of the 

figure, are on the point of overcoming a pressure q ; let 5 be the radius of 

the cylinder round which the rope is wrapped, r the radius of the metal axle, 

/*2 the coefficient of friction between the top of the axle and the capstan, 
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and fi or tan <f> tihat between tlie side of the axle and the capstan, show that 
when the Motion on the top of the axle is neglected 

2 pa«(6 + r sin <p) (q + £±^) 



and when the friction on the top of the axle is taken into account 

2 pa=»(6 + r sin <p) (Q+i±?!?) + |rftiW 



where w is the weight of the capstan. 

> ■ 

91. Equilibrium of Two Pressures cicting in given 
directions on a body capable of turning round an axle. 
— ^Let p and q be the pressures whose directions intersect in 
A, and let p be on the point fio. us 

of preponderance; let o be 
the centre and p the radius 
of the axle, and ^ the limit- 
ing angle of resistance be- 
tween the axle and the 
bearing; with centre o, and 
radius p sin (f> describe a 
circle ; and within the angle 
CAP draw the line am touch- 
ing that circle (Eucl. 17-3), 
join MO, then the angle amo equals <^, and if p and Q 
are such that their resultant acts along am, p will be on 
the point of preponderating over q, i. e. P will be on the 
point making the body turn round its axle. 

Draw OH, OK at right angles to AP and aq respectively, 
join HK, denote oh by py ok by g, hk by l, pao by «, qao 
by ^, and mao by 0. 

Ex. 378. — In the above case show that 

p {p cos 6— p sin ^ cos o) =sQ (g' cos ^ + p sin ^ cos $) 

Ex, 379. — Show that the following formula gives a dose approximation 
to the relation between p and q when p is very much greater than p sin <(> 

LP sin ^ 
Pjp-Qjr (1+——) 

Ex. 380. — ^A weight q hangs from the end of a rope, which after passing; 
over a pulley (whose weight is neglected) take a horizontal direction^ it la 
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now supported by n equal pulleys, placed at equal distances apart ; show 
that the pressure p applied to the end of the rope, which is on the point of 
lifting Q, is given approximately by the formula 

A + BQv rV2 + p sin A ^ o' sin <^ 

p-(q + — — ) — =-— r— + (ww + «;) —y- 
~ rvz-'P sin 9 ' 

where r, p, ^ belong to the first pulley, /, p', ^ to the remaining n pulleys, 
w is the weight of one of the n puUeys and w the weight of the rope which 
xests upon them. 

92. The TwO'Wheeled Carriage. — In this case we may 
consider that the weight of the carriage is equally dis- 

Fio. ns tributed upon each wheel. 

Now it will be observed that 
at each instant the wheel is 
lifted over a small obstacle 
A ; then if o is the centre 
of the axle, and b the point 
of contact with the road, the 
angle aob must have a cer- 
tain magnitude, which we 
will denote by the letter 7. 
We will also denote the in- 
clination of the road by a, 
and the angle between the direction of the traction and 
the road by fi. Then the pressures concerned are, the trac- 
tion T, the weight w, and the reaction K, of the point A, 
which, when t is on the point of moving w, must cut the 
circumference of the axle in a point d, such that odii=^; 
then if we denote the angle oar by 6, the relation between t 
and W will be easily obtained by the triangle of pressures, 

Ex. 381. — ^When the wheel as above explained is on the point of moving, 

show that 

^^^^mja + y + e) 

cos (i8-7— e)* 

Ex, 382. — If A is the length of the arc ab, r and p the radii of the wheel 
and axle respectively, and if the road and the direction of traction are hori- 
sont-al, show that 

rr ■• w (▲ + p ^) very nearly. 
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Semark. — It appears from the experiments of G-eneral Morin that the 

traction is sensibly proportional to the weight directly and the radius of the 

-wheel inversely, when the roads are paved or hard macadamised, and both 

the road and direction of traction are horizontal ; * consequently it appears 

that for snch roads, under the circumstances assigned in Ex. 382, the traction, 

Jew 
as found by experiment, equals — , where A; is a constant quantity; but 

T 

from the example it appears that A; s a + p^, and hence the length of the arc 
A must be very nearly the same for the same road whatever be the radius 
of the wheeL 



* Morin, Notions Fondamentales^ p. 353. The account of the carriage 
wheel given in the text is taken from Mr. Mosele/s Mechanical Principles 
of Engineering, pp. 395, 6, 7. The general results of M. Morin's experi- 
ments will be found in the Appendix to Mr. Mosele/s work. The reader 
will find a great deal of condensed information on the subject of carriage 
wheels in Dr. Young's Natural Philosophy , Lecture 18. 



M 
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CHAPTER VIIL 



THE STABILITY OF WALLS. 



The general principles which regulate the relations that 
exist between the dimensions of a wall and the pressure 
on its summit which it can sustain have been already dis- 
cussed (Art. 42, 43); in the present chapter we shall extend 
the application of the same principles to a few other cases. 
Several questions intimately connected with the subject of 
the present chapter are not discussed, as being too difficult 
for a purely elementary work — such are the conditions of 
the equilibrium of arches, vaults, domes, the more compli- 
cated forms of roofs, &c. 

93. The Line of Resistance. — Let ablm represent any 
structure divided into horizontal courses by the lines cd, 

EF, GH • • . . and let it be subjected 
to the action of any pressure p 
along the line pa ; produce Fa to 
meet cd in a' ; if the mass abcd 
were without weight the pressure 
on CD would act on the point a' ; 
but the total pressure on cd is 
the resultant (Bj) of p and the 
weight of ABCD ; the direction of 
this resultant must cut cd at some 
determinate point between a' and 
D, say at 6, and let the direction 
of Bj be 66' ; now the total pres- 
sure on EF will be the resultant 
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(r,) of R„ and the weight of cdfe, which will ent ef at a 
determinate point c, between 5' and p; in the same 
manner, the pressure on the joint gh will act through a 
determinate point d, and on lm through a point e. Now 
if we join the points a, 5, c, cZ . . . we shall obtain a poly- 
gonal line which cuts each joint in the point through 
which passes the direction of the resultant pressure on 
that joint; if now we suppose the number of joints to be 
indefinitely great, the polygonal line will become a curved 
line, which is then called the line of resistance* It will be 
remarked that the directions of the resultants do not com- 
monly coincide with the sides of the polygon oft, 6c, 

and therefore the line of resistance determines only the 
point at which the pressure on each joint acts, not the 
direction of the pressure at that point. 

The line of resistance can be determined without much 
difficulty in a large number of cases : when this has been 
done, the condition of equilibrium — so far as the tendency 
of the structure to turn round any of its joints is concerned 
— is that this line cuts each joint at a. point within the 
structure ; and^ of course, the stability of a structure about 
any joint will be greater or less according as the intersec- 
tion of the line of resistance with the joint is at a greater 
or less distance within the surface to which it is nearest. 

It is plain that since the resultant of the pressures that 
act on a wall passes through the point of intersection of the 
line of resistance with its base, the algebraical sum of the 
moments of the pressures acting on the wall taken with 
respect to that point must equal zero. It may also be re- 
marked that, in the case of most walls of ordinary shapes, 
the line of resistance continually approaches the extrados 
or outward surface ; and hence, if the wall possesses a cer-^ 
tain degree of stability with reference to its lowest joint, it 
will possess a greater degree of stability with reference to 
any higher joint ; most of the following questions can, 

X2 
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accordingly, be solved without the actual determination of 
the line of resistance. 



Ex, 383.—. 



A wall of Portland stone 30 ft. high and 2 ft. thick has to 
Fio. 121 /sustain on each foot of its length a thrust 
equal to the weight of 3 cubic feet of stone 
acting in a direction inclined to the vertical 
at an angle of 45°. Find the point of a bracket 
to which this pressure must be applied that 
the line of resistance may cut the base 6 in. 
within the extrados. 

[Let the annexed figure represent a section 
of the wall ; let the pressure act along the 
line XK, and let ax equal x; take bq equal 
to 6 inches ; then the condition of equiUbrium 
is that the moments of the pressure and of the 
weight of the wall round q be equal. Draw 
ON perpendicular to xk; it can be easily 
shown that 

qnbac cos AXK— QC sin Axif — AX sin axk 




28-5 -ar 



1- e. QN=' 



Whence we obtain 



V2 



28-5 -g 
V2 



x3 = 60x} 
.•.jr= 14-36 ft. 



It may be remal^ked that the determination of a perpendicular resembling 
ON occurs in many of the following questions. It may also be added that 
it is sometimes convenient to resolve the pressure into its horizontal and 
vertical components at x and obtain the moment of each.] 

Ex. 384. — ^Determine the point of application of the pressure in the last 
article if the line of resistance cuts the base 3 in. within the extrados. 

Ans. 7-04 ft. 

Ex. 386. — ^A roof whose average weight is 20 lbs. per square foot^ is 40 ft. 
in span and has a pit«h of 30^ ; the walls of the building are of brickwork, 
and are 50 ft. high and 2 ft;, thick ; they are supported by triangular but- 
tresses reaching to the top of the wall ; the buttresses are 2 ft. wide, and 
20 ft. apart firom centre to centre. Determine their thickness at the bottom 
that the line of resistance may fall 6 in. within their extrados : determine 
also the answer that results ftom neglecting the weight of the buttress. 

Ana, (1) 1-1676 ft. (2) 1-1754 fti. 
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Ex. 386. — A roof weighing 20 lbs. per square foot has a pitch of 60^ ; the 
distance between the walls that support it is 30 ft. ; they are of Portland stone 
and are 2| ft. thick ; the pressure of the roof being received on the inner 
edge of the summit, what is the extreme height to which the walls can be 
built ? Atis. The wall can. be carried to any height whatever. 

Ex. 387. — If the weight of each square foot of a roof is 15^ lbs., its pitch 
22|°, and the length of the rafters 30 ft., determine ; (1) the thrust along the 
rafters, supposing them to be 4 ft. apkrt ; (2) the strain upon the tie-beam 
if one is introduced ; (3) the magnitude and direction of the pressure on 
each foot of the length' of the wall-plate,* if there is no tie-beam ; (4) the 
thickness of the wall, which is of brickwork and 20 ft. high, when the line of 
resistance cuts the base 2 in. within the ertrados, the pressure of the roof 
being received on the inner edge of the summit ; (5) the distance from the 
axis of the wall at which the pressure of the roof must act if the line of 
resistance cuts the base of the wall 3 in. within the extrados. 

Ans. (1) 2362 lbs. (2) 2173 lbs. (3) 7051bs. at an angle of 5(P 2V 20" 
to the vertical. (4) 3 fL (5) 2"rft. 

Ex. 388. — If w is the weight supported by each rafter of an isosceles roof 



whose pitch is a; show that the thrust on each rafter is 



w 



2 sin a 



and the strain 



on the tie 



w^ 



2 tan a 



Fig. 122 



94. The Pressure produced against a Wall by Water. — 
The following construction can be very easily proved from 
the principles of hydrosta- 
tics. Let AB represent a 
section of the wall made 
by a vertical plane, cb 
the surface of the water; 
draw the vertical line bej 
draw BF, at right angles 
to AB and equal to be ; 
join cf; then the pres- 
sure on any length of the 
wall will equal the weight 
of a prism of water whose base is cbf and height the 
length of the wall ; or, in other words, the pressure on each 

* The wall-plate is the beam on which the feet of the rafters rest : its 
office is to distribute the pressure along the wall. 
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foot of the length of the wall will be the weight of as many 
cubic feet of water as the triangle Bcr contains square 
feet ; this pressure will act perpendicularly to the face of 
the wall through a point p, where bp=-J^ bc. 

Ex. 8S9. — ^There is a wall. supporting the pressure of water against its 
vertical face ; determine the pressure prodaced bj the water on each foot of 
its length when 20 ft. of its height are covered, Ans. 12500 lbs. 

Ex. 390. — In the last case determine the pressure on the lower 10 ft of 
the wall Ans. 9375 lbs. 

Ex. 391. — An embankment of brickwork has a section whose form is a 
right-angled triangle abc ; the base bc is 6 ft. long ; the height ab is 14ft. ; 
will the embankment be overthrown when the water reaches to the top, if ab 
is the face which receives the pressure ? 

Ans. Yes — ^the excess of the moment of pressure of water is 9767. 
Ex. 392. — In the last case will the embankment be overthrown if ac 
is the face which receives the pressure ? 

Ans, Yes — excess of moment of weight of water 8675. 
Ex. 393. — In Ex, 391 what horizontal pressure applied at a would keep 
the embankment steady ? Ans. 698 lbs. 

Ex, 394. — ^If the section of a river wall of brickwork has the form shown in 

the accompanying diagram, in which ab ^^ 5 ft, dc = 15ft., 
and bc equals 50 ft. ; bc being vertical, and the angles 
b and c right angles, find the height to which the water 
must rise against bc to overturn it 

Ans. 37*2 ft. 
Ex. 395. — ^If in the last example the dimensions were 
BO equal to 30 ft., ab equal to 3 ft., and dc equal to 
10 ft, would the wall be overthrown if the water rose to 
the summit ? Ans. Yes. 

Ex, 396. — ^There is a cofferdam sustaining a pressure 

c of 26 ft. of water, supported by props 20 ft. long, 20 ft. 

apart one end of each is placed frds below the surface 

of the water and the other end on the ground ; determine the thrust on each 

prop. Ans. 468800 lbs. 

Ex. 397. — If the section of an embankment of brickwork were of the 
form shown in fig. 123, and the dimensions were ab equal to 4 ft, dc equal 
to 12 ft, and bc equal to 24 ft., would it support the water when it rises to 
the top and presses on the face ad ? 

Ans. Yes—excess of moment of weight of wall 5184. 
Ex. 398. — If the coefficient of firiction between the courses of brickwork in 
the last example be 0*75, will the wall slide on its lowest section? 

Ans, No— defect of horizontal pressure 2628 Iba. 
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Ex, 399. — Li Ex. 396 what vertical pressure must by some means be sup- 
plied that equilibrium may be possible ? Ans. 203100 lbs. 

Ex, 400. — There is a river wall of Aberdeen granite 15 ft high and 
haying a rectangular section ; the water comes to the distance of one foot 
from the tx>p of the wall ; find its thickness when the line of resistance cuts 
the base 6 in. within the extrados. Aru, 5 '34 ft. 

Ex. 401.^In the last example if the wall had a section of the form shown 
fig. 123, where ab is 1 ft. long, the vertical face of the wall being towards 
the water ; determine the width at the bottom when the line of resistance cuts 
the base 6 in. within the extrados. If the walls in this example and the 
last are 200 ft. long, determine the solid contents of each. 

Ans, (1) 6-86 ft. (2) 10290 and 16020 cub. ft. 

Ex. 402. — ^In each of the last examples determine the distance from the 
extrados of the point at which the line of resistance cuts a horizontal joint 
8 ft below the surfSwe of the water. Ans. (1) 1*98 ft. (2) 1*76 ft. 

[The point will, of course, be that round which the moment of the weight 
of the incumbent portion of the wall equals the moment of the pressure of 
the water on the eight feet] 

Ex, 403. — ^A river wall whose section is a right-angled triangle just sup- 
ports the pressure of water when its surface is on a level with the top of the 
wall; show that the thickness of the base 



height Xi/. 



w 



if the hypothenuse of the triangle is turned towards the water; but when 
the perpendicular is turned towards the water the thickness of the waU 

«heightx /IE 

where w is the weight of a cubic foot of water, and Wi that of a cubic foot 
of the material of the wall. And show from hence that in the former case 
the thickness of the base is less or greater than in the latter according as 
the specific gravity of the wall is greater or less than 2. 

Ex, 404.— A wall of brickwork is to be built round a reservoir 20 ft. 
deep ; its slope is inward ; it is one foot thick at top ; what must be its thick- 
ness at the bottom, that, when the reservoir is ftill, the line of resistance may 
cut the base 6 in. within the extrados ? Ans, 10*74 ft 

Ex, 406.— The wall of a reservoir ftiU to the brim is of brickwork and is 
20 ft. high and 2 ft thick ; it is supported by props at intervals of 6 ft. ; the 
length of each is 20 ft, and its inclination to the horizon 30° : determine the 
thrust on each prop : — its weight being neglected. Ans. 54682 lbs. 

Ex. 406. — In the last example determine the thickness of the wall that 
would just support the pressure of the water if the props were removed : if 
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the wall stand on its lowest section without the aid of cement, what mnst 
be the coefficient of friction between the surfaces ? 

-47W. (1)8-6 ft. (2)0-65. 

Ex. 407.— A cofferdam sustains the pressure of 26 ft. of water, and is 

supported at intervals of 10 ft. by props 
DB and cf; given that bc and bd are 
respectirely 4 ft. and 18ft. and that db 
and CF are respectively 30 ft. and 18ft.; 
find the thrust on each prop. And what 
must be the weight of the struts, and of 
the cofferdam, that the whole be not over- 
thrown? The thickness of the cofferdam, 
and the adhesion at b, are to be neg- 
lected. 

Ans. (1) Thrust on i>b= 88020 lbs.; 
on BC = 144400 lbs. (2) 84900 lbs. 




/ 

/ 



95. The Pressure of Earth. — Let ab represent a section 
of a wall supporting earth, whose surface is AC, it is re- 
Fio. 125 quired to determine the pressure produced 

on AB by the earth. Now it must be 
- remembered that two extreme cases may 
come under consideration : the first arises 
when the earth is thoroughly penetrated 
with water, in which case the pressure is 
the same as would result from hydrostatic 
pressure ; the second arises when the co- 
hesion of the earth is so considerable that 
it would stand with its face vertical even if the wall were 
removed. Dismissing these two extreme cases, let us sup- 
pose the wall AB removed, the following result will then 
ensue: the earth being friable will weather and break 
away until its surface has taken a slope bc, inclined to the 
horizon at an angle equal to the limiting angle of resist- 
ance ; when reduced to this state it will have no further 
tendency to break away, and, unless washed down by rain, 
or removed by some other extrinsic cause, will remain 
permanentlj at rest at that slope, which is therefore called 
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its natural slope. Heuoe, in the case we are considering, 
the wall ia required to give a certain degree of support to 
the wedge of earth ABC ; this wedge ia generally supported 
in some degree by the cohesion of ita parts with each 
other and with the earth below bc, so that the wallwill 
be sufficiently strong if it will support the earth, on the sup- 
position that the cohesion ia quite destroyed, unless (which 
is not contemplated) the earth should be saturated with 
water. The angle of the natural slope of fine dry sand is 
about 35°; of dry loose shingle about 40"; of common 
earth, pulverised and dry, about 45°.* 



Proposition 20. 

If w is the weight of a cubic foot of earth, and ^ its 
natural slope, the pressure produced on the vertical face 
of a retaining wall by earth which does not rise above its 
summit, and which has a horizontal surface, ia the sa/me 
as that produced by a fluid the weight of a cubic foot of 

which is w tan' f - — * ). 
U 2/ 

Let AB be the section of the wall, bag of the earth ; take 
any portion ax equal to x of the wall, and suppose its 
length to be 1 foot ; draw it, making 
an angle $ with the horizon greater 
than <j>; then the weight w of the 
wedge AST equals ^ w x' cotan 6, 
and acts vertically through a point 
p where xp=-^ xy, and is supported 
by the reaction H; of xi and by the 
reaction R of the wall: the latter 
reaction is equal and opposite to '- 
the pressure produced by the earth on the wall, and 

* SmMt. Kottiej'a Meektmieal I^ineipUt of Enginetring, -p. 141. 
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direction is perpendicular to ax; also^ since the surface xr 
will not exert a greater pressure than is just necessary to 
support AXT, the direction of Rj must be inclined to the 
normal to xr at an angle equal to ^ ; also, the directions 
of R and R, must pass through the point p, in which w's 
direction cuts XT, so that nx will equal ^ of ax ; moreover, 

R : w :: sin b{PW : sin RjPR :: sin (^—0) ' cos ^— ^) 
.-. R=w tan (^— ^)=A w X* cotan d tan (^— ^) 

Now according as has diflferent values r will have diffe- 
rent values, and if we determine the value of d for which 
R is greatest, the wall cannot be called on to supply a 
greater reaction, and this must therefore equal the pressure 
which AX actually sustains. But 

cotgtan(g-<^)=:^!^^;^^^ ^f't]^'^ io i^tl^"^ t 
^ ^^ sm6^cos(e;— ^) 8m(2^— <^)+sm^ 






2 sin (j> 



Bin {20 —(!>) + sin (j> 
which is manifestly greatest when the fractional part of the 
expression is least, L e. when 2^—^ equals — , so that the 

required value of ^ is — + ?, and, therefore, the required 

value of the pressure is 
i«;a,«cotan(^+|)tan(5-|)=x«,a,«tan« g-|) 

acting through a point N which is below A by a distance 
equal to f a? ; but this is the same as the pressure that 
would be produced by a fluid each cubic foot of which 

weighs w tan^ (j""-)' Therefore &c. Q. E. D. 

Ex. 408. — ^A mass of earth the specific gravity of which is 1*7, whose 
rnr&ce ia horizontal, presses against a lev^tement wall whose top is on 
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the level of the ground and height 20 ft., the natural slope of the earth 
being 45^ ; determine the pressure of the earth on each foot of the length 
of the wall Ans. 3646 lbs. 

Ex. 409.— If the wall in the last example is of brickwork and has a rect- 
angular section, determine its thickneite to enable it to sustain the pressure 
of the earth. Ant. 4*65 ft. 

Ex. 410. — The vertical face of a rev^tement wall of brickwork sustains 
the pressure of 20 ft. of earth, the surface of which is horizontal and 2 ft. 
below the summit of the wall ; the thickness of the wall at top is 1 ft. : 
what must be its thickness at bottom if it just sustains the earth ; the spe- 
cific gravity of the earth being 2 and its natural slope 46® ? Also deter- 
mine the thickness that would enable the wall to sustain the pressure if the 
earth were thoroughly permeated with water.* 

Ans. (1)6-47 ft. (2) 9*6 ft. 

Ex. 411. — ^If a pressure p is applied against a wall supported on the op- 
posite side by earth with its surface horizontal ; show that when p is on the 
point of causing the earth to yield, the resistance of the earth is the same 
as that of a fluid the weight of a cubic foot of which equals (weight of cubic 

foot of earth) x tan* (-+-). 
' ^4 2' 

[The reasoning in this case ib step by step the same as that given in 
Prop. 20, except that now the wedge of earth is on the point of being forced 
upy so that the direction of Bi will be on the other side of the perpendicular 

to XT.] 

Ex. 412. — The wall of a reservoir of brickwork is 4 ft. thick and 16 ft. 
above the surface of the ground ; the foundations are 16 ft. deep ; the 
natural slope of the earth is 46® and it weighs 100 lbs. per cubic foot ; 



* It is common for rev^tement walls to 
sustain a surcharge of earth, as shown in 
the accompanying diagram ; an investiga- 
tion of the pressure in this case will be 
found in Mr. Mosele/s Mechanical Prin- 
eiples of EngiTieering^ p. 463. The follow- 
ing practiced formula (Morin, Aide-MS- 
moirey p. 417) gives the thickness (x) of a 
rectangular wall for a given height (h) of 
the revStement (qm) and a surchaige (pa) 
whose height is bj viz. 

dP-0-866 (h + A) /w . tanfl-^ ) 

w being the weight of a cubic foot of earth, 
and tOi that of a cubic foot of masonry. 



Fio. 187, 
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when the reservoir is full (so that the water presses against the whole 
30 ft. of wall), will the wall stand, supposing the adhesion of the cement 
perfect ? 

Ans. Yes — excess of the moment of the greatest pressure that could sup- 
port the wall oyer that of the pressure of the water 73480. 

♦fir. 413. — K ABC is a section of a rectangular wall, p the pressure applied 
to every foot of its length at a, the inner edge of its summit ; determine 
the equation to the line of resistance. 

[Take any horizontal section of the wall mn; let ak^jt, BC=sa, then the 

weight w of ANM=aanD, where w is the weight 
of a cubic foot of the wall ; now if the direction 
of the resultant cuts hn in b, this will be a 
point in the line of resistance, and if BN=y we 
are to determine a relation between x and y. 
The relation in question can easily be shown to be 



Fio. 128 



1 




a 




\ 





awx 



{ y - I J =»P (« sin a-f/ cos o) 



y 



where a is the inclination of p's direction to the 
vertical.] 

♦JEr. 414. — In the last example show that the 
eurve is a hyperbola and determine its asymptotes ; 
and show that if the thickness of the wall equals 



2 p sin a it may be carried to any height whatever with safety. 



w 



*Ex, 416. — Kthe wall in Ex. 413 has to support the pressure of earth or 
water reaching to the top of the wall ; show that the line oi resistance is a 
parabola with its axis horizontal, and show that in the latter case its 
focus in the summit of the wall at a distance from the intrados equal to 

— [ 1 + — J , where to is the weight of a cubic foot of masonry and Wj of 

water. 

*Ex. 416. — If ABCD is the section of a reservoir wall the vertical face of 
which (bc) is towards the water ; the width of the top of the wall (ab) is 
a ; the slope of ad i» ^, and s is the specific gravity of the wall ; show that 
when the water reaches to the top of the wall the equation to the line of 
resistance is 



a?*(- +tan2 0)— 3ary tan0 + 3aj?tan0— 6ay + 3a' = 







*Ex, 417. — Show that if the wall in the last example stand, whatever 
be the depth of the water whose pressure it sustains, then tan must 

1 

he> — =- 
^2s 
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*£!r. 418. — Determine the equation to the line of resistance in a river wall 
of Aberdeen granite the thickness of which is 4 ft., and which sustains the 
pressure of water whose surface is on the level of the top of the wall. 

-4w«. ar*«63(y-2). 

*Ex. 419.— Determine from the equation in the last example the height of 
the wall when the line of resistance intersects the base at a distance of 4 in. 
within the extrados. Ans, 10*2 ft. 
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CHAPTER IX. 

ON THE DEFLECTION AND BUFTURE OF BEAMS BT 

TBANSYERSB STRAIN.* 

96. Notation.'^The cases of deflection that we shall in 
the first place consider will be those of beams with a 
rectangular section; the following is the notation em- 
ployed : a denotes the natural length of the beam, 6 its 
depth, and c its breadth, i. e. in a direction perpendicular 
to the plane of the paper ; these measurements are supposed 
to be taken in inches, since the values of the modulus of 
elasticity b, given in Table III. p. 1 1, are referred to a 
square inch of section-f 

97. Neutral Surface and Neutral Line of a Beam, — 
If we consider a long beam of wood ad supported at its 

YiQ, 129 two ends, the effect 

of its weight will 
be to bend it into 
such a shape as that 
sh own in th e figure ; 
it is evident that 
the under surface 
CD will suffer extension, and the upper surface ab com- 

* This chapter cannot be read with advantage by any student who has 
not some acquaintance with the Integral Calculus. 

t The term modulus of elasticity was introduced by Dr. Young, to whom 
is due the first correct investigations of the flexure of beams ; his views are 
to be found in his Lectures, voL ii. p. 46, &c. — He denotes the modulus by 
the letter m^ which is equivalent to nbc of the text : the reader will find the 
question fully discussed in Mr. Moseley*s Mechanics of Engineering^ Part V., 
which has been frequently referred to in drawing up the present chapter. 
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pression : so that there will be some section pq which will 
be intermediate to the compressed and extended parts, 
having undergone neither compression nor extension ; this 
surface is called the neutral surface. It sometimes hap- 
pens that the whole of the substance is either compressed 
or extended ; in such a case the neutral surface will not 
have a real existence, but there will exist without the 
body an imaginary surface bearing the same relation to 
the compressions or extensions as that borne by the actual 
neutral surface in other cases. 

If we were to divide the beam into any number of thin 
parts by vertical planes parallel to PiBD, the forms of the 
surfaces would be unaffected, consequently any part of the 
neutral surface is like any other ; we may therefore confine 
our attention to the section of that surface made by a 
vertical plane passing lengthwise through the centre of 
gravity of the beam : this section is called the neutral line 
of the beam ; by the term axis of the beam is intended 
the geometrical axis of the beam considered as a prism. In 
the following examples it is assumed that the pressures act 
in a plane passing through the axis and parallel to the face 
of the beam. It is also assumed that the deflection of the 
beam is small, so that the moments of the pressures that 
bend it are not changed by the deflection of the beam. 

Ex, 420. — K a line ab is subjected to a continuous pressure throughout 
its length of such a nature that the pressure at any point p is at the rate of 
k , JlP per inch, then the resultant pressure equals J k . ab^, and its moment 

round ▲ equals ^k, ab^ 

[The solution is similar to that already given of the firiction on a piyot.] 

Proposition 21. 

If a rectangular beam is held firmly by one end, and 
is axsted on at the other by a pressure T,in a direction 
perpendictda/r to its lengthy the neutral line will coincide 
wiUi the axis of the beam, and at any poi/rU distant p 
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incheafram the end at which p cicta the radius of curvature 
of that line equals — -Sl, 

Let ABCD represent the beam brought into its present 
position by the action of the pressure p : let ll^ be the 
neutral line; consider any small portion of the beam 




B 



1.1 . I 



I 



r 



^ 



I 



HE3fN^ which in its original state had the thickness ef, but 
owing to the action of p the ends mk and nh converge to 
; we are to determine the position of the point f, and 
the distance fo; the former will give the position of 
the neutral line, the latter the radius of curvature at 
the point f. 

We may suppose hm to be made up of thin laminae 
parallel to ef, of which mn represents one ; all those 
within MF axe in a state of extension, while those within 
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FK are in a state of compression. Now since each part 
of the beam is in equilibrium we may confine our attention 
to the portion mh, and may regard nh as a fixed surface ; 
then the expansive pressures within fk and the contractile 
pressures within fm must be in equilibrium with p. But 
it is plain that the contractile pressure of any lamina such 
as nm acts in a direction perpendicular to that of p, ajid 
similarly of the expansive pressures of any lamina. Hence 
(Prop. 15) the sum of the contractile pressures of mf= 
the sum of the expansive pressures of kf. Let ef and of 
be denoted by I and p, nf and hf by 6j and h^^ and tif by 
Zj the width of the lamina being iz\ now the natural 
length of ran is Z, therefore mn—l is the extent by which 
it is stretched ; therefore the pressure t necessary to pro- 
duce this extension is given by the proportion (see Art. 6) 

T 

mn—'l : i ::-—.: B 
coz 

But by s°^' triangles mn : I ::z+p : p 

.-, mn^l : l::z : p 

P 

Now the pressure necessary to produce the extension equals 

that with which the lamina tends to contract, therefore 

T gives the contractile force of the lamina mri, and the 

same being true of all the others, their sum (by Ex. 420) 

will equal 

EC &!* 

and in like manner the sum of the expansive pressures will 

equal 

EC 6,^ 

'■ ' • — ^ • 

P 2 

And these being equal we have 6^ = 6,; also since the same 
will be true of any other section, the neutral line will 
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pass along the middle of the beam. La will coincide with 
its axis. 

Next to determine p. It is evident that the expansive 
and contractile forces tend to turn ah in one direction 
round f, while the pressure p tends to turn it in the con- 
trary direction round that point, and therefore the sum of 
their moments round that point will equal the moment 
of P round the same point; but by Ex. 420 the former 

moments equal — . — L and — . -^ respectively, and since 

p 3 p 3 

6j = 62 their sum will equal — • — ; also the moment of 

p 12 

p equals pp 

' p Ec6* 

Cor. 1. — It will be remarked that in the above investi- 
gation no horizontal pressure has been introduced to 
balance P ; in reality the horizontal pressure is supplied 
by the forces that hold the other end of the beam, e.g. 
the reaction of the brickwork if it is held as indicated in 
the figure. 

Cor, 2. — If the beam were natural! v horizontal and were 
kept at rest by any pressures, the results given in the 

Fig. 131 above proposition 

»A are still true; thus 

if AB were the beam 
acted on by pres- 
sures p, Q, B, s, as 
shown in the figure ; 
then if we take any 
section nh, we may consider the part an as held firmly 
by the forces, and the part bn as bent, so that the radius 
of curvature corresponding to the section nh will equal 

— iT \ pp and Qq being the moments of the pres- 
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sures p and q round the middle point of nh. If we con- 
sider the part an as bent, and bn as held firmly, we 

should obtain for the radius of curvature — !i^ — i — I 

where Br and 88 are the moments of r and s round the 
middle point of nh. It is evident that these two ex- 
pressions give the same value for the radius of curvature, 
since Br + S5=pp--Qg. 

Ex, 421. — Determine the equation to the neutral line of the beam consi- 
dered in Prop. 21. -pio. 132 

[Let iXi be the neutral line, lo the position of the beam's p ^ 
axis when unbent, f any point in the neutral line, p the 
radius of curvature at f, x and t/ the coordinates of f, viz. 
LB and bf, we have 

1 12p(a— g) 
p "" Bb^c 

Now, since the curvature is small, -f- is small, and Hierefore 

ax 



(dy_ 
\dx 



-^J can be omitted; consequently 

1 _^^ 
p ~flto« 




12 p fox^ 
whence y =^^ 



f OX^ X^ \-j 

\"2 6";-' 



Ex, 422. — Show that the deflection of the beam in the last example equals 
4p a^ 
Bbc' b^' 

Ex, 423. — Show that the curvature of the neutral line increases gradually 
from Lj to L ; that in form it is * ultimately a cubic parabola, and that the 
depression is |rds of the versed sine of an equal arc in the least circle of 
curvature.* * 

[The equation obtained in Ex, 421 gives the ultimate form, since it is 

obtained on the supposition that -^ = 0.1 

dx 

Ex. 424. — K in Prop. 21 a pressure is applied to the end of the beam and 



* Young, vol. ii. p. 48. 
M 2 
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grradnally increased up to p, show that the number of units of work expended 

in producing deflection equals 

2p* fl» 

[Compare Ex. 149.] 

Ex, 426. — The end of a beam of oak is firmly imbedded in masonry ; the 
length of the projecting partis 15 ft., its breadth is 3 in. and its depth 6 in. ; 
a pressure of 2 cwts. is applied perpendicularly at its end ; determine the 
deflection, and the work expended in producing that deflection — the weight 
of the beam being neglected. Ans. (1) 5'5 in. (2) 51 units of work. 

Ex, 426. — In the last example if the breadth of the beam were 6 in. and 
the depth 3 in., determine the deflection. Ans. 22*2 in. 

Ex, 427. — If in Prop. 21 the beam in its natural state were horizontal 
and the bending pressure its own weighty show that - _ — ^ 13— where 

to is the weight of one inch of the length of the beam. 

[The pressure producing the curvature at f is now the weight of ah.] 

Ex, 428. — Show that the deflection in the last example is equal to 
3 wa a^ 
2 "idc ' ^' 

Ex, 429. — Show that the deflection in the last example will be * half the 
versed sine of an equal arc in the circle of curvature at the fixed ' end of 
the beam.* 

Ex, 430. — K the beam in Ex. 428 were of elm, were 5 ft. long, 1 ft. broad, 
and 1 ft. deep, and had to support the pressure of brickwork 14 in. thick and 
10 ft. high, determine the depression. Arts. 0*16 in. 

Ex, 431. — ^If a horizontal beam ab is supported at its ends and is loaded 

by a weight w at its middle point, and if p is the radius of curvature at a 

point on the neutral line whose distance ^m the middle point of the beam 

is or; show that 

1 3w(a-2ar) 

[The pressure producing the curvature is the reaction on the nearer point 

of support, i.e. a pressure - acting at a distance — ar.] 

^ 2 

Ex, 432. — Show that the depression at the middle point of the beam in 
the last example equals . j-, 

Ex. 433, — If in Ex. 431 the beam were bent by its own weight, and if w 
is the weight of one inch of its length, show that 

1__3 w {a^-As^) 
p"~ 2 ' -Ecb^ 



* Young, vol. ii. p. 49. 
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Ex, 434. — Show that the depression in the middle point of the beam in 
the last example is equal to — . , - • t:^* 

Ex. 435. — Show that * the depression in the middle of a bar supported at 
both ends, produced by its own weight, is five-sixths of the versed sine of 
half the equal arc in the circle of least curvature.* * 

Ex, 436. — ^A fir batten 3 in. deep, IJ in. broad, is placed horizontally 

between two props 6 ft. apart and loaded with a weight of 136 lbs. in the 

middle ; its own weight being neglected, determine the depression ; determine 

also the depression if it were fixed at one end, loaded with the same weight 

18 288 
at the other. Ans. (1) inches. (2) inches. 

^ -^ 133 ^ ^ 133 

Ex. 437. — A spar of oak 3*2 in. square is placed horizontally between two 
props 12'8ft. apart and loaded with 268 lbs. in the middle ; determine the 
defiection, neglecting the weight of the beam. Avs. 1*597 in. 

Ex. 438. — A piece of elm 2 in. square is placed horizontally between two 
supports 7 ft. apart, it is loaded in the middle with a weight of 125 lbs. ; 
determine the defiection when its own weight is neglected. Ans. 1*65 in. 

Ex. 439.— There is a beam of larch 6 in. deep, 4 in. wide, and 12 ft. long, 
it is supported on a fulcrum whose distance from one end is 4 ft. ; the shorter 
end carries a weight of 2 cwts. ; determine the deflection of each arm of the 
beam, its own weight being neglected. Ans. (1) 0*109 in. (2) 0*437 in. 

Ex. 440. — The ends of a beam rest on horizontal supports, it is deflected 
by its own weight and a vertical pressure w acting through its middle 
point ; determine the total deflection, and show that it equals the sum of 
the separate deflections produced by its own weight and by w, if w acts 
vertically downward, and their difference if w acts vertically upward. 

Ex. 441.— If AB, AC are the principal rafters of a roof the feet of which 
are fastened together by a tie-beam bc, the middle point of which is d ; if 
▲ and D are joined by a king-post which exactly neutralises the bending 
in the middle of the tie-beam caused by its weight, show that the strain on 
the king-post equals | of the weight of the tie-beam. 

Ex. 442. — In Ex. 437 determine the deflection when the weight of the 
spar is taken into account. Ans, 1*8 in. 

Ex. 443. — A beam of larch supported at each end measures 20 ft. between 
the points of support, it is 6 in. wide and 10 in. deep, it sustains a wall of 
brickwork 30 ft. high and 1 ft. thick throughout its whole length — flnd the 
deflection. Ans. 23*13 in. 

Ex. 444. — If the beam in the last example is supported by a column 
which exactly neutralises the deflection of the middle point; flnd the thrust 
on the column. Ans. 42170 lbs. 



♦ Young, voL ii. p. 49, 
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Ex. 446. — If in the last example the under surface of the beam in its nn- 
deflected state is 12 ft. from the ground, the middle point is supported by a 
column of cast-iron 3 inches in diameter, which in its uncompressed state is 
exactly 12 ft. long; determine the deflection of the beam at its middle point 
and the thrust on the column. Ans. (1) 0*0504 in. (2) 42077 lbs. 

[The column being compressible will allow the middle of the beam to 
descend, whereby the thrust on the column will be diminished : the question 
to be answered is at what degree of compression will the tendency of the 
column to recover its form upward exactly balance the tendency of the 
beam to deflect downward.] 

Ex, 446. — In the last example suppose the measurements to be made at 
60° Fahrenheit, at what temperature would there be no deflection at the 
middle point of the beam ? Ans, 107° F. 

98. Deflection of Beams whose Sections are not rectan- 
gula/r. — The reader will find little difficulty in extending 
the above investigation to the case of uniform beams whose 
sections have any form whatever; it can be proved that 
the neutral line passes through the centre of gravity of the 
section, and that the formula for the radius of curvature is 

1 _ 2pp 

p £1 

Where 2pp denotes the sum of the moments of the 
pressures that tend to turn one portion of the beam round 
any section (round hn, for example, in the fig. to Prop. 21), 
E the modulus of elasticity, i the moment of inertia* 
about an axis passing through the centre of gi-avity of the 
section, and perpendicular to the plane in which the forces 
act. In fact the formula obtained in Prop. 21 is only a 
particular case of the above formula, since, in the case of 

Fig. 133 a rectangle abcd in which ab = 6 and 

^ 11 BC=c, the moment of inertia about an 

' axis ccy perpendicular to ab, and passing 

~ through the centre of gravity of the 

rectangle, equals — . 



B 



* For the definition of the moment of inertia, see Part II. Chapter V. 
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The reader will find the case of the deflection of beams 
developed from the above fundamental formula in Mr. 
Moseley's ^Mechanical Principles of Engineering.' The 
following examples are all that our limits permit. 

Ex, 447. — If a hollow cylinder the radii of whose section are r^ and r 

be supported horizontally at two points whose distance is a ; show that 

when it sustains a weight w at its middle point, the radius of curvature 

of the neutral line at a point distant x from the middle is given by the 

formula 

1 w (a—2x) 

and the deflection at the middle point by the formula 



8» 



wa® 



12irB(ri*-7-*) 

Ex. 448. — If in the last example the cylinder sustains throughout its 
length a uniform pressure of w lbs. per inch, then 

1 «;(«*— 4j:*) 

/>** 2 IT B (t-i*— 7-*) 

and 8« ^^^^; ^^ 

Ex, 449. — ^If an iron girder * has a section of the form shown in the 
annexed diagram, of the following dimensions, absOi, abs^^, cf^c, cds^, 
the lower end gh being of the same dimensions as the upper, „ .^ 
show that when this girder sustains a uniform pressure ^ ^ 

throughout the whole of its length the deflection at the [ 
middle point is given by the formula 

6 wa^ 



8 = 



32|6(i + 6i)2iiCi + 2di3ci + i3clB 



p 



o 



Ex, 450. — If there are two beams containing the same 
amount of materials, of the same length and the same depth, and sustaining 
the same weight, the one has a rectangular section, the other a section of 
the form shown in the last example ; given that i— 4 in., c* = 1 in., i^ — 1 in., 



* In practice the lower flange is commonly made much larger than the 
upper, since cast-iron is much stronger in resisting a crushing pressure than 
a strain, and of course the greatest economy of materials is effected when the 
pressure that would tear the lower flange would also crush the upper ; to 
discuss this question would lead us beyond our present limits : see Mr. 
Moseley's Mechanical Principles, p. 556, Mr. Eankine's Applied Mechanics, 
p. 319. See also Mr. Fairbaim's Use/id Information, Append. I. 
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r2««4 in., show that the deflection of the rectangular beam will be ^ths of 
the deflection of the other beam. 

99. Rupture of a Rectangular Bea/m. — Eeferring to 
Prop. 21, it has ^een remarked that the curvature of the 
beam becomes progressively greater in going from Lj to l, 
consequently the extension of the substance is greatest at 
B, and when rupture occurs it must result from the ex- 

Fio. 135 tension of the substance at 

B being greater than it can 
bear. Let us suppose that a 
pressure of s lbs. per square 
inch will produce just that 
degree of extension at 
which rupture ensues, and 
let us examine the state of 
a small portion of the beam at bc, the natural length of 
which is I; construct a figure similar to that in Prop. 21, 
and use the same notation; suppose bl to be divided 
into a number of parts each equal to Bz; now, as the 
lamina at bk is on the point of breaking, it must be 
stretched by a pressure of s lbs. per square inch, and if its 

si 




extension is U we shall have Bl = 



Ec&z' 



If we consider the extension B^l of any other lamina mn, 
whose distance Ln from l equals z^ we shall have 

B^l : Bl::z : -^ 

But the contractile pressure of this lamina (q) is given by 
the equation 

qI 



Bn= 



EcBz 



^ 20 
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and the expansive pressure of any lamina between l and c 
will be given by the same formula. Now the moment of 
p round l must equal the sum of the moments of the 
contractile pressures of the laminae between b and L and 
those of the expansive pressures of the laminae between l 
and c ; these moments are respectively pa, -^ scb^ and 
sc6^ (by Ex. 420), and therefore the pressure p pro- 



12 



ducing rupture is given by the equation 



'=1 



a 



The coeflBcient s is termed the modulus of rupture ; it is 
not the same as the tenacity of the substance, but is closely 
related to it. The following table* gives the value of s 
for certain substances : 



Table XTV. 
MODULUS OF EUPTUEE. 



Substance 


lbs. per square inch 


Substance 

1 


lbs. per square inch 


Oak (EngHsh) 
Larch 


10032 
4992 


; Fir (Eiga) 
; Elm 


6612 
. 6078 



Ex. 461.— If a horizontal beam, whose weight is neglected, is supported 
at its extremities and subjected to the action of a vertical pressure p at 
its middle point, it will break (across its middle section) when 

2 s cb^ 
3 a 
Ex. 452. — K a horizontal beam is supported at one end, and every inch 
of its length sustains a pressure «;, show that the beam is on the point of 
breaking when 



s cb* 



«;=y 



a" 



Ex. 453. — If in the last example the beam had been supported at both 
ends, show that 



w^j- 



4s cb^ 

2 



a" 



* From Mr. Moseley*s Mechanical Principles of Engineering^ p. 622. For 
further information on the subject of the text the reader is referred to that 
work and to Mr. Eankine's Applied Mechanics, 
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Ex, 454. — ^What load applied at the centre of a beam of oak, 20 ft long, 
3 in. deep, and 4 in. wide will be sufficient to prodnce mptore ? — Its own 
weight being neglected. Ans. 1003 lbs. 

Ex, 465. — ^A wall of brickwork 9 in. thick rests on a beam of oak, 6 in. 
wide, 1 ft deep, supported on two points 10 ft. apart, nnder what height of 
wall woold the beam break? Ans. 114 ft 

Ex. 456. — ^A beam of larch 1 ft square has its end firmly imbedded in 
masonry from which it projects 7 ft ; to what height could a wall of brick- 
work 2 ft thick resting on this beam be carried without producing rupture ? 

Am. 21*8 ft. 

Ex. 457. — ^A beam whose weight is w, when supported at the ends in a 

horizontal position, will just break under a pressure p applied at its middle 

point, fhow that 

2_s c^_w 

■* T* a" 2 

Ex. 458. — If a beam ab whose length is a is supported at its ends in a 
horizontal position and sustains a pressure of p lbs. at a point c such that 
AC Bfli and BC sfls) ^^^ if x is any section at a distance x from b, show that 

P 2CCL 

the moment tending to produce rupture round x equals ^ when x is 

between b and c, and equfds — ^ "" ^ ^ when x is between a and c : 

a 

show also that the moment tending to produce rupture round c equfds 

a 

Ex. 459. — Show that in the last example the pressure which acting at c 
will produce rupture is given by the formula 

p=Js. 

and that the smallest pressure that can produce rupture must act at the 
middle point of the beam. 

* jEir. 460. — Given a cylindrical log of wood, show that the strongest 
rectangular beam that can be cut out of it is one whose sides are in the 
proportion of 1 : \/2. 

Ex, 461. — A beam of oak is supported in a horizontal position on points 
20 ft. apart, it is 3 in. deep and 4 in. wide ; determine the weight that can 
be suspended at a distance of 6|ft. from one point of support without 
breaking it. What would be the magnitude of the weight if the depth 
were 4 in. and breadth 3 in. ? Ana. (1) 1128-6 lbs. (2) 1504*8 lbs. 

Ex. 462. — What must be the depth of a beam of Kiga fir 4 in. wide, 30 ft. 
long, that will just sustain a weight of | a ton at its middle, taking into 
account its own weight ? Ans. 6 in. 
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CHAPTER X. 

OF VIRTUAL VELOCITIES — OF MACHINES IN A STATE OF 
UNIFORM MOTION OF TOOTHED WHEELS. 

100. Definition of the mrtual Velocity and virtual 
MoTO&rd of a Pressure. — Let p be a pressure acting at the 
point A along the line AP, and let p^^ ^^ 

it be represented by AC (Art 26). 
Suppose p's point of application to A 

be shifted through an indefinitely h^^ J ^p 

small space to b, draw sn at right 
angles to AC or CA produced, and let kn be denoted by j9, 
which is commonly reckoned positive when n falls between A 
and c, and negative when it falls on CA produced, then p is 
called the virtual velocity of P, and pp its virtual moment. 

101. The Principle of virtual Velocities, — This prin- 
ciple is as follows : If a system of pressures in equilibrium 
acts on any machine which receives any small displace- 
ment — consistent with the connection of the parts of the 
machine — the algebraical sum of the virtual moments of 
the pressures will equal zero. 

If Pj, Pj, Pg are the separate pressures, and p^, 

P29 3^8 • • • • their virtual velocities, the principle is ex- 
pressed algebraically by the following equation, which is 
commonly called the equation of virtual velocities : 
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It must be remarked that in the definition of Art. 100 the 
line AB is considered a small quantity of the first order^ and 
consequently the virtual moments PiJOp ^^p^^ ^zPz • • • are 
in general of the first order ; if however the virtual velocity 
of the point of application of any one of the pressures is 
of the second order, the virtual moment of that pressure 
will vanish in comparison with the virtual moments of the 
other pressures and will disappear from the above equa- 
tion ; this will happen in the following cases : — (a) When 
AB is ultimately at right angles to AC ; e. g. when AC is the 
normal to a curve of which ab is a chord ; hence the 
virtual moment of the reaction of a smooth surface equals 
zero ; (6) when the points A and b coincide, e. g. when AC 
is a portion of a rigid body in the act of turning round 
the point A, i. e. the virtual moment of the reaction of a 
fixed axis is zero provided the axis can be treated as a line ; 
hence also when an incompressible body rolls without 
sliding on any surface rough or smooth the virtual 
moment of the reaction equals zero. 

The principle now enunciated will be seen from the 
following pages to be one of very great importance in the 
theory of machines ; as the general proof is not by any 
means easy it will be useful for the student to prove it 
from first principles in a few elementary cases. 

Ex. 463. — If X and t are the rectangnlar components of a pressure p, 
ehow that the yirtual moment of p equals the sum of the virtual moments 
of X and t. 

^'°' *^^ Let A be the point of application of p, and let 

A be transferred to b; complete the rectangle 
wiw, and draw Bp and mq at right angles to ap ; 
then Ap, AW, AW, are the virtual velocities of P, 
X, and T, and we have to prove that 

• P . Ap = X . AWl + T . An. 

Let XAP be denoted by B, then it is evident 




that 



JlJ^^AjI + 2jP« aw . cos ^ + aw sin 9 
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therefore p . Ap^Am . p cos + aw . p sin 

OP p. Ap = X.AW + T. AW . . . . (1) 

If p had acted in the contrary direction, x, t, and p would have been in 
equilibrium; the virtual moment of p would be negative; and (1) would 
become the equation of virtual velocities. 

Ex. 464. — In the last example suppose that p balances x and t, and 
suppose its point of application to be transferred in a direction at right 
angles to ap, verify the equation of virtual velocities. 

[It must be remembered that in this case p's virtual moment equals 
zero.] 

Ex. 465. — Show that the principle of virtual velocities is true in the case 
of a body in the state bordering on motion up an inclined plane, when a 
small motion is given to it either up or 
down the plane. 

[Draw the figure as in Er. 298, then, if 
the motion takes place up the plane, d 
will be transferred to a point Dj along a 
line DDi parallel to ab ; let fall from d^ 
perpendiculars on the directions of the 
pressures, viz. D^tt;, DjJ}^ Djr, then dw, 
Dp, Dr, are the virtual velocities of the 
pressures, and of them Dp is positive and 
the others negative ; the equation of vir^r 
tual velocities therefore becomes 

p . Dp = w . DW + B . Dr 

and this the student is required to prove.] 

Ex. 466. — Verify the principle of virtual velocities in the last case, as- 
suming that the plane (and with it the body) is so moved that d describes 
a straight line at right angles to db. 

Ex. 467. — Verify the principle of virtual velocities in the case of two 
pressures in equilibrium on a straight bar capable of turning round a fixed 
point. 

[Let p and q be the pressures which balance on the rod ab round the 

fixed point c ; suppose the rod to turn through a small angle and to come 

into the position a'b'; 

draw A^m at right angles 

to AP and b'w at right 

angles to bq, then Am y> 

is the virtual velocity oi i/ JIT ^ 

p and Bn of Q, the latter ** 

being negative ; also the 

virtual moment of the reaction of c is zero (Art 101); the equation to be 

proved is therefore 

p . Am=Q . Bn. 
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The student most remember that AA'm and Bs'n are ultimately right- 
angled triangles.] 

Ex. 468. — ^Verify the principle in the case of two parallel pressures p and 
Q "which keep a beam at rest round a rough axle of finite dimensions (as 
in Ex, 355), the motion being given to the beam round the axle. 

Ex. 469. — In the last example how would it be possible to move the 
system so that the reaction b should disappear £rom the equation of Tirtual 
velocities? 

Ex. 470. — In Ex. 468 show that when the axle is smooth the reaction 
will disappear from the equation of virtual velocities. 

102. Proof of the Principle ofvirttcal Velocities. — ^The 
following proof applies to the case of any system of pres- 
sures acting on a single rigid body and in one plane, in 
which the displacement is supposed to be made : it can be 
easily extended so as to include every case of pressures 
that act on any machine. 

Fio. 140 Lemma. — Let a and x be any 

two poinia in a given line, let 
the li/ne be transferred to any 
consecutive position oy, so that 
A comes to b and x to y, then if by equals ax, and if Bn 
and Ym are drawn at right angles to ax, the line An will 
uUvmatdy equal xm. 

For nm equals by cos o, i. e. it ultimately diflTers from 
BY, and therefore from ax, by a small quantity of the 
second order ; take away the common part Am, then A.n 
and xm ultimately differ by a small quantity of the second 
order; but they are themselves of the first order, and 
therefore are ultimately equal. 

N,B, — If AX is transferred to by in such a manner that 
either An or xm is of an order higher than the first, then 
will the other also be of an order higher than the first ; 
e. g. if AO is a small quantity of the first order, and bad a 
finite angle, AB and An are both of the second order ; like- 
wise AXY is ultimately a right angle and consequently xm 
13 also of the second order. 
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Cor. — Hence if a pressure acts along a certain line, and if 
two points in the line are rigidly connected, its virtual 
velocity will be the same at whichever point we suppose it 
to act ; also if there are two equal and opposite pressures, 
their virtual moments will be equal and have contrary 
signs, whether we suppose them to act at the same point 
or each at one of two rigidly connected points. 

We can now proceed with the general demonstration 
required, and this is given in the three following steps : 

(a) If a system of parallel pressures acting in a given 
plane, has a resultant, and if the points on which the 
pressures and their result- fio. mi 

ants are supposed to act are 
rigidly connected, then the 
sum of the virtual moments 
of the pressures will equal 
the virtual moment of the ^ 
resultant. 

Let Xj, Xj be the pressures, x their resultant, 

draw a line {oy) at right angles to their directions, and 
cutting them in Nj, Njj, . . . n, and suppose these points 
to be rigidly connected with those at which the pressures 
are supposed to be applied, then the virtual moments of 
the pressures in the required case are severally equal to 
their virtual moments if supposed to act at Nj, n^ . . . . 
N. Now suppose these points to receive any small dis- 
placement consistent with their rigid connection, and 
suppose them to be transferred to Mj, Mj . . . m," these 
points will be in a straight line {o'j/) and their mutual 
distances the same as before ; the two lines will (generally) 
intersect in some point o. Draw Mim^ M^mg, .... Mm, at 
right angles to the directions of the pressures, then their 
virtual velocities are respectively N^mi, Ngmg, . . . Nm. Let 
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the angle yoy' be denoted by 5, and oNp ONg, .... on, by 
Vv ^2> • ' ' 2/> ^'^^^ ^^ ^s plain that ultimately* 

But by Prop. 12 we have 

^iyi+^2+ — =^y 

and therefore 

Xj^i 5+X22/2 5+ =X2/ ^. 

i. e. the sum of the virtual moments of the pressures equals 
the virtual moment of their resultant in the case specified. 

(6) Next let us consider the case of any system of pres- 
sures Pp Pg, P3 . . . . acting in one plane on points rigidly 
connected. 

Eesolve the pressures in directions respectively parallel 
to two rectangular axes, then Pj will be equivalent to its 
two components X,, Yj, and similarly Pj to Xg, Yg, P3 to Xj, 
Y3, &c. and the original system is divided into two systems 
of parallel pressm'es, viz. x„ Xg, Xg . . . and Yj, Yj, Y3 . . . 
let X be the resultant of the former system and y of the 
latter, and let theii* directions intersect at a certain point 
A, then the direction of their resultant (k) will pass through 

A, and B will be the resultant of p^ Pji P3 Suppose 

A to be rigidly connected with the other points, and sup- 
pose X, Y, and B to act at A. Now if the points of applica- 
tions of the pressures receive any displacement whatsoever, 
the virtual moment of r equals the sum of the virtual mo- 
ments of X and y {Ex. 463) i. e. (by a) equals the sum of 
the virtual moments of Xp Xg, X3 . . . and of y„ Yg, Y3 . . . ; 
but {Ex. 463) the virtual moment of p^ equals the sum of 

* For let oy' cut NX in ^, we shall have N«i=y tan 0—um tan 0, but 
Mm and tan are small quantities of the first order, so that their product is 
of the second order, and can therefore be neglected, i. e. Km ultimately 
equals y tan or y 9. 
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the virtual moments of x^ and t,, and similarly of p^, P3, 
. . . : hence the virtual moment of k equals the sum of the 
virtual moments of Pj, Pj, P3, . . . ; or 

Rr=p,p^+P2l>2+i*8P3^ + 

(c) If P, Pp P3, P3, . . . . are pressures in equilibrium acting 
in one plane at points of a rigid body, and if that body 
receives any small displacement the sum of the virtual 
moments of the pressures will equal zero. 

For let R be the resultant of Pj, Pj, P3, . . . . and let it 
act on the body at any one point in its direction, then 

(by 6) 

^iPl + ^2P2 + ^3Pz + • • • = »^- 

But R is equal and opposite to p, since the given pres- 
sures are in equilibrium, and hence since r and p act on 
rigidly connected points we have by the corollary to the 

lemma 

Pj9 + Rr=0 

and therefore, by addition 

vp + V^py + Vip^ f PaPa + • • • =0. 

Q.E. D. 

103. The Work done by a Pressure, — It has been 
already stated (Art. 11) that the work done by a pressure 
of P lbs. whose point of application moves through s ft. in 
the direction of the pressure is correctly represented by PS ; 
we have now to consider the extension of the definition 
which must be made to meet the case of a pressure whose 
point of application moves in any manner whatsoever.' 
The required extension will be readily made by observing 
that 7/ the point of application of a pressure receives any 
small displacement the virtual moment of the pressure is 
the work done by the pressure during the displacement 
The justice of this statement can be illustrated (or proved) 
by the consideration of the following simple case : 
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Let w be a weight attached to the end b of a perfectly 
Fio. 14S flexible and inextensible string without 

weight, passing over a smooth point 
c ; let w be balanced by a pressure p 
acting at A along CA, then will p equal 
w; now suppose A to be transferred 
through a small space to b, draw Bn 
at right angles to CA produced, then 
will w be raised from £ to d, and An 
is ultimately equal to db. Now the work expended in 
raising w is w x db, i. e. it ultimately equals P x An, the 
virtual moment of p. 

Next let us suppose that the point of application of p is 

transferred successively to points A, a', a^', a"', . . . the 

YiQ^uz successive directions of that pres- 

siu-e being ap, a'p', a' V, ... let fall 
on them the perpendiculars a'n,a''n', 
a"V, . . . and let an, a V, a'^n" . . . 
be denoted by p^ j^', p^\ .... then 
the work done by p when its point of 
application is transferred from A to 
a' is its virtual moment pp, and the work done during the 
successive transfers will be T'p\ p'^p", v'"p''\ .... and 

the whole work done will be pp + p'p' + p''j9'''4- 

whether the successive values of p be the same or not. 
As however this is somewhat general it will be well to 
particularize two important cases. 

(a) Let the pressure continue constant, then if the lines 
along which it successively acts are parallel, and if the 
point of application of the pressures moves in any line 
straight or curved, the work done will equal the product 
of the pressure and the projection of the line on the direc- 
tion of the pressure. 

(6) Let the pressure continue constant, then if the 
direction of the pressure always touches the curve described 
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by its point of application, the work done equals the pro- 
duct of the pressure and the length of the curve. 

It must be remarked that the virtual moment of a pres- 
sure may be either positive or negative, and hence the 
work done by a pressure may be either positive or negative; 
in the latter case however it is, perhaps, better to speak of 
the work as being expended on the pressure. 

It is scarcely necessary to remark that a pressure will 
do no work, in the cases in which its successive virtual 
moments are zero (Art. 101). Another case may also be 
specified : — A rigid body may be conceived as consisting of 
a number of points connected by their mutual attractibns 
which act along the lines joining them, and which are so 
great that the points undergo no relative displacement 
from the action of the external pressures; under these 
circumstances the sum of the virtual moments of each pair 
of mutual attractions will equal zero (Art. 102 Cor.) and 
therefore the work done by the whole system of internal 
pressures must equal zero. If however the body is either 
compressed or extended the work done by or expended 
on the internal pressures can be no longer neglected 
{Ex. 149). 

104. Machines in a State of Uniform Motion. — Sup- 
pose any machine to be acted on by pressure p, Pp Pj, Pj, 
. ... in equilibrium, and suppose the machine to be 

slightly moved, then if j9, Py, p^^ p^f are their 

virtual velocities respectively, we shall have 

Pp + P,i5i + Pai3a + I*3i53 + =0 0) 

In the new position of the machine, suppose the pressures, 
without undergoing any change of magnitude, to be in 
equilibrium, and suppose the machine to receive a second 
displacement, then if p\ _p/, j^/, p^\ . . . • are the vir» 
tual velocities of the pressures we shall have 

Pp' + y^,p\ + T^p\ + Pali's + • • • =0 (2) 

O 2 
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Suppose that in this second position the pressures axe in 
equilibrium and that the machine receives a third dis- 
placement, then Up", jp^'i Pa'^ Jf^^ .... are their virtual 
velocities we shall have 

pp'' +P,1>/' -h Pj^)/' + PaW' + • • • =0 (3) 

and so on for any number of displacements. Hence by 
addition 

+p/' + ..) + P3(l>3+l>3'+l>3'' + - ••) + ••• =0 (A). 

Now if we suppose p, j/^ p^\ &c., to be positive P ( jd -f p' 
+ p'' + - . is the work done by p, if 39, j9% p'\ .... 
are negative p(p+J3'+p"4-. . .) is the work expended on 
p, in the former case p would be called a power^ in the 
latter a resistance^ hence the equation (A) contains the 
following fundamental theorem, viz. If a machine is in 
motion and if at each instant of the motion the powers 
and resistances form a sy stein of pressures in equilibrium 
the sum, of the units of work done by the several powers 
will equal the sum of the units of woi^h eccpended on the 
resistances. 

Now it will be remarked that if the machine is in mo- 
tion all change of its motion must be due to an excess of 
the powers over the resistances or of the resistances over 
the powers ; hence, in the case supposed, there can be no 
change in the motion of the machine at any instant; such 
a machine moves uniformly,* and hence the theorem 
above proved justifies the assertion made in Art. 14, viz. 
that the number of units of work done by the agent equals 

* K thp machine has a motion of translation, like a railway train, its 
motion is said to be uniform when its velocity undergoes no change ; if the 
machine moves round a fixed axis, like a fly wheel, its motion is uniform if 
ita angular velocity undergoes no change ; if it has both motions com- 
bined, like the wheels of a carriage, it moves uniformly if neither velocity 
undergoes &ny change. 
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the number expended on prejudicial resistances, together 
with the number expended usefully. 

105. The Modulus of a Machine. — Let us assume 
that the machine enables a certain pressure, or power p, 
to overcome a second pressure or weight q, then the rela- 
tion between p and Q can generally be expressed by means 
of an equation of the form 

p=aqH-b (1) 

where A and b are numbers depending on the form of 
the machine, and on the passive resistances (compare 
Ex. 361). Now by considerations depending on the form of 
the machine, there will be some fixed relation between the 
space (Sj) described by p's point of application and (sjf 
the space described by q's point of application, let then 

Si=7lS2* (2) 

By multiplying (1) and (2) together we obtain 

P8l = 7lAQ83 + BSj. (3). 

But PSj is the work (Uj) done by p, and q^^ is the work 
(Fj) expended on q, hence 

Ui = 7lAU2 + BSj (4) 

If the machine moves with a uniform motion the equa- 
tion (4) gives the number of units of work (Uj) actually 
done by the power while (Uj) is expended on the weight. 
If p and Q are not in equilibrium during the motion, Uj is 
still the number that must be eocpended on the weight and 
resistances ; if p does a greater number of units than Fj 
the surplus will be accumulated in the machine the motion 
of which will be accelerated ; if p does a less number than 
u, the difference must be withdrawn from the work pre- 
viously accumulated, and the motion of the machine will 

* It can be easily shown in regard to any machine the parts of which 
move without passive resistance that np-^o. 
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be retarded. The subject of accumulated work will be 
treated further on. 

Ex, 471. — If a heavy point is dragged along an inclined plane show that 
the units of work expended wiU equal the number that would be expended 
in dragging it along the base, supposed equally rough, and in lifting it up 
the perpendicular height 

Let ABC be the inclined plane, x the 

point whose weight is q, p the pressure, 

B which acting along the plane is on the 

point of dragging m up the plane, if x is 

at rest, then 

F cos ^sQ sin (a + 0) 
•r Pb Q (sin a + /i cos a) 

where a denot«s the angle bag, and /i or 
tan ^ the coefficient of friction between x 
and AB. '^Gw if X is in motion along ab under the action of p and q it will 
move uniformly, and the work done by p will equal the work expended on 
a ; but the woric done by p is p x ab, therefore the work expended on q 
equals 




or 



Q X AB (sin a + /i cos a) 

Qx(BC+/i)<^C) 



But MQ X AC is the work required to drag a, along AC, if /t is the coefficient of 
friction between m and ac, and q x bo is the work that must be expended in 
lifting Q from c to b, therefore the number of units of work is as stated. By 
an exactly similar process it may be shown that the number of units of work 
required to drag a body dotvn a rough inclined plane equals the number re- 
quired to drag it along the base supposed equally rough diminished by the 
number required to lift the body through the height of the plane. 

Ex. 472. — If a train weighs 80 tons and the friction is 7 lbs. per ton, de- 
termine the number of units ©f work that must be expended in drawing it 
for 4 miles over an incline of 1 in 200 ; and determine the horse-power of 
the engine that will do this in 10 minutes with a uniform velocity. 

Ans, (1) 30750720 U. W. (2) 93^ H. P. 

Ex. 473.— In the last example over what space on a horizontal plane 
would the same engine have drawn the train in the same time ? 

Ans, 1 Of miles. 

Ex. 474.— How long would it take the engine in Bk. 472 to draw the 
same train with a uniform Telocity oyer a space of 4 miles on an incline of 
1 in 100? Ans.lt^Tmn. 

Ex. 475.— A train is drawn with a uniform velocity over an incline 3 
milea long of 1 in 250, on which the resistances are 7 lbs. per ton; deter- 
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mine the distance on a horizontal plane which the same train could be drawn 
over with a uniform velocity by the same expenditure of force. 

Ans, 6|^ miles. 

Ex, 476. — In Ex, 298 if the body is in the state of uniform motion up the 
plane, show that the relation between u^ the work done by p, and Va the work 
expended on w, is given by the equation 

Uj sin a cos (jS— ^)=X73 cos jS sin (a + ^). 

[The relation between the pressures p and w is 

p cos (^— 0)«w sin (a + ^) 

Now if Si is the space through which p*s point of application moves mea- 
sured in the direction of that pressure 

Si - / cos jS 

and if 83 is a the space through which Vs point of application moves when 
similarly measured 

82=r/sin a 

where / is the length of the plane, hence 

Si sin ass, cos ^ 

whence the relation between u^ and u, is at once found.] 

Ex, A:TJ. — If a pivot sustaining a pressure of o lbs. is made to revolve 
once, show that the number of units of work expended on the Motion of the 
end equals | v/t f> q. 

Ex, 478. — In the case of a single fixed pulley the number of units of 
work expended in raising a weight q through q feet is given by the formula 

v—aikq + hq 

where a and h have the values assigned in Art. 89. 

Ex, 479. — ^In the case of a tackle of n sheaves show that the number of 

units of work expended in raising a weight of Qlbs. through q feet is given 

by the formula 

wa"(a-l) /«Aa" h \ 

[See Ex, 369.] 

Ex, 480.— In Ex. 371 determine the number of units of work expended 
on the passive and on the useful resistances when the weight of 1000 lbs. is 
raised through 50 ft Ans, (1) 67000. (2) 50000. 

Ex. 481. — 'It is said that in a pair of blocks with five pulleys in each 
two thirds of the force are lost by the friction and rigidity of the cords.' * 
Determine the degree of truth in this statement when each sheave is 4 in. 



* Dr. Young's Lectures, voL i., p. 206. 
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in radius, and tarns of an axle |- of an inch in radius, the axle being of 
wrought iron and the bearing of cast iron, and the rope 4 in. in cireom- 
ference; the weight to be raised being 1000 lbs. 

M Work expended on passive resistances __ 19 „g^_i^ 

W^Tdone ^25 ^" 

Ex. 482. — In the capstan Ex. 377 show that the work that must be done 
by the pressures in order to move the weight q through a space q is given 
by the formula 



/ r sin 0\ / , B \ j'A. / , r sin 0\ 2tt, 



rw q 



'6 b 

Ex. 483.— A rope passes over a single fixed pulley in such a manner that 
its two parts are at right angles ; the one end carries a weight q ; the radius 

of the pulley is r and of the axle f>, the angle ^ such that sin jS » ^ ^^ 

then, the weight of the pulley being neglected, show that if p is the pressure 
that will just raise o, we have 



/Q+i±^\ tan(46« + ^) 



Ex. 484. — In the last example show that the relation between p and q 
may be very nearly represented by the formula 

p=q(i+? -f ^-^sin^ )+^ (l+^sin <^) 

Ex. 485. — A weight of 600 lbs. has to be raised from a depth of 60 
fathoms ; it is fastened to a rope which passes over a fixed pulley in such a 
manner that the parts of the rope are at right angles to each other ; the rope 
is wound up by means of a capstan which is turned by two equal parallel 
pressures acting at the end of equal arms ; the rope is 3 in. in circumference, 
the pulley 6 in. in effective radius, its axle half an inch in radius, and of 
wrought iron turning upon cast ; the capstan weighs 4 cwts., its axle is 4 in. 
in radius, oak moving on wrought iron, the effective radius of the capstan 
16 in. ; determine the number of units of work that must be done in order 
to raise the weight, and the number expended on passive resistances. 

Ana. (1) 204366. (2) 64366. 

Ex. 486. — There is a fixed pulley 20 inches in radius moving on an axle 
2 inches in diameter (sin ^ = 0-15); a weight of 600 lbs. is raised from a 
depth of 300 feet by means of a rope 3 inches in circumference which passes 
over it ; the end of the rope falls as the weight rises ; determine the error 
that results from neglecting the weight of the rope in calculating the units 
of work required to raise the weight — the united length of the two hanging 
parts of the rope being reckoned at 300 ft. 

Ans. Error = 1 66607 - 164962 « 646. 
[Compare JEr. 168.] 
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Ex. 487. — In the last example determine the error that would result from 
neglecting the weight of the rope if the end were not allowed to fall. 

Ans. £W-or= 173760- 154962 = 18798. 

Ex. 488. — If a weight q is raised through a height ^ by means of a screw, 
show that if the same notation is employed as in Ex. 345 the units of work 
expended is giyen by the formula 



v^oq I tan (a + ^) + 1 . i? ft \ cotan 



where all frictions are neglected except those between thread and groove 
and on the end of the screw. 

Ex. 489. — An iron screw 4 in. in diameter communicates motion to an iron 
nut, the screw thread is inclined to its base at an angle of 18°, the diameter 
of the end of the screw 2 in. ; all the surfaces are of cast iron ; determine 
the number of units of work that must be expended in raising a weight of 
3 tons through a height of 2 ft. by means of this screw. 

Ans. 23358. 

Ex. 490. — ^Determine through what height a man working with this screw 
could raise a weight of 1 ton in a day ; and what would be the best length 
of the arm of the screw on which he works — pushing horizontally ; 
determine also the part of his work which is expended in overcoming 
friction. 

Ans. (1) 384 ft. (2) 7f ft. (3) rather more than fth. 

106. The End to be attained by cutting Teeth on 
Wheels. — The problem to be solved is this: Given an 
axle A, moving with a uniform angular motion round its 
geometrical axis, it is required to connect it in such a 
manner with a parallel axle B, as to communicate to it a 
uniform angular motion which shall have a given ratio 
to the former. Suppose the axle A to revolve m times in 
one minute, and it is required to make the axle b revolve 
n times in one minute ; join the centres A and b, divide 
AB into m-{-n^ equal parts, and take AC equal to n of 
these parts, and therefore bo will contain m of them, so 
that 

AC I CBim Im 

with centres A and b, and radii AC, bc respectively, 
describe circles touching at c; if these circles are fixed 
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each to its own axle, and revolve with them, and if their 
circumferences are rough, so that they roll on each other, 
the problem is solved ; for take on the circumferences 

Fm. 145 




respectively points c' and c" which were in contact at c, 
then must the arc cc' equal the arc cc'', since the several 
points of the arcs have been successively in contact each 
with each, and this is true whatever be the lengths of 
those arcs. Now, in one minute the point c' describes an 
arc whose length is 27r AC . m, and therefore (^' describes 
an arc whose length is 27r AC . m, and therefore an arc 
whose length is 27r bc . n since Ac . m = bc . n ; but 
27r BC . 71 is 71 times the circumference of the circle whose 
radius is bc, and therefore the axle b moves in the re- 
quired manner. 

It is evident that the angular motions will have the 
same ratio whatever be the time, and therefore when the 
time is very short ; hence if the angular motion of the 
axle A varies from instant to instant, that of the axle b 
will also vary, but will maintain the same constant ratio 
to the angular motion of A. 

It is also plain that the directions of the angular 
motions will be contrary, as indicated by the arrow heads. 
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It may be remarked that the wheel AC is called the 
driver, and bc the follower. 

E^. 491. — If in the last article a single wheel moying on a parallel axle 
with its centre in the line ab were interposed between ac and bc, it would 
cause the follower to revolve in the same direction as the driver, and would 
not produce any change in the ratio of their angular motions, the radii ao 
and BC being unchanged. 

107. Practical Objection to the above Solution. — It is 
evident that the above solution fails if the surfaces of the 
wheels rub smooth, so that the motion becomes partly one 
of sliding and partly one of rolling contact ; and also that 
it will fail if the centres A and b are slightly displaced, 
since then the contact ceases: one method, in common 
use, of obviating this objection is to pass a powerful band 
of leather tightly over the wheels; this method is com- 
monly used when the centres A and b are so considerable 
a distance apart that the wheels would be inconveniently 
large if in immediate contact ; the most effectual means, 
and the only one with which we are here concerned, is to 
cut teeth on the circumferences of the wheels ; when this 
is properly done the imiform revolution of the wheel A 
can be made to communicate a uniform revolution to 
the wheel b. The problem we are to solve is therefore 
twofold : — 

(1)* To determine the form that must be given to the 
teeth of wheels, in order that any uniform motion of the 
driver round its axis shall communicate to the follower a 
uniform motion round its axis. 

(2) As this cannot be done without causing the teeth 
of the one wheel to slide over those of the other, it is 
required to determine what amount of work is lost by the 
friction of the teeth when work is transmitted from one 
axle to the other. 

The limits of the present work will not allow us to do 
more than give one solution of the former question, and 
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an approximate solution of the second. Readers who 
desire further information on this very important subject, 
will be able to obtain it by reference to Mr. Willis's 
'Principles of Mechanism/ and to Mr. Moseley*s 'Me- 
chanical Principles of Engineering:'* the former work 
treats only of the question of form ; the latter also con- 
tains a very full discussion of the question of force* 

108. Definition cmd Properties of the Epicycloid. — 
If a circle carrying on its circumference a pencil-point be 

r«o. i4« made to roll on the 

outside of the circum- 
ference of a fixed 
circle, the point will 
trace out a curve 
called an epicycloid i 
the fixed circle is 
called the base ; the 
moving circle is called 
the generating circle. 
Thus if Q is a point 
on the generating circle adq, and apc is the base or fixed 
circle, then if q were in contact with apc at p, the point 
Q will trace out the epicycloid PQ. 

(a) It is evident that the length of the arc aq equals 
that of the arc ap. 

(6) It is evident that the point q is at the instant 
moving in a circle of which the centre is a, and radius aq, 
so that the line aq is the normal to the epicycloid at the 
point Q, and if dq be joined that line is a tangent to the 
curve at Q. 

(c) It is evident that the form and dimensions of the 
curve are independent of the particular point Q occupies 

* A very clear elementary discussion of the forms of the teeth of irheels 
win be found in Mr. Qoodeye's Elements of Mechanism. 
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on tlie generating circle, eo that if we take a succession of 
points Q, Q„ Q, ... on the generating circle, and describe 
with them a succession of epicycloids qp, q,p„ q,Pj . . . 
they will all be exactly like one another, and if p'q' be 
any epicycloid described on the same base with the same 
generating circle as the others, it too will be exactly like 
the rest: if we now suppose all the former to remain 
fixed, and the circle 1*40 to revolve round its centre, 
carrying p'q' with it, then when p* comes to p,, the curve 
p'q' will fall upon p,Q,, and in like manner on p,Q, and 
on PQ. 



Proposition 22. 

An epicycloidal tooth cam, be made to wo^'k correctly 
with a straight tooth. 

Let PQ be the tooth described on the base ap, the centre 
of which is o,, by a fio. iw 

circle whose diameter 
is Ao; suppose the 
base to revolve round 
o, and let the tooth 
assume successively 
the positions j),g„ 

Ps'Za. ^»?j cut^ 

ting the circle ado in 
points g,, q^, q^ then 
since the straight 
lines o^j, oq^, oj, .... 
touch the epicycloid 
in the points 5,, jj, q^ 
... it is plain that 
a straight line whose 
length is DA, and 
which is moveable 
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round o, will, if driren by the tooth, come soooesdyely 
into the positions Ottp oa^ 0C4 . . . passing through 
the points 9,, q^ 9, . . . . respectively. Now if we sup- 
pose the angles AO|Pp Pi^iPi • • • • to be equal, the 
arcs fpp PiPff PtPt • • • • are equal, and therefore 
(Art. 108 (a) ) the arcs Afp ^i^v 9i9i • • • ai^ equal, and 
the angles they subtend at c will be equal, and their halves 
will be also equal, L e. the angles Aoap a^oa^ ajM^ 
are equal; so that if the circle paOj moves with a 
uniform angular motion, it .will communicate a uniform 
angular motion to a straight line AO moveable about 
the point o, i e. the straight line works truly with the 
epicycloidal tooth. 

Ex. 49i. — If ^th cmtr* o and rmdivs Ok a drde is described, show that 
if this cirde works with ap bv fiiction. anr one of its ladii irill haye the 
same angular Telodtr as if it bad been driren bj the tooHi fq. 

109. Practical Rule for the Form of Teeth.^ — ^Let o, Oj 
be the centres of the two toothed wheels ; draw the line of 
centres oOj ; when the point of contact of any two teeth is 

on the line of centres let it be 
at A ; with centres o and 0| and 
radii OA and 0|A respectively 
describe circles, axa\bAb'; these 
are called the pitch cirdea of 
the respective wheels, L e. the 
two circles which rolling by 
friction would move with the 
same angular motions as the 
wheels. Now if there are to be 
m teeth in the wheel o, there 
must be 771^ in the wheel Ou 
where wii is given by the pro- 
"' portion oa :.OiA::m : tn,. 

* This rale, though not the hesL is — or, at all erenta^ need to be — Toy 
genenJlj emplojed in pnctioe. See Willis, p. 106. 
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Divide the circumference of aka' into m equal parts, 
of whicli pai-ts let aa^ be one; the chord of this arc is 
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called the pitch of the wheel ; divide it into two (nearly) 
equal parts, of these ae (the smaller) is the breadth of 
a tooth, and eAi the space between two teeth ; then the 
flanks BA, DE of a tooth (i. e. the parts of its outline within 
the pitch circle) are straight lines converging to the 
centre o ; and the faces of the tooth AC, ep (i. e. the parts 
of its outline on the outside of the pitch circle) are por- 
tions of epicycloids described on the pitch circle as a base 
by a generating circle whose diameter equals the radius of 
the pitch circle of the wheel with which it is to work, viz. 
o,A. The teeth of the wheel Oi are cut upon the same 
principle; the circumference of the pitch circle bkV is 
divided into mi equal parts, and each is divided into a 
tooth and a space ; the flanks of the teeth converge to Oj, 
the faces are epicycloids described on the pitch circle as 
a base by a generating circle whose diameter equals the 
radius oa. That the two wheels thus constructed will 
work truly, follows immediately from Prop. 22 ; thus, if 
the wheel o revolves uniformly, the tooth bag driving the 
tooth b'ac', the epicycloid AO will cause the straight line 
Ab', and therefore the wheel Oi, to revolve uniformly : on 
the other hand, if the wheel o^ moving with a uniform 
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motion driyefl o, the epicycloid Axf will cuise die stnught 
line ABy and therefore the wheel o, to reTolre unifonnlT. 
This ix of c^iurse true whether the wheels more in the 
name or in contrary directions to those indicated by the 
arrow-heads in fig. 148. In order to ptevent the lotting 
iA the teeth, it is usual to make ae less than kAi by -^^ 
of the pitch aa, ; and to cut the space aj( deeper than the 
perfiendicular length of the tooth ac in such a manner that 
the diiftance from c to the centre is less than the distance 
from b' to the same centre by -^th of the pitch aAi; if 
however the workmanship is very good, the differences can 
in both cases be made smaller. 

The rule for determining the length of the teeth com- 
monly adopted by millwrights, is to make the l^igth of 
the tooth Ijeyond the pitch circle (i. e. ac or ac') equal to 
-j^ths of the pitch.* This rule is, however, a very bad one ; 
the following, though not perhaps the best, is very much 
better. Suppose o to be the driver, and suppose a pair of 
teeth to be in contact on the line of centres, the fece of the 
next tooth should be so long that its extreme point c, 
should just be on the circumference of the generating 
circle ax„ as shown in the figure; the length of the 
tooth of the follower is determined by a similar rule ; the 
extreme point of the following tooth Cj should (under the 
same circumstances) be on the circumference of the gene- 
rating circle axo. The reason of this rule is as follows : 
it may be considered that when the wheels are in motion 
that pair will bear the whole or nearly the whole strain 
which at any instant will be the next to go out of contact; 
so that, the above construction being employed, the one 
pair of teeth is just going out of contact when the next 
pair comes to the line of centres, and consequently the 

♦ WilUfl'a Principles of Mechanism, p. 98. The rule which follows is 
giTen both by Mr. Moselej, Mechanical Principles, p. 267, and by G€1l 
Horin, Aide-Memoire, p. 280. 
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working strain is not thrown upon any pair of teeth until 
it comes to the line of centres ; but it appears that prac- 
tically the friction between a pair of teeth is very much 
more destructive when they are in contact before the line 
of centres than when in contact behind the line of centres ; 
by following, therefore, the rule above given, the fric- 
tion between any pair of teeth is diminished. (Compare 
Ex. 514.) 

In practice the teeth of a wheel are all cut from a 
pattern ; in constructing a pattern the epicycloidal curve 
may be drawn by the actual rolling of a circle of the 
proper size; or an approximation may be obtained by 
means of circular arcs. Eules proper for this purpose will 
be foimd in Mr. Willis's Treatise above referred to. 

Ex. 493. — To determine the radius of the pitch circle of a wheel which 

shall contain n teeth of given pitch a. Ana. ra= 

sin — ^ 
n 

Ex. 494. — If a wheel of m teeth drives another of n teeth ; then if the 
driver makes p revolutions per minute the follower will make -^ revolu- 
tions per minute. 

Ex. 495. — There are three parallel axes, A, b, c ; A makes p revolutions 
per minute, it carries a wheel of m^ teeth which works with a wheel of »i 
teeth on B ; B also carries another wheel of m^ teeth which works with a 

wheel of n^ teeth on c ; show that c makes — ^. -?. p revolutions per 

minute.* 

Ex. 496. — A winding engine is worked in the following manner : a steam 
engine causes a crank to make 30 revolutions per minute ; the axle of the 
crank has on it a wheel containing 36 teeth, which works with a wheel 
containing 108 teeth; the latter wheel is on the same axle as the drum, 
which is 5 ft in radius ; determine the number of feet per minute described 
by the load. Ans. 314 ft 



* The above arrangement is to be found in most cranes ; if the student is 
not acc[uainted with the arrangement of a train of wheels he will do well to 
examine a good crane, such as is to be seen at most railway stations : the 
train of wheels in a clock is also a good example, but cannot commonly be 
studied without taking the clock to pieces. 

P 
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110. The Hunting Cog. — If wheels have to do heavy 
work, and the precise proportion between the velocities 
is not of great importance, an additional tooth — called a 
hunting cog — is introduced into one of the wheels, so that 
the same pair of teeth may seldom work together; by 
this means they are kept firom wearing unequally; for 
instance, if in the last Example we denote the teeth of 
the driver by the successive numbers 1, 2, 3, . . . 36, and 
the teeth of the follower by the successive numbers 1, 2, 
3, . . . 108. Then in every revolution 1 will work with 
1, 37, and 73; 2 will work with 2, 38, and 74; and 36 
will work with 36, 72, and 108. If now we introduce a 
hunting cog into the driving-wheel, so that it contains 37 
teeth, then oh the first revolution 1 will work with 1, 38, 
and 75 ; in the next revolution with 4, 41, and 78, in the 
third with 7, 44, and 81, and not until the 38th revolution 
will it work with 1 again. 

Ex, 497.— If in the last Example a * hunting cog ' were introduced into 
the driver so that it contains 37 teeth, determine the number of feet per 
minute the load wHl now travel. jins, 323 ft 

Ex. 498. — If in Ex, 496 there are A: + 1 axles and the drivers contain 
m teeth, and the followers contain n teeth a-piece, show that the number of 

revolutions made by the last axle will hep / -| 

Ex. 499. — If in the last Example it is required to multiply the number 
of revolutions 200 times, how many axles must we use, (1) if we take 
fn^2n; (2) if wetake m«4n; (3) if we take w- 6 n, and determine the 
number of teeth employed, in each case using the nearest whole numbers ? 

Ans. Axes (1)8. (2)4. (3)3. 
Teeth (l)24n. (2) 20n. (3) 2 In. 
Ex. 600.— If each driver has m teeth, and each follower n teeth, and if m 
is the total number of teeth in the train, and if the last axle makes a revo- 
lutions while the first axle makes one revolution, show that 
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1.6. to r vers — + 
n 



* Ex. 601. — In the last Example show that for a given yalue of k we 
shall obtain the greatest value of ^ by making ^=3*59 . n nearly.* 

[It is easily shown that log ( — j =» 1 + — , whence the result stated.] 

\ w / m 

Ex. 502. — In the case of a pair of wheels with epicydoidal teeth show 
that the space through which the surfaces of each pair of teeth slide one 
upon the other while in contact and after passing the line of centre is ap- 
proximately represented by the formula — ^ i — + — i or -^^ (-— +--- i 

n \ n n^f n^ \ » «i/ 

where r and r^ are the radii of the driver and follower respectively, and n 
and Wi the number of teeth in those wheels respectively, 

[Beferring to fig. 149 it is evident that the pair of teeth just going out 
of contact touch at c^ ; it is also evident that the two points Aq and a.\ 
were in contact at ▲, so that the space through which the surfaces have 
slidden over each other is a^ a'q, which is very nearly equal to the sum 

of the versed sines of the arcs aoa^ and aOi a'^, 
Vi vers ; whence the value assigned in the question.] 

Ex. 603. — A weight p bal&nces a weight q under the following circum- 
stances ; p is tied to a rope which is wrapped round an axle whose radius m 
p; Q IB tied to a rope which is wrapped round an axle whose radius 
is ^; to the former is attached a concentric rough wheel, whose radiuff 
is r, to the latter in like manner a concentric rough wheel, whose radius is 
fj ; these two wheels 
are in contact on the 
line of centres so that 
r + Tj. equals o Oi, 
show that if we neg- 
lect the magnitude 
of the axes and the 
rigidity of the cords, 
we shall have 

a r 
PbQ 1.. _ 

P ri 

[The arrangement 

described in the 
above example is re- 
presented in the an- 
nexed diagram; it is 
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* It would appear from this that the best proportion betwten the number 
of teeth in driver and follower for multiplying velocity is 1 : 4. This result 
is due to Dr. Young, Lectures, voL ii. p. 66. Mr. Willis remarks that the 
rule is not of much practical value, Principles^ p. 218. 
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drident that the rough wheels act on each other hj means of a mntual action 
through the point a.] 

Ex. 504. — In the last Example if we suppose the separate wheel and 
axles to turn round axes whose radii are p and p^ respectiyelj and the limit- 
ing angles of resistance between them and their bearings to be ^ and ^p^, 
show that when p is on the point of oTercoming q we have the following 
rolation (neglecting the rigidity of cords, and the weights of the wheel and 
axles) 

p (p— p sin ^)(ri-pi sin ^i)=q(j— f>i sin ^i) (r + p sin ^) 

Ex. 605. — If in the last Example, besides the frictions on the axes, we 
take into account the weights w and Wi of the wheel and axles, determine 
che relation between p and a. 

Ex. 506. — If in the last Example we neglect powers and products of 
n^ny^ psin» p^jin^,^ p, sin 0,^ ^^^^ ^^^^ ^^ ^^^^^ ^^ ^^ ^^ 

p r q ri 

work that must be done in order to raise a weight of q lbs. through a space 
of « ft is given by the formula 

u=<w < 1 + ( — - + — I pBm<f>+ (— ) px s^ ^1 V 

y. \p r/ ^9 rj J 

+ !j_' (w ^Ji£^ +w/^»^°*^^ r 

q I r ^1 J 

Ex. 507. — In the last Example if we suppose the rough wheels to be re- 
placed by a pair of toothed wheels whose pitch circles have the same radii 
as the wheels ; then if the wheel o contains n teeth, and the wheel 0^ con- 
tains Wi teeth, show that when q is raised through a space of sft. the work 
lost by the friction of the teeth is approximately represented by the formula 

fiQsl^ + — ), where /a is the coefficient of friction between the teeth, 
\n nj 

2 IF 

[If the wheel Oi a revolves through an angle — the space through 

which the surfaces of the driving and driven teeth slide is ^^^ (^^JL.\ 

and therefore, supposing b, the mutical pressure, to continue constant 
during the contact of the teeth, the number of units of Work expended 

on friction equals fiB, ^ ( " + — ) * ^ow, approximately, 

nri = Qq, and therefore the work expended on one pair of teeth equals 

fi Q _^(![ + -^ I; but -^ is the space through which q is raised during 
Wi \n til/ ^1 . 



* If p instead of being a weight were a pressure acting vertically upward, 
it is easily shown that the third term of this equation is 

Q«f— + — ] Pi sin 1 
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the action of one pair of teeth, and the same being true of every pair of teeth 
we obtain the result stated in the question. Of course, the addition of the 
expression contained in the pl'esent question to that obtained in the last is 
the correct approximate formula for the work expended in raising a weight 
through the intervention of a pair of toothed wheels.] 

Ex. 608. — ^A pressure p acting at the end of an arm oa, two feet long, 
causes the toothed wheel ob to make 10 turns per minute ; this wheel work- 
ing with the wheel OiB turns the drum OjC and raises the weight a; 
given that p does at the point a 330000 imits of work per minute, deter- 
mine approximately the weight q that will be raised by the drum, having 
given the radius of ob to be 1 foot, oiB to be 3 feet, the number of teeth 
in OB to be 40. and the radius of the drum 5 feet; the teeth, axles and 
bearing are all of cast iron without imguents ; the radii of the axles are 3 in., 
the weight of the axles and appendages of o are 3600 lbs., and that of o^ 
being 5400 lbs. Ana. (1) 2724 lbs. 

[See Note to Ex. 606.] 

Ex. 609. — Show that in a train of jp pairs of wheels and pinions * the work 
lost by friction between the teeth is given by the formula 

rill 1 'I 

LI*! fia «3 n2p J 

where w^, ng, n^. ,.n2p are the number of teeth in the successive wheels and 
pinions. 

Ex. 610. — There is a train of p equal pairs of wheels and pinions ; the 
numbers of teeth are such that the last axle revolves m times faster than the 
first ; show that if u is the number of units of useful work yielded, the work 
lost by the friction between the teeth is represented by the formula 

1 

t^llPll + m^) 
n 

where n is the number of teeth in each wheel. 

*Ex. 611. — ^If it is required to make the last axle move m times faster 
than the first, show that the loss of work is least when jp, the number of pairs 
of wheels and pinions, is given by the formida 

_^1 1 

m + logg m +1 = 

Ex. 612. — If in the last Example it is required to multiply the velocity 
100 times, show that the proper number of pairs of wheels and pinions is 3 
or 4, i.e. show that the equation in the last Example gives a value of p 
between 3 and 4 ; and determine the number of teeth employed in each case 
if the first pinion have 20 teeth, using the nearest whole numbers. 

Ana. (1) 339. (2) 332. 

* When a small wheel drives a large one the former is frequently called 
a pinion and the latter a wheeL 
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Ex. 518. — If in the pair of wheels ahready descrihed (Ait. 109) all but a 
sixigle pair of teeth be cut away, so that the remaining teeth act on each 

2 IT 

other while the wheel o mores through an angle — before coming to 

n 

the line of centres, and also while it moves through an equal angle after 

haying passed the line of centres, and if we suppose p and Q to act on the 

pitch circles of their respective wheels, show that when the |>oint of contact 

is in such a position that the wheel o has to revolve through an angle 

before the point of contact comes to the line of centres we have 



< ^i — (r+r^) tan B tan ^ \ — Qri 



and that when the point of contact is so situated that the driver has 
revolved through an angle :&om the line of centres we have 



pr=Q< r + (r + ri) tan— tan ^ i 



[If in the aceompanying figure x is the point of contact of the teeth 
before they come to the line of centres, that point x will be on the circum- 
ference of a circle whose diameter is oa ; if then we draw a line sb' such 
that the angle bza equals ^, this will be the line ef the mutual action of 

Fio.151 





*>. 



the teeth ; remembering that the angle Aox equals it is easily shown 
that the perpendiculars on ssf fBom o and 0^ are respectively equal to 

r cos B cos <l> 

And (r+ri)coB (0 + ^)— r cos cos ^ 

whence the first equation is obtained ; the second is obtained in a similar 
manner, by determining the relation between f and q when the follower 
has revolved thiaugh an angle 6* which will be found to be 

pre=Q< r + {r + r{) tan C tan ^ > 

whence we obtain the answer.] 
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Ex, 514. — ^If the driver be not greater than the follower, show from the 
equations of the last example, that for a given value of q, the value of p is 
greater when the driving tooth is in a given position before it comes to the 
line of centres than when it is in a corresponding position after having 
passed the line of centres. 

[Expand the values of p in terms of B and 0, omitting higher powers than 
the fourth.] 

Ex. 515. — ^If AB be any diameter of a circle apb ; if c be any point taken 
in the prolongation of ab (so that b is between ▲ and c), and if ap, bp, cp be 
joined, show that 

BC s= AC tan pab tan bpc 

and hence explain the action of the pressures which produce the result 
which follows from the first equation in Ex, 513, viz. that when rx» 
(r + r^) tan 6 tan ^ the pressure p most be infinitely laige to bring q into 
the state bordering on motion. 
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CHAPTER L 

IHTKODUCTOKT.* 

111. Velocity. — Before considering force as the cause of 
velocity or of change of velocity, it will be necessary to 
define accurately the means of estimating the magnitude 
of velocities. 

Def. — A body moves uniformly or with a uniform velocity 
when it passes over equal spaces in equal times. 

The units of space and time commonly emplc^ed are 
feet and seconds f: and whenever a body is said to be 
moving with any particular velocity, e. g. 5 or 6, this will 
always mean with a velocity of 5 or 6 feet per second. 

Def. — When a body moves with a variable velocity, 
that velocity is measured at any instant by the number of 
units of space it would pass over in a unit of time if it 
contvnued to move uniformly frora that instant. 

It will be seen from the definition that variable velocity 

* The student is particnlariy lecommended to make himself thoroughly 
master of this chapter before proceeding further. 

t To prerent mistake, it may be stated that the time referred to is mean 
solar time. 
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is measured in a manner that exactly falls in with the 
ordinary way of speaking : thus when we say that a train 
is moving at the rate of 40 miles an hour, we mean that 
if it were to keep on moving uniformly for an hour^ it would 
pass over 40 miles: again, if we were to drop a small heavy 
body, we should find that at the end of a second it is 
moving at the rate of about 32 feet per second, or, as it 
is commonly stated, it acquires in a second a velocity 32, 
meaning that if it were to move imiformly from the end 
of that second it would pass over 32 feet in each successive 
second. 

112. Relation between uniform Velocity ^ Time, and 
Space. — In the case of a body moving with a uniform 
velocity, it is evident that the number of feet (s) passed 
over in t seconds must be t times the number of feet 
passed over in one second (v). 

.-. 8=zVt 

The space 8 can, of course, be represented geometrically 
by the area of a rectangle whose sides severally represent 
on the same scale the velocity and the time. 

Ex, 516. — A body maves imiformly over 2J miles in half an hour, de- 
termine its velocity. Ana. 7^ 

Ex. 517. — ^A body moves at the rate of 12 miles an hour, determine its 
velocity. Ans, 17f. 

Ex, 518. — The equatorial diameter of the earth is 41,847,000 ft., and the 
earth makes one revolution in 86,164 seconds, determine the velocity of a 
point on the earth's equator, Ans. 1526. 

Ex. 519. — A body moves with a velocity 12 ; how many miles will it pass 
over in one hour ? what would be its vdocity if w& used yards and minutes 
as units instead of feet and seconds? Ans. (I) 8^. (2) 240. 

113. The Velocity acquired by Falling Bodies. — It 
appears as the result of the most careful experiment that 
at any given point of the earth's surface, a body falling 
freely in vacuo acquires at the end of every second a 
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certain constant additional velocity:* this velocity is slightly 
different at different places, but is always the same at the 
same place, and never differs greatly from 32 ; so that if at 
any instant the falling body has a velocity v, it will have 
at the end of the next second a velocity v+32. This 
additional velocity is commonly called the accelerating 
force of gravity, and is denoted by the letter g^ — in all 
the following examples it will be assumed that g equals 
32, unless the contrary is specified. 

From what has been said it is plain that if a body is 
let fall, it acquires a velocity g at the end of the first 
second, 2g at the end of the second second, Sg at the end 
of the third second, and so on : consequently, if «; is the 
velocity acquired at the end of t seconds, we shall have 

v=gt 

By the same reasoning it appears that if the body is 
thrown downward with a velocity v, and if «; is its velo- 
city after falling for t seconds, then 

Vz:zY-\-gt 

Moreover, it appears, when a body is thrown upward so 
as to move in a direction opposite to that in which gravity 
acts, that it loses in every second a velodty g; conse- 
quently in that case 

v^Y—gt 

Ex, 520. — ^A body falls for 7 seconds, with what velocity is it moving at 
the end of that time ? Ans. 224. 

Ex. 521. — If a body is let fall, how long will it take to acquire a velocity 
of 200 ft. per second? Ans. 6 J sec 

Ex. 522.— A body is projected downward with a velocityof 80 ft. per 
second ; determine the velocity it will have at the end of 5 seconds, and 
the number of seconds that must elapse before its velocity equals twice its 
initial velocity ? Ans. (1) 240. (2) 2J sec 



* It may be remarked, that the difference between the velocities with 
which a feather and a bullet descend is entirely due to the resistance of 
the air. 
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Ex, 523. — ^A body is thrown downward with a velocity of 160 ft. per 
second, determine its velocity at the end of 4 seconds, and the number 
of seconds in which a body that is merely dropped would acquire that 
velocity. Ana, (1) 288. (2) 9 sec. 

Ex. 624. — ^A body a is projected downward with a velocity of 160 ft. per 
second ; at the same instant another body b is projected upward with an 
equal velocity; determine how much faster a will be moving than b at the 
end of 4 seconds. Ana, 9 times. 

Ex. 625. — ^A body is thrown upward with a velocity of 96 ft. per second; 
with what velocity will it be moving at the end of 4 seconds ? 

[The formula gives— 32, i. e. it will be moving downward with a velocity 
of 32 ft. per second.] 

Ex. 626. — ^In the last case how long will it take the body to reach the 
highest point ? 

[It will be at the highest point when v— 0, L e. after 3 seconds.] 

Ex, 627. — A body is at any instant moving upward with a given velo- 
city V, show that it will be moving downwards with an equal velocity after 

~ seconds ; and that it will reach its highest point after — seconds. 
9 9 

Ex. 628. — ^A body is thrown up with a velocity mg, after how long will it 
be descending with a velocity ng ? Ana, m-i-n sec. 

114. The Space described in a given Time by a Falling 
Body^ — It admits of proof that if a body is allowed to fall 
freely from rest for t seconds the number of feet (s) which 
it will pass over is giyen by the formula 

If, however, it is thrown downward with a velocity v, 
we shall have 

and if upward with a velocity v, it will, at the end of t 
seconds, be s feet above the point of projection, where 

8=V^-iflr^« 

Ex. 629. — How many feet will be described in 4 seconds by a body that 
moves freely from rest under the action of gravity ? Afia, 266 ft. 

Ex, 630. — Through how many miles would a body falling freely from rest 
descend in one minute ? Ana. 10|} mi. 

Ex, 631. — ^A body is projected downward with a velocity of 20 ft. per 
second ; how for will it &11 in 1| seconds ? Ana, 66 ft. 
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Ex. 632. — ^A body is projected vpwud with a Tdooftj of 100 ft. per 
•eeond, how hig^ will it hare ueended in three seconds ? Jbu. 156 ft 

Ex. 633. — Show that the greatest ralne of Tt—^^fi is faoaad bj makiiig 

g [Compare this result with Ex. 627.] 

Ex. 634. — If a body is projected Mpiparrf with a Tdodty of 96 ft. per second, 
where will it be at the end of 7 seconds, and what will be the whole space 
it will have described ? 

Ans. (1) 112 ft below the point of projectioii. (2) 400 ft 

Ex, 536. — A body is projected upward with a Tdodty of 100 ft per second, 
determine where the body will be, with what velocity, and in what direction, 
the body will be moving at the end of 4 seconds. 

Ans, (1) 144 ft above the point of projection. (2) 28 ft per sec 

downward. 

Ex, 636. — A body is projected npward with a vdoetty t, show that it 

2t 

will return to the point of projection after. — seconds. 

[Compare this result with Ex. 627.] 

115. Relation between Velocity acquired and Space 
passed over by a Falling Body. — The above relations 
between the velocity {v) which the body has at the end of 
a time {t) and between the space (s) which it describes in 
the same time (t) enable us to determine the relation be- 
tween V and 8 ; thus if the body is simply let fall we have 

v—gt 
and s=^gt^ 

whence v^=2gs 

an equation which gives the velocity acquired in falling 
from rest through s feet. From the corresponding equa- 
tions the reader will easily deduce the following 

V* = T* + 2^S 

v'=\^^2gs 

The former of these gives the velocity (v) which the 
body has after falling through s feet when it was thrown 
do¥naL with a velocity v ; the latter the velocity (v) which 
it has when it is 8 feet above the point from which it 
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was thrown up with the velocity t. Whether the direc- 
tion of this velocity (y) is upward or downward must be 
determined by other considerations. 

Ex. 637. — K a body is thrown upward with a Telocity v, show that it will 

y 3 

ascend through - — feet. 

Ex. 538. — If a body is thrown upward with a Telocity of 200 ft. per second, 
find its greatest height. Ans. 625 ft. 

Ex. 539.--If a body fells freely through 150 ft. find the Telocity it ac- 
quires. Ans. 98. 

Ex. 540. — A body is projected Tertically upward with a Telocity of 200 ft. 
per second ; how long will it take to reach the top of a tower 200 ft. high, 
and with what Telocity will it reach that point? 

Ans. (1) 1-1 sec. (2) 164-9. 

Ex. 541. — Let ab be a Tertical line at the same instant one body is dropped 
from A and another thrown up from b, they meet at the middle point of ab; 
find the initial Telocity of the second body. Ans. Vff x ab. 

Ex. 542. — ^A stone (a) is let fell from a certain point ; one second after 
another stone (b) is let fall from a point 100 ft. lower down ; in how many 
seconds will a OTertake b, and what space wiU it haTe described ? 

Ans. (1) 3f sec. (2) 210J ft. 

Ex. 543.— A stone (a) is let fall from the top of a tower 350ft. high; 
at the same instant a second stone (b) is let fall from a window 60 ft. 
below the top ; how long before a will b strike the ground ? 

Ans. 0*35 sec. 

Ex. 544. — ^A stone (a) is projected Tertically upward with a Telocity of 
96 ft. per second ; after 4 seconds another stone (b) is let fell from the same 
point ; how long will b moTe before it is OTertaken by a, and at what point 
will this take place ? 

Ans. (1)4 sec (2) 256 ft. below the point of projection. 

Ex. 646. — In the last Example if only 3 seconds had elapsed when b was 
let fall would a CTer haTe OTcrtaken it ? Ans. No. 

Ex. 546. — The point a is 128 ft. aboTe b ; a body is thrown upward from 
A with a Telocity of 64 ft. per second, and at the same instant another is 
thrown upward from b with a Telocity of 96 ft. per second ; show that after 
4 seconds they will both be at b ; moTing downward with Tclocities 64 and 
32 respectiTely. 

116. Velocity due to a certain Height — When a body 
is moving with a given velocity (v), a certain height (h) 
can always be found such that if a body fell down it freely 
from rest it would acquire the given velocity: under these 
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drcumstances y is said to be the velocity due to the height 
H« These quantities are^ of coiu-se^ connected by the 
equation 

Ex. 547.~I)etennine the height to which yeloeities of 20, 59, and 760 ft. 
per second are respectiyely due. 

Am, (1) 6J ft. (2) 64|| ft. (3) 9026 ^ 

117. Other Cases of uniformly Acceleraied Motion, — 
The forniul» hitherto used are true for any value of g, 
and indeed for the motion of any body which is acted on in 
its line of motion by a force that increases its velocity by 
equal amounts in equal intervals. 

Ex, 548. —At the distance of the moon the accelerating force of grayity 
is reduced to about y^ : if a body feU freely under the action of this force 
for one hour, with what velocity per minute would it then be falling : and in 
how many seconds would a body falling in the neighbourhood of the earth's 
surface acquire the same velocity ? 

An8. (1) 1928f (2) 1 sec very nearly. 

Ex, 649. — If a body were to begin to fall to the earth from the distance 
of the moon, how many yards would it fall through in half an hour ? 

Ana, 4821 yards. 

Ex. 650. — In the last Example if a body were thrown upward with a 
velocity of 4 miles an hour, how long would it take to return to the point 
of projection ? Ana, 1314 sec. 

118. The Acceleration' of the Motion of a given Body 
produced by a given Pressure, — Let the weight of the 
body be w lbs. ; we have seen that if it falls freely it 
acquires in every second an additional velocity g. In 
other words, if this body is acted on by a pressure of w 
lbs,, its velocity is increased every second by g. Now 
suppose it to be acted on by a constant pressure p ; for 
instance, suppose it to be placed on a smooth horizontal 
plane and to be pushed by a horizontal pressure of p lbs., 
it appears from experiment* that its velocity will be 

* It may be remarked, that it is very difficult to devise experiments which 
shall exhibit the fundamental principles of Dynamics in a state of isolation : 
Galileo, who discovered most of them, possessed a rare sagacity in detecting 
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increased in every second by a certain constant amount /, 
given by the proportion 

w : T::g if 

that is to say, the accderations, or the increments of 
velocity of the same body, in each second are proportional 
to the pressures that produce them. 

It follows from the remark already made (Art. 117) 
that the formulae previously given for falling bodies will 
be true in the present case when / has been substituted 
for g. Thus we shall have 

v—ft s-yt^ v^=2fs &c. 

Ex. 651. — ^A body weighing 30 lbs. slides along a smooth horizontal 
plane under a constant pressure of 15 lbs., determine (1) the additional 
velocity it acquires in every second : (2) the velocity it will have at the end 
of 5 seconds : (3) the space it will pass over in 6 seconds. 

Arts. (1) 16. (2) 80. (3) 200 ft. 

Ex. 552. — A mass weighing w lbs» is urged along a rough horizontal 
plane by a pressure of p lbs. acting in a direction parallel to the plane; the 
coefficient of friction is m ; if the body's velocity is increased in every second 
by/, show that 

w 

Ex. 553. — A weight of 100 lbs. is moved along a horizontal plane by a 
constant pressure of 20 lbs.; the coefficient of friction is 0*17 ; determine (1) 
the space it will describe in 10 seconds ; (2) the time in which it will 
describe 200 ft. Ans. (1) 48 ft. (2) 20-4 sec 

Ex. 554. — A train weighing 50 tons is impelled along a horizontal road 
by a constant pressure of 550 lbs.; the friction is 8 lbs. per ton: what 
velocity will it have after moving from rest for ten minutes, and what 
space will it describe in that time ? * 

Ans. (1) 17| mUes per hour. (2) 7714 fb. 



the parts of a phenomenon which were due to disturbing causes, and thus 
was enabled to get at the fundamental principles. The experimental veri- 
fication of these principles is nearly always indirect^ and consists in com- 
paring actual cases of motion (e. g. that of planets, of pendulums, &c.) with 
the secondary principles which have been derived from them. 

* If the resistances which oppose the motion of a train were constant, 
it would be possible to attain any velocity howev^ great: in reality the 
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Ex, 565, — ^If in the last Example the steam were cat off at the end of 
the 10 minutes, how many seconds will elapse before the train stops, and 
how far will it go ? Ans. (1) 225 sec. (2) 2893 ft. 

Ex, 556 A train is observed to move at the rate of 30 miles per honr, 

and to run on a horizontal plane for 10,000 ft., find how many lbs. per ton 
the resistances amount to supposing them independent of the yelocity. 

[It is easily shown that /=» 0*0968 ; then the resistance (p) in lbs. per ton 
(w) is found to equal 6-776 lbs.] 

Ex. 557. —A weight q is tied to a string and rests on a rough horizontal 
table ; to the other end of the string is tied a weight p which hangs verti- 
cally over the edge of the table ; if the weight of the string and its Mction 
against the edge of the table are neglected, show that when p &lls it 
accelerates q's velocity in every second by^, where 

P + Q 

[The student will remark that in this case a weight p + q is moyed by a 
pressure p— /xq.] 

Ex, 558. — A mass of cast iron weighing 100 lbs. is drawn along a hori- 
zontal plane of cast iron by means of a cord which is parallel to the plane, 
and to the end of which a weight of 20 lbs is attached : determine (1) the 
acceleration ; (2) how far it will move in 4 seconds. 

Ans. 1 J ft. per sec. in each second. (2) lOfft. 

Ex. 659. — If in the last Example the mass had described 5 ft. in 1| 
seconds what must have been the coefficient of friction ? Ans. ^. 

Ex. 560. — -If in Ex. 557 Q weighs 1 lb. and p weighs 1 oz. ; if moreover 
the length of the string is 12 ft. and p is placed at the edge of the table 
which is 3 ft. above the ground, find (1) how long p will take to reach the 
ground ; (2) how long it will take q to arrive at the edge of the table ; the 
friction between q and the table being neglected. 

Ans. (1) 1-78 sec. (2) 4*46 sec. 

Ex, 561. — In the last Example suppose p and q each to weigh one 
pound, determine the coefficient of friction between q and the table if that 
body just reaches the edge. Ans. ^. 

Ex, 562. — If p and q are two weights connected by a fijie thread (whose 
weight is neglected) passing over a fixed smooth cylinder ; determine the 
acceleration ; and if a weight equal to p— q is taken from p after it has 
described s feet, determine the space it will describe in the next t seconds. 



resistance of the air always imposes a limit on the velocity that can be 
attained by a train moving imder a pressure that exceeds the frictions by 
any given amount; thus Mr. Scott Bussell's formula for the resistance 
contains a term involving the square of the velocity of the train (Kankine, 
p. 620). 
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Ex. 663. — In the last Example show that the tension on the string before 
p— Q is removed equals 

P-rQ 

[Let T be the required tension ; the pressure acting on p is p— t dotun- 
wardy so that the acceleration of p downward is ?^^^. Similarly the 

ac6eleration of Q upward is ff. And these must be equal, since at 

any instant p is moving downward with the same velocity that q has 
upward.] 

Ex. 564. — If after the bodies (in Ex. 662) have moved for t seconds they 
are in the same horizontal line, and if at that instant the string is cut, find 
the distance between the bodies after n seconds. 

Ex. 666. — ^In Ex. 667 show that the tension equals (^+/*)^Q 

P + Q 

Ex. 666. — In Ex. 668 find the tension on the string. Ana. 19|lbs. 

Ex. 667. — ^A sphere lies on the deck of a steamer and is observed to roll 
back 20 inches ; if the resistance to rolling is the ^th part of its weight, 
determine the change in the velocity of the steamer. Ans. 2-309 ft. per sec. 

119. The Work accumulated in a Moving Body, — If a 
body weighing w lbs. is at any instant moving with a 
velocity of v feet per second, there will be accumulated 
in it a certain number of units of work; this is evident 
from the fact that the moving body is capable of over- 
coming any given resistance through a certain space ; the 
precise number of units of work thus accumulated is given 

w 
by the formula — v^; this can readily be proved as fol- 
lows : — It is plain that the number of units of work accu- 
mulated in the body at any instant is independent of the 
direction of the velocity ; we may therefore suppose it to 
move in any direction that will enable us to ascertain the 
number ; now, if we suppose the body to be moving verti- 
cally upward, it will ascend to a height H, given by the 
formula v^ = 2gR 

But to lift a weight w through h feet requires the expen- 

w 
diture of wh units of work, therefore WH or — v* is 
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the number of units of work that must have been accu- 
mulated in the body. 

Ex. 568. — A body whose weight is 10 lbs. moves with a velocity of 16 ft. 
per second, it has to overcome a constant resistance of half a pound ; deter- 
mine the number of feet it will describe before stopping. 

[There are 40 units of work accumulated in the body : . now, if x be the 
number of feet required, Jj: is the number of units of work done ; whence x 
equals 80 feet.] 

Ex. 569. — In a similar manner obtain the answers to the ^^ampies 665, 
566, 561, and 567. ^- I 

Ex. 570. — A railway truck weighing with its contents 10 tons — ^i^tstancefl 
being 8 lbs. per ton — is drawn from rest by a horse ; after going SQQpt. it is 
observed to be moving at the rate of 5 ft per second ; detemmie t&eiiumber 
of units of work that has been done by the horse. Ans. 32750. 

Ex. 671. — A train weighs 100 tons — resistances are 8 lbs. p« ton — 
determine the smallest number of units of work expended in i^-^Tui of 100 
miles on a level road.* Ans. 422db0000. 

Ex. 572. — In the last Example if the train stops 10 times and the driver 
in each case gets the speed up to 30 miles an hour, and to save time torus 
off the steam and puts on the break at lOOOffc. before each station, determine 
the total loss of work ; and the proportion it bears to the total munber of 
unita that need be expended. Ans. (1) 69760000. (2) nearly Jth. 

Ex. 573. — A shot weighing 6 lbs. leaves the mouth of a gun with a velo- 
city of 1000 ft. per second : determine the number of units of work accu- 
mulated in it, and the mean pressure exerted by the exploded powder behind 
it if the length of the bore is 5 ft. Ans. (1) 93760. (2) 18750 lbs. 

Ex. 674. — If the shot in the last Example penetrates 24 in. into a piece 
of sound oak, determine the mean resistance offered by the wood. 

Ans. 46875 lbs. 

120. Velocity acquired by a Body in sliding down a 

Smooth Curve, — Let h be the vertical height of a point 

Fio. iM ^ above another point b, tbe points 

being anywhere situated ; let us sup- 
pose them joined by any smooth line, 
whether straight or curved ; tben if a 
body is supposed to slide in vacuo 
from A to B along the curve, and if v 

* It is supposed that at the end of the journey the steam is turned off at 
such a point that the train just runs into the station without putting on the 
break. 
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is the velocity it has at A, and v the velocity it has at b, 
it can be proved that 

Now, if a point b^ were to be taken vertically under A, and 
in the same horizontal line as b, a body that is thrown 
down from A with a velocity v will have at b^ the same 
velocity, viz. v — i. e. the change in the velocity of the body 
between a and the horizontal line bb^ is irrespective of the 
path it describes. In explanation of this remarkable fact it 
may be observed, that at every instant the reaction is per- 
pendicular to the direction in which the body is moving, and 
therefore cannot accelerate the velocity. The same formula 
is true of a body suspended by thread, and oscillating ; for 
the tension of the string will act at each point perpen- 
dicularly to the direction of the body's motion, and will 
neither accelerate nor retard its velocity. 

Ex. 575. — A stone is tied to the end of a string 10 ft. long and describes 
a vertical circle of which the string is the radius ; if at the highest point it 
is moving at the rate of 25 ft. per second, find its velocity aft^r describing 
angles of 90° 180°, and 270° respectively from the highest point. 

Ans. (1) 35-6. (2) 43-6. (3) 35-6. 

Ex. 676. — Show that if a body oscillates in any arc of a circle, the arc of 
ascent would always equal the arc of descent if there were no passive re- 
sistances. 

Ex. 577. — ^A body is tied to the end of a string 12 ft. long, the other end of 
which is fastened to a point a ; at a distance of 4 ft. vertically below a is a peg 
B ; the body descends through an angle of 30° when the string comes to the 
peg B ; find the angle through which the body will rise. Ans. 36° 58'. 

Ex, 578. — Suppose a body to move in a circle whose radius is r, and lowest, 
point A ; let V be the velocity it has at a point p and v that which it has at q ; 
let the chords ap and aq be denoted by c and c respectively show that 

t;«=v«+i^(c«-c»). 

T 

121. Centrifugal Force. — If a stone is tied to the end of 
a string and whirled round, there arises a very peculiar 
case of the action of forces, and one which requires careful 
consideration. Suppose the string to be r feet long, the 
stone to weigh w lbs. and to move with a velocity of 
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V feet per second ; now, the tendency of the stone at each 
instant is to move off in the direction of a tangent to the 
circle it describes, therefore there must be exerted on it 
at each instant a certain pressure p (acting along the 
radius and towards the centre) suflficient to deflect it from 
the tangent and to keep it in the circle ; this pressure is 
given by the formula 

w V* 

p=— . — 

g r 

In the case supposed this pressure is supplied by the hand, 
and gives rise to the same sensation as would be produced 
if the stone were at rest and pulled outward with a pressure 
of p lbs. It must be added, that when any heavy body 
moves in a circle under the action of any forces whatever, 
the sum of the resolved parts of the forces along the radius 

w v' 
must at each instant equal — . — or the body will not con- 
tinue to move in the circle. 

We have already seen that if a body whose weight is w 
is acted on by a pressure p, it would acquire at the end of 

every second an additional velocity / equal to —g; in the 

w 



present case therefore 



v« 



r 



The acceleration / is frequently spoken of as the ' centri- 
fugal force.' 

Ex. 579. — A weight of 1 lb. is fastened to the end of a string 3 ft. long 
and made to perform 50 revolutions in 1 min. with a uniform velocity : the 
revolutions take place in a horizontal plane, determine the tension on the 
string. Ans. 2-57 lbs. 

Ex. 580. —In Ex. 675 determine the tension on the string at the highest 
and at the other points, supposing the body to weigh 10 lbs. 

Ann, (1) 9-53 lbs. (2) 39*53 lbs. (3) 6953 lbs. (4) 39-63 Iba. 
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Ex, 681. — If a body moves in a vertical circle the radius of which is 5 ft. 
determine the velocity at the highest point that the body may just keep in 
the circle. Ans, 12*65. 

[Let T be the tension on the string, then t + w « - • — - and the 

9 r 

body will just keep in the circle if t = 0. If — • — were less than w the 

body would fall within the circle ; if it were greater than w there would be 
a certain tension on the string.] 

Ex. 582. — ^In the last Example show that the tension on the string at the 
lowest point will equal 6 times the weight of the body ; and that when the 
body has described a quadrant &om the highest point the tension is 3 times 
the weight of the body. 

Ex. 583. — Show that the centrifugal force at the equator equals 0*11129 
or the 255*^ P^^ ^^ what the accelerating force of gravity would be if 
the earth were at rest. 

[See Ex, 518 and Table XV.] 

Ex. 584. — How many revolutions would the earth have to make in 24 
hours, if bodies would ^2^^ stay on her surface at the equator ? 

Ans, a/289. 

Ex. 585. — Given that the moon makes one revolution round the earth in 
about 2,360,000 seconds, and nearly in a circle whose radius is 59*964 times 
the earth's equatorial radius, show that the accelerating force of gravity on 

the moon must equal reckoning in feet and seconds : what infer- 

^ 112-48 ^ 

ence can be deduced from this as to the law of the decrease of the earth's 

attraction ? 

Ex. 586. — A body moves in a circle whose radius is r, the pressure tend- 
ing towards the centre necessary to keep it in the circle is p, if u is the work 
accumulated in the body, show that 

2x7=pr 

122. Time of Oscillation of a simple Pendulum. — If a 
small bullet is suspended by a very fine thread, and caused 
to oscillate in any small arc (e. g. not exceeding 2^ or S"* 
on each side of the lowest point), then the time of each 
oscillation* is given approximately by the formula 

* i. e. the time of moving &om the highest point on one side to the highest 
on the other. 
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where t is the required time in seconds^ and I the distance 
in feet from the point of suspension to the centre of the 
bullet. It may be remarked that the above formula would 
be rigorously true if the bullet were reduced to a point, 
the thread perfectly flexible and without weight, and the 
arc of vibration indefinitely small: a pendulum possessing 
these properties (which is, of course, an abstraction) is 
called a simple pendulum, and the above formula is said 
to give the time of a small oscillation of a simple pen- 
dulum. 

Ex. 587. — If ^=32*2 determine the number of oscillations made ukooe 
hour by a pendulum 3 ft. long. Ans. 3754*2. 

Ex. 588. — It is found that at a certain place a pendulum 39*138 inches 
long oscillates in one second ; determine the accelerating force of gravity at 
that place. Ans. 32*1897. 

Ex. 589.— If L is the length of a seconds pendulum show that 

Ex. 590. — If L is the length of a seconds pendulum at any place, and 
/ the length of a pendulum that oscillates in n seconds at the same place, 
show that 

Ex. 591. — A pendulum at the average temperature oscillates in one 
second ; it is foimd that its length is l ; after a certain time it is found 
to lose 50 seconds a day ; determine the increase of its length. 

Ans. 0-00116 L. 

123. Centre of Oscillation and Percussion. — Let ab 
represent any body capable of oscillating about an axis 
passing through s perpendicularly to the plane 
of the paper, which plane contains the centre 
of gravity G : let the body be made to oscillate 
round the axis, and let the time of its small 
oscillations be noted ; determine the length I 
of the simple pendulum which would make a 
small oscillation in the same time ; in so 
produced, take o, so that so equals I ; then the 
point o is called the centre of oscillation of the body 
corresponding to the centre of suspension s. If ab has a 
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definite geometrical form, so can be determined by calcu- 
lation, as will be shown hereafter ; but in any case it can 
be determined by observation as explained. 

In the plane of the paper draw ok at right angles to so ; 
it admits of proof that if ab* were struck a blow of any 
magnitude along the line or, there would be no impulse 
communicated to the axis ; the point o is therefore also 
called the centre of percussion. 

Ex. 592. — ^A mass of oak is suspended freely by a horizontal axis; it is 
observed to make 43 oscillations in one minute ; at what distance below the 
point of support must a shot be fired into it so that there may be no impul- 
sive strain on the point of support ? Ans, 6-313 ft. 

Ex. 593. — A tilt hammer when allowed to oscillate about its axis is ob- 
served to make 35 small oscillations per minute, at what distance from its 
axis must be the point at which it strikes the object on the anvil in order 
that no impulse may be communicated to the axis ? Ans. 9*528 ft. 

124. Variations in the Accelerati/ng Force of Gravity 
at different Places of the Earth^s Surface. — When experi- 
mental determinations of the accelerating force of gravity 
are made with great care, it is found to have diflferent 
values at diflferent places ; these diflferences are due to two 
principal causes. (1) The spheroidal form of the earth, 
in consequence of which the attraction of the earth at 
diflferent places is not the same. (2) The diurnal rotation 
of the earth, which causes the eflfective or apparent force 
of gravity to be less than the actual attraction, as part of 
the latter is consumed in keeping bodies on the surface of 
the earth. Besides these general causes, variations are 
produced in the determinations made at particular places 
by diflferences in their level, and diflferences in the density 
of the strata in their immediate neighbourhood. The 
eflfective force of gravity at any place is determined by 
ascertaining the length l of a simple pendulum which beats 

* The body ab is supposed to be symmetrical with reference to the plane 
of the paper. 
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seconds at that place^ and then the accelerating force of 
gravity is determined by the formida {Eac. 589) 



gr=7r»L 



The following table gives the lengths of the seconds 
pendulum at different places^ according to Mr. Airy,* and 
the values of g which can be deduced from them. 



Tablb XV, 

ThB VaXUB of THB AcCBLSRATINO FoBCB of GbAYTTT at DIFFmOfT 

Placbs. 





. 




Length of ■•- 


Accetenting 


Observer 


Place 


Latitude 


condi pendulunQ 
in inches 


force of gra- 
vity; feet and 
secoodi 


Sabine . . . 


Spitzbergen . . 
Hammerfest 


N. 790 50' 


39-21469 


32-2528 


Sabine . . . 


70° 40' 


3919475 


32-2363 


Svanberg . . 


Stockholm . . 


• 690 21' 


3916541 


32-2122 


Bessel . . . 


Konigsberg . . 


64042' 


3915072 


32-2002 


Sabine . . . 


Greenwich . . 


51° 29' 


3913983 


32-1912 


Borda,Biot,and 










Sabine . . . 


Pans .... 


480 50' 


3912851 


321819 


Biot .... 


Bordeaux . . 


440 50' 


3911296 


321691 


Sabine . . . 


New York . . 


40^43' 


39-10120 


32-1594 


Freycinet . . 


Sa,ndwich Islands 


20° 52' 


3904690 


32-1148 


Sabine . . . 


Trinidad . . 


10039' 


3901888 


32-0913 


Freycinet . . 


Kawak . . . 


S. 0° 2' 


39*01433 


320880 


Sabine and Du- 










perrey . . . 


Ascension . . 


7055' 


3902363 


320956 


Freycinet and 










Duperrey . . 


Isle of France . 


20^10' 


39-04684 


32-1151 


Brisbane and 










Kumker . . 


Paramatta . . 


33049' 


39-07452 


32-1376 


Freycinet and 










I>uperrey . . 


Isles Malouines 


51035' 


39-13781 


32-1895 



* Figure of the Figure, p. 229, 
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CHAPTER II. 

ON UNIFORMLY ACCELERATED MOTION. 

125. Accelerating Force. — If the velocity of a body is 
continually increased by equal amounts in equal times, 
that velocity is said to be uniformly accelerated ; and the 
cause which produces this acceleration is said to be a 
uniformly accelerating force, 

Obs. — ^If the velocity of a body is continually dimin- 
ished by equal amounts in equal times, it is said to 
be uniformly retarded; and the cause which produces 
this effect is said to be a uniformly retarding force. 
Now, it must be remarked, the same cause may produce 
imiform acceleration in one body, and uniform retardation 
in another : thus gravity produces the former effect on a 
body moving downward, and the latter on a body moving 
upward : for this reason the term ^ retarding force ' is 
rarely used, and the accelerating force of gravity is spoken 
of, whether the body is moving upward or downward. It 
may be remarked, however, that some forces, such as 
friction, are essentially retarding forces. It must be care- 
fully borne in mind that a body is said to be acted on by 
a uniformly accelerating force /, when at the end of each 
second its velocity is increased by a velocity of / feet per 
second. 

Proposition 23. 

If ABCD be any area bounded by a line straight or 
curved cd, and by straight lines ab, ad, bc, of which the 
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two latter are at right angles to ab ; and if the line do he 
Buck that for. any point p the ordinate pn repreeenta the 
pjii j^ velocity with which a body moves 

at the end of a ti/me t, that is 
represented on the same scale 
by AN, tk«n, the area of the curve 
will represent thespace deecrihed 
by the body in the tiTne ab. 

_ Divide ab into any number of 
equal parts in h„ n,, n^ . . . . 
draw the ordinatee P)N,, p^^, 
PgNj, . . . and complete the rect- 
angles DN|, PiNj, PjBg, .... Now, 
if we Buppose the body to move 
during each interval of time with the velocity it has at the 
commencement of that interval, then {Art 112) it will 
describe a space represented by the sum of the rectangular 

areas dn,, p,n,, p^Nj, ; and this will be true, however 

great the number of intervals may be, and therefore when 
the velocity changes continuously, the space described will 
be correctly represented by the limit of the sum of those 
areas, i. e. by the curvilinear area abcd. 



Propoeition 24. 

If a body begins to move with a velocity of v feet per 
second, and is acted on by a uniformly accelerating force 
f along the line of its motion, the number of feet (s) 
described by it in t seconds is given by the formula 

fl = Vt + i/(» 

Let AB represent the time t on scale ; at right angles to 
AB draw AD and bc representing on the same scale v, the 
velocity at the beginning of the motion, and Y+ft the 
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velocity at the end of the motion (Art. 113); join do, then 
the area abcd will represent the 

^ Fio. 156 

space 8. 

Draw DB parallel to ab ; in no 
take any point P, and draw pn 
parallel to da, cutting de in m. 
Now, since da (which represents 
v) is equal to be, we shall have 
CE equal to ft, or / x ab. But by 
similar triangles 

PM : CE :: dm : de :: an : ab 

and CE equals /xab; therefore pm equals /x an, therefore 
PN equals ad+/x an, i. e. (Art. 113) represents the velo- 
city with which the body is moving at the end of the time 
represented by an; hence the area abcd represents the 
required space 8 (Prop. 23). 

Now area abcd=^ab (ad+bc) 
therefore s = i^ (v + v -\-ft) 

or 8=Yt-\-^ft\ 

Cor. — If the body begins to move in a direction opposite 
to that in which the force acts — i. e. if its velocity is uni- 
formly retarded — a precisely similar process leads to the 
equation 

and if the body begins to move from rest, we shall obtain 

Ex. 594. — If a body is thrown up with any velocity, and if t^ and t^ are 
the times during which it is respectively above and below the middle point 
of its path, show that 

1 * 3 • • ^ • A'^ *"■ A. 

Ex. 595. — If a body falls under the action of any uniformly accelerating 
force/, show that the spaces described in successive seconds form an arith- 

metical series of which the first tenn is Z. and the common difference /. 

Ex. 696. — ^In the »th second of its motion, a falling body describes h 
feet, determine its initial velocity. Ans. v ■« ^ — J ^ (2» — 1). 
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Ex, 597. — If a body is let fall and describes a certain space, and this 
space is divided inton equal parts, show that the time of describing the first 
part is to that of describing the lastasl isto^v/n— Vn — 1. 

Ex. 598. — A falling body describes in the nth second m times the space 
described in the (n — I)th second, show that the whole space described 
in the n seconds equals 

^-te-' c-^) } 

Ex. 599. — There is a chasm with water at the bottom, on dropping a 
stone down it the splash is heard n seconds after the stone leaves the hand ; 
show that the distance of the surface of the water below the hand is given 

by the formula (y — 32*2) 

« = 1130 (35 + n- -v/1225 + 70n) 

[The velocity of sound may be taken at 1130ftw per second ; it will be 
observed also that 1130-s-l6*l=70 very nearly ; now let x be the time the 
stone takes to fall, n— jt is the time the sound takes to rise, and if « is the 
required depth we have 

and « = 1130(n-Jr) 

therefore x" « 70 (n — *) 

whence 8 is easily found.] 

Ex. 600. — When n is but a few seconds, show that the formula in the last 
Example can be written 

_ 565 n» 

Ex. 601. — Determine the values of « from the formulse of Examples 699 
and 600 when n equals 3, 4, and 5 seconds respectively. 

Ans. (1) 134-3 ft. and 1338 ft. (2) 2324 ft. and 2318 ft (3) 354-5 ft 

and 353-1 ft. 
Ex. 602. — If V is the velocity of sound, show that the formulae in Examples 
599 and 600 become respectively 



i^"V(|)--^"!— =f 



V 

— + » 

9 
and hence show that if an error of A; * feet is committed in the numerical 
value assigned to v, the error in the value of « is very nearly 

2{T + gny 
Ex. 603. — What is the error produced in the determination of s by an 
error of 20 ft. in the velocity of sound (assumed as 1130) when n equals 
5 seconds ? Ans. 0-78 ft 



* It must be remembered that the velocity of sound is different in diffe- 
rent states of the atmosphere. 
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126, Change in the numerical Value of an Accelerating 
Force 'produced by a Change in the Units of Space and 
Time. — We have hitherto taken the numerical value of the 
accelerating force of gravity to be 32, which presupposes 
that space is measured in feet, and time in seconds ; the 
choice of these units is of course arbitrary ; the question 
then arises, were we to choose other units what numerical 
value must be assigned to the accelerating force of gravity? 
The method of obtaining this value will be readily under- 
stood by considering the following Examples : — 

Ex. 604. — ^What velocity would be acquired by a body that fell freely for 
one minute? A?is. 1920ft. per sec. 

Ex. 605. — If a body moves with a velocity of 1920 ft. per second, what is 
its velocity estimated in yards per minute ? Ans. 38400. 

[Now, it must be remembered that at the end of each second a falling 
body acquires an additional velocity of 32 feet per second ; it appears &om 
the last two Examples that the same body would acquire in each minute an 
additional velocity of 38400 yards per minute ; but the former number re- 
presents the accelerating force of gravity in feet and seconds, and therefore 
the latter represents the accelerating force of gravity in yards and minutes.] 

Ex. 606.— If the unit of space were a fathom, and the unit of time 15 sec. 
what would be the numerical value of ^? Ans. 1200. 

Ex. 607. — Given that the accelerating force of gravity at the distance of 
the moon equals j— in feet and seconds, find its value in miles and hours. 

Ans. 21-91. 

Ex. 608. — An accelerating force has a numerical value /when certain 

units are employed, show that its value will be - *' when the new unit 

n 

of time contains w, and the new unit of space w, of the old units respectively. 

127. Composition of Velocities. — Suppose a body to be 
at any instant at the point A, and suppose it to be moving 
with such a velocity as would in a p^^ ^^ 
certain time carry it to b along the a b 

line ab; suppose that at that instant 
another velocity were communi- 



c 



cated to it such as would in the ^ ^ 

same time carry the body along the line AC to c, if it had 
moved with that velocity only; complete the parallelogram 
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ABCD^ and join ad, then at the end of the given time the 
body will arrive at d, having moved along the line ad. 
That this is so appears at once from the well-known fact, 
that when a ship is in a state of steady motion, a man can 
walk across her deck with precisely the same facility as if 
she were at rest ; thus if he were to walk across the deck 
when the ship is at rest he would go from A to c ; but if 
we suppose the ship to have such a velocity as will in the 
same time carry the point A to b, he will come to the point 
D ; and if the velocities have been imiform he will have 
moved along the line ad. Now, let v and u be the two 
velocities, then 

AB : Ac::u : v 

and if v is the velocity compounded of them 

AD : ab:: V : w 

So that if AB and AC represent the given velocities in 
magnitude and direction, ad will represent the velocity 
compounded of th^m in magnitude and direction. Hence 
the rule for the composition of velocities is the same, 
mutatis mutandis^ as that for the composition of pressures. 
If the velocities vary from instant to instant, the rule 
will give the magnitude and direction of the component 
velocity at any instant ; this is the case which commonly 
happens, for example, when a body is thrown in any 
direction transverse to the action of gravity; the method 
of determining the motion of the body may be described in 
general terms as follows: — Conceive the time to be divided 
into a great number of intervals, and suppose the velocity 
that is actually communicated by gravity during each 
interval to be communicated at once,* then, by the com- 
position of velocities, we can determine the motion during 
each interval, and therefore during the whole time ; the 

* It is immaterial whether we conceive it to be commimicated at the 
beginning or at the end of the interval 



POSITION OP A PROJECTILE AT A GIVEN" TIME. 239 

actual motion is the limit to which the motion, thus 
determined, approaches when the number of intervals i^ 
increased. 



Proposition 25. 

A body is thrown in vacuo with a given velocity (v) 
in CL direction making any angle with the horizon^ to 
determine its position at the end of any given time (t). 

Let the body be projected along the line an; take an 
equal to v^, and divide t into n parts, each equal r ; then 
if AN is divided into the same number of equal parts in 
Ni, Ng, N3 . . . each part will ^^^ ^^^ 

equal vt. Now, the effect 
of gravity is to increase 
the velocity of a falling 
body by gr in a time r; 
we may therefore conceive 
the body to move through 
each interval with the 
velocity it has at the 
beginning of that interval, 
and at the end the velo- 
city to be compounded with 
gr. During the first interval the body will move over the 
space AN, ; draw N,n, vertical and equal to ^r x t ; complete 
the parallelogram n^ Nj ; then since the sides n, n^ and 
N, Ng are proportional to the velocities gr and v, the body 
will, during the next interval, move along the line NjQ, and 
at the end of the interval will arrive at a point Q vertically 
under Nj; the actual velocity with which the body has 
moved being, of course, equal to NjQ-f-r. At the point q 
we have to compound this velocity with gr ; to do this we 
must produce NjQ to r, making Qr equal to NjQ ; take qn^ 
equal to grr x t, and complete the parallelogram, then the 
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sides of this figure are proportional to the component 
velocities, and therefore the diagonal is in the same pro- 
portion to the velocity compounded of them ; at the end 
of the third interval therefore the body will be at k verti- 
cally under N3 ; the same construction will apply to any 
number of intervals, and the required point p will be 
vertically under n. To determine np ; produce NjQ to m^ 
QR to TTij, RS to Trig, &c., then will np equal the limit of the 
sum of Nm,, mjmo, m^m^, &c ; but by similar triangles 
Nmj is the same multiple of n^q that NjN is of NjNj, there- 
fore Nm, equals {n — l) gr^^ similarly m, m, equals (n—2) 
gr^ m^m^ equals {n^3) gr^y &c., and therefore their sum 
equals 
(n-1) flrr« + (7l-2) gr^ + {n^3) gT^ + . . . + 2.gT«+ffT» 

=grT«[(n-l) + (n-.2) + ... + 2 + l | 



f^ 7l(7l-l) 



*'"('-s) 



n^ 2 

Now, however great the number of intervals, q, r, s, &a 
will remain vertically under n„ Ng, N3, &c., so that in the 
limit P will remain vertically under n. Also the limit of 

j^ gt^ [l —-) is ^ gt^ ; so that the true position of the body 

will be found by measuring downward from n a distance 
equal to ^ gt\ 

Ex. 609.— A point moves along a smooth horizontal plane with a velocity 
of 3 ft. per second, at the end of 2 seconds a velocity of 8 ft. per second is 
impressed on it in a direction at right angles to its motion ; after how long 
will its distance fix)m the starting point be 20 ft. ? Ans. 4 sec 

Ex. 610. — A body is projected in vacuo with a given velocity in given 
direction, determine its range on a horizontal plane passing through the 
point of projection and the time of flight. 

Fig. 168 I^t A be the point of projection, an the direc- 

tion of projection, ab the horizontal plane through 
A, let the velocity of projection be denoted by v, 
and the angle nab by o. Let the body strike 
the ground at b, after t seconds, we have to de- 
termine AB and T ; draw bn at right angles to ab 
» then CPxo^. ^5^ 
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ANorTT 


and 


NB=J^ 


but 


NBfisAN sin a 


therefore 


1^«=VT sin a 


OP 


2t . 

Ts=s — sin a. 
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Again 


ABsAN COS asTT eos a 


therefore 


AB « — sin a COS a 
9 


or 


v' sin 2 o 

AB== 



9 
Ex. 611. — A body is projected with a velocity of 100 ft. per second in a 
direction making an angle of 37^ with ihA horizon : determine the time of 
flight and range on a horizontal plane. Ans, 3*76 sec. and 300*4 ft. 

£r. 612. — If a body is thrown with a given velocity the horizontal range 
is greatest when it is projected at an angle of 45° ; and for angles of pro- 
jection one aa much less as the other is greater than 45^ the horizontal 
ranges are the same. 

Ex, 613. — Show that the least velocity with which a body can be pro- 
jected to have a horizontal range b is 4 a/2b feet per second. 

Ex. 614. — ^Determine the angle of elevation and velocity of projection that 
will enable a body to strike the ground after 10 seconds at a distance of 
5000 ft. from the point of projection. 

Ans, (1) 17° 45'. (2) 525 ft. per sec " 

Ex. 615. — A body is projected with a velocity v in a direction making 
an angle a with the horizon, if b is its range on a plane passing through the 
point of projection and inclined at an angle 
to the horizon, and t the time of flight, deter^ ^'*'* ^*^ 

mine b and t. 

Let ▲ be the point of projection ; draw am a 
horizontal line through a, ab the inclined plane, 
AN the direction of projection ; let ihe projec- 
tile strike the plane at b, then we have 






AN«VT and NB=J^« 


but 


AN : NB : : sin abn : sin NAB 


or 


vTlJyr':: COS a ;sin(o-6) 


therefore 


^_2v sin(d-a) 
g COS tf 


Again 


AN : AB : : sin abn : sin ANB 


or 


VT : B :: cos a : cos o 


therefore 


^ _ 2v' sin (o— B) cos a 
g cos* tf 




A 
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Ex. 616. — Determine the time of flight and range on a plane inclined at 
an angle of 10^ upward from the horizon in the case of a body projected as 
in Ex. 611. Ans. 2'88 sec. and 233*6 ft. 

£r. 617. — A body is projected with a velocity of 120 ft. per second in a 
direction making an angle of 28^ 45' with the horizon, determine the time 
of flight and range on a pkne passing through the point of projection, (1) 
when it is horizontal ; f2) when inclined upward from the horizon at an 
angle of 12® ; (3) when inclined downward at the same angle. 

Am. (1) 3-61 sec and 379-6 ft. (2) 2*21 sec. and 237*7 ft (3) 5 sec. 
and 538-3 ft. 

Ex. 618. — A body is thrown horizontally with a velocity of 50 ft per 
second from the top of a tower 100 ft. high ; find after how long it will 
strike the ground, and at what distance from the foot of the tower. 

Ans, (1)2-5 sec (2) 126 ft. 

Ex. 619. — If any number of bodies are thrown horizontally from the top 
of a tower, they will all strike the ground at the same instant whatever be 
the velocities of projection. 

Ex. 620. — There is a hiU whose inclination to the horizon is SC^ ; a pro- 
jectile is thrown from a point on it at an angle inclined to the horizon at 
45^ ; show that if it were projected down the plane its range would be neaily 
3| times what the range would be if it were thrown up the plane. 

£r. 621. — In the last Example suppose the slope of the hill to be due 
north and south, and the azimuth of the plane of projection to be a ; show 
that the sum of the two ranges obtained by throwing the body towards the 
ascending and descending parts of the hill equals 

— I + ^Q^' ^ 

ff 3 

[The azimuth is the bearing of a point from the south measured on a 

horizontal plane.'] 

Ex. 622. — If there are two inclined planes and the angle between them 
is bisected by the horizontal plane,, and if the ranges of the same projectile 
on the three planes are b^, Bq, and b respectively, show that 

Bi + B, : B : : 2 : cos inclination. 

Ex. 623. — If in Example 615 the body is so projected as to obtain the 
greatest range with a given velocity, show that the direction of projection 
must bisect the angle between the vertical and the plane. 

[It must be remembered that 2 sin (a— 6) cos aa=sin (2 a— 6)— sin 0.] 

Ex. 624. — Referring to the figure in Prop. 25, if ah and hp are denoted 
by x and y respectively, show that 

x=yt cos a 
y=v^sina-J^^ 
Ex. 625. — Show that the highest point the projectile can reach is 

— sin ^a feet above the middle point of the horizontal range. 
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Ex. 626.— Two bodies of unequal weight are thrown from the same point 
in different directions with different velocities ; find the position of their centre 
of gravity after t seconds. ' 



Proposition 26* 

The curve described by a projectile m vacuo is a para- 
bola whose directrix is horizontal^ and at a height above 
the point of projection equal to that to which the velocity 
of projection is due. 

Let p be the point, and pm the direction of projection ; 
let PQ be the path of the projectile, and q its position at 
the end of t seconds; draw the vertical 
lines DPN and mq, also draw qn parallel to 
PM, then 

PN=:QM = j5f<* 
QN = PM = V^ 

2v2 



Fig. 160 



QN 



9 



9 



PN 




Now, this relation between qn and pn is 

the same, wherever on the curve we may 

take q; but if a parabola were drawn 

through p touching pm, with its diameter vertical and its 

directrix passing through a point d so taken that 4 pd 

2v^ 
equals — we should have for any point of it 



QN 



s 



2v« 



PN 



ff 



i, e. it would coincide with the curve described by the 

projectile: hence that curve is a parabola whose directrix 

is horizontal and passes through the point D ; but it will 

be remarked that 

v'=25r. DP 

So that DP is the height to which the velocity of projection 
is due. (See Art. 116.) 

E 3 
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Cor. — ^The velocity of the projectile at any point is that 
due to the height of the directrix above that point. 

Let PQP^ be the path of the projectile, of which dd^ is 

the directrix ; at the point Q let the body be moving with 

a velocity v in the direction qt ; now, it is plain that if 

another body were thrown from q in the direction QT with 

fm. i« an equal velocity v, it would 

move in exactly the same 
mann^ as the projectile, Le. 
it would describe the curve q/; 
but if a body is thrown from Q 
so as to describe that curve, it 
must be thrown with the velocity due to the height QC, L e. 

=:25f CQ. 

Ex. 627. — In iSg. 168, show that if bn is diTided into any number of equal 
parts, and the points of section joined to a, the corre will be diTided into 
parts that are described in equal times. 

Ex. 628. — Show that the Telocity v of the projectile at any time t is giTen 
by the formula 

v'—T* — 2t^< sin a+g*i^ 

Ex. 629.— There is a wall b feet high, a body is thrown £rom a point a 
feet on one side of it so as just to dear the wall and to £ill c feet on the 
ether side ; show that 

tan (angle of eleTation)aa— ^^ 

ac 

(reL of ppojection)'=-<Li±t£)/_?^ + *l£±f)"l 
^ '^ •* ^ 2 \6 (a + c) ac J 

128. The First and Second Laws of Motion. — The object 
of the first law of motion is to assert that a body has no 
power of changing its own state of rest or motion, and 
that every such change is due to the action of some ex- 
ternal force ; up to the time of Galileo it was supposed that 
certain kinds of motion — such as the rolling of a body 
along a road — have a natural tendency to decay ; while 
certain other kinds — such as that of falling bodies — have 
a natural tendency to increase ; when this opinion came 
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to be examined, it was found that every case of * decay' 
could be referred to the action of retarding forces, e. g. 
friction and resistance of the air, and that the * decay' 
could be made indefinitely slower by diminishing these 
resistances; on the other hand, every case of increased 
velocity could be referred to the action of an accelerating 
force such as gravity. The law is stated as follows : 
* A body not acted on by any external force, if at rest, 
will continue at rest, and if in motion will continue to 
move uniformly in a straight line.' The object of the 
second law of motion is to assert that the effect produced 
by a force is irrespective of the previous motion of the 
body : it is enunciated thus : — ^ When a force acts on 
a body in motion, the velocity it would produce in the 
body moving from the rest is compounded with the previous 
velocity of the body.' If the body is moving along the 
line of action of the force, the term compounded must be 
imderstood to mean added (or subtracted) ; if the body is 
moving transversely to the line of action of the force, the 
word compounded must be understood as in Art. 127. The 
principle asserted in the second law of motion is illustrated 
by many well-known facts, such as the following : a person 
on board a ship can throw up a ball and catch it with 
equal facility whether the ship is at rest or in a state of 
steady motion. 
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CHAPTER IIL 

ON M0n05 PBODUCED BT PBESSTKE. 

129. Acceleration produced by a given Pressure. — The 
following Examples can be solved by means of the piinciple 
laid down in Art. 118. 

Ex. 630 If a body slides down a smooth indined i^ane, show that the 

aeeelerating force equals ff an a, where a is the incliiiatioii of the piaiie to 
the horizon ; if the plane is rough, show that the aeederstiiig tone equh 

sin {a—p) ^i^^j^ ^ ^ ^^ liniiting angle of resistance, 
cos^ 

[In the case of a smooth plane the pressure prodndng motion is the psit 
of its weight resolved along the plane, L e. is w sin a, whence f=g sin «. 
In the case of the roogh plane the pressnre prodndi^ motion is w sin « 

diminished by the friction, i e. w sin a— /cw cos a orir V**~yJ whenee 

coe^ 

Ex. 631. — Find the Telocity acquired by a body in descending a smooth 
inclined plane 50 feet long and having an inclination of 23^ ; determine also 
the Telocity that would be acquired if the limiting ang^ of resistance is 
15°. Arut, (1) 35-4 ft per sec. (2) 21-6 ft per sec 

Ex. 632. — If a body begins to ascend an incline, show that the retarding 

- sin (a + ^) 
force IS g ^^ Zl. 

cos ^ 

Ex. 633. — There is a plane 50 feet long and inclined to the horizon tl 
an angle of 30^ ; the liniiting angle of resistance between it and a giTen body 
is 15° ; determine the Telocity the body must haTe at the foot of the plane 
so as just to reach the top, and the time it will take to get there. 

Arts. (1) 48-4 ft per sec (2) 2*07 ft per sec 

Ex. 634. — If a body slides down a gentle incline of 1 foot Tertical to m 

horizontal, show that the accelerating force Teiy nearly equals (— ik)g. 

m 

And. if m^lOO show that the error equals about 3o3o9^ V^'^ of the whde. 
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Ex. 635.— A train moving at the rate of 24 miles an hour comes to the 
top of an incline of 1 foot in 350 ; the resistances are 8 lbs. per ton ; the 
steam is cut off at the top of the incline, and the train comes to rest at its 
foot, determine (1) the retarding force on the train ; (2) the length of the 
incline ; (3) the time of motion. Am, (1) ^, (2) 27104 ft. (3) 1540 sec. 

Ex. 636. — At the slide at Alpnach the first declivity has an inclination of 
22° 30' and is 500 feet long ; being kept continually wet the limiting angle 
of resistance is \A9 \ in how many seconds would a tree descend this first 
declivity were it not for the resista-nce of the air? Ans. 14*3 sec. 

Ex. 637. — ^A body slides from rest down a plane whose inclination is i 

and length l ; it passes with the velocity acquired during the descent of the 

first plane to a second whose inclination i is less than the limiting angle of 

resistance ^ ; if / is the space through which it slides before coming to rest, 

show that 

I sin (i— 0) 

L ""sin (^— «") 

Ex. 638. — A body weighs w lbs. and is pulled up an inclined plane by 
a pressure p that acts parallel to the plane, show that the accelerating force 

equals ( — — —^^- -^ \g. where a is the angle of inclination and ^ the 
\ "W cos 4) / 

limiting angle of resistance* 

Ex. 639. — Let ac, cb be two planes sloping downward in contrary direc- 
tions from, the point c, and inclined to the horizon at angles a and b 
respectively; a weight p slides down ca and draws a weight q up cb by 
means of a fine cord which passes over c and is tied to each weight ; if the 
limiting angle of resistance between the weights and the planes is ^, show 

that 

/.__ p sin (a— ^) — Q sin (b + 0) 

(p + q) cos <P 

Ex. 640 — In the last case if the inclines are equal and small, being 1 in 
w, show that 

L W P+Q J 

Ex, 641. — If the resistances are 8 lbs. per ton and the incline 1 in 140, 
>ind a set of full trucks are required in their descent to pull up the incline 
an equal number of similar empty trucks, show that the contents of each 
truck should on the average be more than double the weight of the truck. 

Ex. 642. — If a circle is placed with its plane vertical, and through its 
highest point any chord is drawn, a body will descend along that chord 
(supposed to be smooth) in the same time as down the vertical diameter. 

Ex. 643. — If through any point there is drawn a vertical line and any 
number of inclined planes on the same side of the line, and having a common 
limiting angle of resistance ^ ; then if bodies begin to slide down these 
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planes at the same instant, show that after any inteiral they will be found 
in the arc of the segment of a vertical circle cut off by the vertical line 
which subtends at the centre an angle equal to ir— 2 ^. 

130. The Work accumulated in a Moving Body, — The 
following Examples depend on the principle proved in 
Art 119. 

Ex. 644. — A train moving at the rate of 15 miles an hour comes to the 
foot of an incline of 1 in 300, resistances 8 lbs. per ton ; how far will it go 
before stopping ? Ans. 1095 ft 

[If w is the weight of the train in lbs. the number of units of work ac- 

w f^22^* 
cumulated in it is — ^^ — '- ; now if I is the horizontal length of the plane 

the units of work required to draw w over this length is by Example 471 

yrl < — + - ^ > • I 8. the number of feet required. 

1300 ^ 280/ •• 680x2(7 ^ 

The same answer can be obtained by the principle exemplified in the last 

Article.] 

Ex. 645. — A body slides down an inclined plane the height of which is 
12 feet and length of base 20 feet; find how far it will slide along a hori- 
zontal plane at the bottom, supposing the coefficient of friction on both 
planes to be |, and that it passes from one plane to the other without loss of 
velocity. Ans. 62 ft. 

[From Ex, 471 it appears that the body arrives at the bottom of the 
plane with a number of units of work accumulated in it equal to 

Ex. 646. — If the velocity of a moving body changes from v to v, show 
that the number of units of work accumulated during the change equals 

Z. (t;2-v«). 

Ex. 647. — A train weighing 90 tons comes to the foot of an incline of 1 
in 160 with a velocity of 30 miles an hour, the resistances are 7 lbs. per ton, 
the length of the incline 2 miles ; the train has at the top of the incline a 
velocity of 20 miles an hour ; how many units of work have been expended 
in getting the train up the incline ? And through how great a distance 
would an expenditure of the same number of units have taken the train 
with a uniform velocity along a horizontal line ? 

Ans. (1) 16,670,400 units. (2) 26302 ft. 

Ex. 648. — ^If a train begins to descend the incline in the last Example 
with a velocity of 20 miles an hour, how far will it descend before acquiring 
a velocity of 30 miles an hour? Ana. 6247 ft. 
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Ex. 649. — There are two points a and b on a railroad 4 mUes apart on 
the same horizontal line ; the railroad is in two equal inclines, one up and 
the oth»r down, of 1 in 160 ; the train, which weighs 60 tons and experiences 
resistances equal to 7 lbs. per ton, has a velocity of 30 miles an hour at ▲ 
and B, and a velocity of 20 miles an hour at the top of the incline ; the ve- 
locity being supposed to change uniformly from 30 to 20 and again from 
20 to 30, and when the latter velocity is attained further acceleration is 
checked by putting on the break ; determine (1) the loss in units of work in 
consequence of the inclines ; (2) the loss of time in consequence of the in- 
clines. Atis. (1) 1,810,000 units. (2) 72Jsec. 

Ex. 650. — A chest 6 feet long and 2 feet square stands on its end on the 
deck of a ship, one face being perpendicular to the direction of the motion ; 
the ship is suddenly brought to rest, what must have been its velocity if 
the chest is just overthrown ; it being supposed that all sliding is prevented? 

Ans. 2*2 miles per hour. 

[If w is the weight and v the required velocity, the number of units of 

work accumulated in it must be — v* ; and to overthrow the chest re- 
quires w (a/10 — 3) units of work.] 

Ex. 651. — Show from the principles of the present Article that the velo- 
city acquired by the bodies in Ex. 639 while moving from rest over a length 
/ of the planes is given by the formula 



r2 = 



^.2gl. 



p sin (a — 0)— Q sin (b + ^) 



(p + q) cos 4) 

Ex. 652. — There is an inclined plane of 1 in 90 along which a train 
weighing 80 tons is made to descend for a distance of 300 feet ; to the train 
is attached a rope which, after passing round a pulley at the top of the incline, 
is fastened by the other end to a lighter train weighing 16 tons, the rope is so 
long that the light train is at the foot of the incline when the heavy one is 
at the top; find (1) the velocity with which the heavy train reaches the foot 
of the incline ; (2) if the heavy train is disconnected from the light one at 
the foot of the incline, find the distance to which it will run before stopping 
on the horizontal plane, resistances on the incline being 7 lbs. per ton, on 
the level 8 lbs. per ton. Ans. (1) 9*07 ft. per sec. (2) 359*7 ft. 

131. MasSy Momentum, and Moving Force, — The term 
70088 is of frequent occurrence in dynamics^ and it is of 
great importance that the student should obtain a clear 
conception of its meaning, and of the distinction that 
exists between the ma88 of a body and its weight ; for this 
purpose let us consider a particular caae. Neglecting 
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▼mrutioiis of tempersture, it is plain that two cubic inches 
at lead contain twice as much lead as one cnbic inch, and 
90 on in any proportion : also at the same place the two 
cabic indies of lead weigh twice as modi aa one cubic inch 
of lead ; conseqaentlj the wdght ( w) of a piece of lead 
will vary as the quantity of lead (m) which it contains. 
Moreover at different places the weight of a piece of lead, 
L e. its power to o>mpre9S a given spring, varies as the 
accelerating force of gravity at that place ; * that is to say, 
if the force of gravity were doubled, the weight of the 
same piece of lead would be doubled, and so on in any 
proportion. Hence the weight must vary as the quantity 
of lead (m), and the accelerating force of gravity {g) 
jointly, L e. w a M^ 
or w=i-M^ 

where I- is a constant number depending on the particular 
units employed. Now, it further appears that idiatever be 
the physical nature of a body, Le. whether it be lead, 
or iron, or gold, the quantity denoted by m is the same 
for all dynamical purposes, and as in each particular case 
it would denote the quantity of lead, or iron, or gold, we 
shall correctly generalise its denomination if we call it the 
quantity of matter or the mass of the body. 

Def. — The momentum of a body is the product of its 
mass and its velocitv. 

It will be remarked that the momentum of the body is 
referred to its mass, and not to its weight ; the reason for 
doing so is this : — a cubic inch of lead moving with a given 
velocity would strike the same blow whether the accele- 
rating force of gravity were 32, or had any other value; 

♦ The eridence fop this fact is, of course, experimental ; see note to Art 
118. It may be added that the variations of the vtigkt of the same body at 
diflSsrent parts of the earth's surfcu^ could probably be observed directly and 
with great accuracy by means of a delicate spring. — Herschel's Outlines of 
AMtronomy, Art. 234. 
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that is to say, its momentum must not be made to depend 
on the weight, which varies with the force of gravity, but 
on the mass, which is irrespective of its variations. 

Bef. — Moving force, or the moving quantity of a force, 
is the additional momentum which it communicates in 
each second to a body. 

The accelerating force (/), or the acceleration produced 
by a force, is the additional vdodty it communicates in 
each second ; consequently if M is the mass of the body. 

Moving force =m/ 

132. The Third Law of Motion. — We have already seen 
(Art. 118) that when a pressure p acts upon a body which 
weighs w lbs. at a place where the accelerating force of 
gravity is sr; then ^ 

i. e. p a m/ 

This variation when verbally enunciated becomes what is 
commonly called the third law of motion, viz. — when 
pressure produces motiony the moving force is propor- 
tional to the pressure. 

Ex. 653. — If we asBtune that ws=m^, where gf is taken in feet and 
seconds, and w in lbs., how many cubic inches of water will be the unit of 
mass? ^725. 892*60. 

[See Art. 2. The value of ^ at London may be taken to equal 32*192.] 

Ex. 654. — If a substance contains y cubic inches and its specific grayity 
is 8f show that the numerical yalue of m is 



892*60 

Ex. 655. — A cubic foot of cast iron is observed to increase its velocity by 
3 feet every second, determine from the last Example the pressure that pro- 
duces this acceleration. Ans. 41*86 lbs. 

[The reader must remember that since w»m^ we shall have f=m/.] 

Ex. 656. — The accelerating force of the moon's attraction on a point 
situated on its surface ia about 5*4.* A man can jump to a height of 5 feet 
on the earth's surface ; how high could he jump on the moon's surface ? 

Ans. 29*7 ft. 

* Herschel's Outlines of Astronomy^ Art. 508. 
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Ex. 667. — If equal preasiires (p) act on two meqpal twwKf far Ae aoie 
time, show that the bodies will acquire eqnal momenta. 

Ex. 668.— Khow that momenU of the bodies in the last FTamplf^ will be 
equal when p Taries from instant to instant, prorided the fimiini are the 
same at the same instant throoghont their time a{ action. 

[The refmlts in the last two Examples are a{ eonaidfraMe impoitaBee : 
thej are almost self-evident and therefore liable to be fixgotten — fiv this 
reason the student's attention is paiticularlj directed to them.] 

Ex. 669. — ^When the powder in the bore of a cannon ia ^rrjJttA^^ ^ 
pressures on the end of the bore and on the shot are at eadi ^"fftnnt eqnl: 
a shot weighing 6 lbs. is fired from a gun quite free to more and wci^nng 
6 cwt. ; the yelocit j with udiich the shot leaves the gun is 1000ft. per se- 
cond, what is the velocity of the gun's recoil ? Ans. 8-93 ft. per sec 

Ex. 660. — Show that the number of units of wofk aecomnlated in the 
gun is always small compared with the number accumulated in the shot; 
and ascertain these numbers in the case suggested in the last 'g-gMnyL* 

Ans. 93,760 units in the shot and 837 in the gun. 

Ex, 661. — What reason can be assigned for the practical rale that, e»- 
teris paribus^ the velocity of the shot is proportional to the square root of 
the wei^t of the charge ? 

Ex. 662. — If the trunnions of the gun in Ex. 669 are s upp o gl ed on two 
parallel smooth planes inclined at an angle of 30^, determine how &r it will 
move along these planes. Am9. 2*6 ft 
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CHAPTER IV. 

THE CONSTEAIlila) MOTION OF A POIHT. 

Proposition 27. 

The velocity acquired by a body in sliding from one 
pomt to another on a smooth curve is the same as that 
acquired by a body which falls freely through a space 
equal to the vertical height of the higher above the lower 
poimi. 

Let A and b be the two points, draw bb' horizontal and 
ab' vertical; let the body leave A with 
a velocity v, and arrive at b with a fio. 162 

velocity v ; then, if w be the weight of 
the body, the number of units of work 
accumulated in it while it moves from 
A to B, will equal {Ex. 646) b 

2g^ ^ 

Now, the only pressures that have acted on the body are 
its weight, and the reaction of the curve ; the work done 
by the former of these equals w x ab' and the latter does 
no work, since its direction is always perpendicular to that 
in which its point of application is moving ; therefore 

^ (v«-v«)=wxab' 
But this equation likewise gives the velocity (v) of a body 
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supposed to leave a with a velocity t, and to fall freely to 
b'. Therefore, &c. Q. E, D. 

Cor. — The above proposition is true, whether ab is a 
plane curve, e.g. a circle, or a curve of double cui-vature, 
e. g. the thread of a screw. It will be an instructive 
exercise for the reader to make out the kind of effect 
which friction would have on the velocity in both these 
cases ; the actual calculation requires the Integral Calculus. 



If T 



Proposition 28. 

If a heavy point whose weight is w be Tnoving i/n a 

circle {whose radius is r) with a velocity v, the pressure 

Fig. 163 (p) tending to the cerUre 

necessary to keep the body 
moving in the circle is given 
by the formula 

^ w V* 
p=— . — 

g r 
Let A be the position of 
the point at the given instant^ 
in the circle whose centre is 
and diameter ab ; at the 
end of a short time ^, sup- 
pose the body to have come 
to Q ; join OQ and produce it to meet in t, the tangent at 
to the circle at A ; draw qm parallel and qn at right angles 

to AB. 

(1) If while the point moves from A to q, the pressure 
were to act continually parallel to Ao, the velocity at A 
must be such as by itself would carry the point through 
the space am in the time <, while the pressure must be 
such as would by itself drag the point through a space 
MQ in the same time (Prop. 25). 
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(2) If while the point moves from A to Q, the pressure 
were to act continually parallel to OQ, the velocity at A 
must be such as by itself would carry the point through 
the space at in the time t, while the pressure must be 
such as would by itself drag the point through a space 
TQ in the same time (Prop. 25). 

(3) But since the pressure continually tends to o, the 
actual velocity v must be such as to carry the point in 
the time t through a space intermediate to am and at, 
while the actual pressure p must be such as in the same 
time to draw it through a space intermediate to qm and 

QT. 

(4) But ultimately at=am and qt=qm 

therefore also am=v^ and an=: J . -^ ^^ * ultimately. 

Hence i . -? am^= v^ an ult. ; 

^ w 

but 

therefore 
but 9 



therefore 



AM^ = 


:NQ' 


^ = AN . NB 


i 


w 


NB 


=v2ult.; 






NB 


= 2r ult. 






P 


_ w v^ 



9 



Q. E. D. 



N.B. — It will be remarked that p does not depend on 
the weighty but on the mass. If we denote the mass by m 
and use the units of Ex, 653, we have 



p= 



MV2 



* If / is the acceleration of a body's velocity, it describes from rest a 
space equal to ^ft* in t seconds, and if the body is acted on by a pressure 

p, then y - - ^. (Art. 110.) 
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Ex. 663. — A locomotiye engine weighing 9 tons passes round a cnrve 600 
yards in radius at the rate of 30 miles an hour, what pressure tending 
towards the centre of the curve must be exerted to make it move in this 
cupre ? Ans. 677*6 lbs. 

Ex. 664. — If this pressure is supplied by malring the inner rail on a lower 
level than the outer, what ought to be the difference of the level if the space 
between the rails is 4 ft. 9 in. ? Ans. 1*92 in. 

[The slope should be such that the resolved part of the weight along it 
shall equal the pressure determined in the last Example.] 

Ex. 665. — On the floor of a railway carriage are chalked two lines xx*, 
yy\ one parallel and the other perpendicular to the direction of the rails; 
the lines intersect in the point o ; at a height of 4 ft. vertically over o is 
held a ball ; the train moving at the rate of 30 miles per hour comes to a 
curve whose radius is 1000 ft. and centre in the prolongation of ox' ; if the 
ball is dropped, where will it strike the floor of the carriage ? 

Aru. In ox at 2'9 in. from o. 

Bke. 666. — ^A heavy point is tied to the end of a string whose length is I, 
it makes n revolutions per second ; show that it will come into a position of 
steady motion when the string makes an angle 9 with the vertical given by 
the equation 



cos 



9^-J- 



A.^n'l 



[If T is the tension on the string, the vertical component of t must equal 
the weight of the body, and the horizontal component must be the pressure 
tending to the centre necessary to keep the body moving at the rate of n 
revolutions a second in a circle whose radius is I sin 0.] 

Ex. 667. — A body weighing 12 lbs. is suspended by a cord 7 ft^ong, and 
makes 80 revolutions per minute ; determine the position of steady motion 
and the tension on the cord. 

Ans. (1) 86° 15' 55" with the vertical (2) 184jlbs. 

Ex. 668. — A body weighing 20 lbs. is tied to the end of a string and sus- 
pended in a railway carriage the motion of which is perfectly steady; it 
comes to a curve 1000 ft. in radius, round which it runs at the rate of 15 
miles an hour ; find the inclination of the string to the vertical, and the 
horizontal pressure that would have to be applied to the body to keep the 
ptring vertical. Ans. (I) 52'. (2) 0*3025 lbs. 

Ex. 669. — If the earth were a perfect sphere and at rest, so that the 
accelerating force of gravity at any point of its surface were ^, show that 
the effect of its receiving its diurnal rotation will be to reduce the effec- 

tive accelerating force of gravity to ^ (^""289 ^ *^ * P^^^® whose latitude 

is I. 
[See Ex. 583.] 
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Ex. 670. — Given that the accelerating force of Jupiter^s attraction on any 
point of its surface is 80 (in feet and seconds), that his radius is 11 times 
that of the earth, and that he makes one revolution in 10 hours, determine 
the ratio of the effective force of gravity at his equator to that at his pole. 

Ans, 0*913 nearly. 

Proposition 29. 

. If a is the radius of the generatvng d/rcle of a cycloid * 
which is placed in a vertical plane with its vertex down- 
ward and hojSe horizontal^ the time in which a body falls 
along it freely from any point to the lowest equals 

V n 



TT 



9 



Let ACB be the cycloid, CD the vertical diameter of 
the generating circle, b the point from which the body is 




Fio. 165 




allowed to fall ; draw the horizontal line 
EF, cutting CD in g, and on ca as a diameter describe a 
circle the centre of which is o ; at the end of any time t 
let the body have reached p ; draw pn, qm at right angles 
to CD, cutting the circles in p^ r and 5, s respectively (39, q, 
t . . . . are shown on a large scale in fig. 165) ; join cr, cs, 
op ; draw pt at right angles to gM. 

Now, the velocity the body has acquired at p equals ^ 
^2g. GN (Prop. 27); therefore if ht is the time in which 
it passes over the arc pq, we have 



£t= 



PQ 



V25r.GN 



ultimately. 



* See Appendix. 
8 
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Since ultimately we may conceive the body to move uni- 
formly during tJie time Bt 

Also we have pq (see Appendix) =2 (cr — c«) 

2 (cr^ — C8^) cr^ — ca* ,^ 

= — i = ult. 

cr+C8 cr 

But cr*=DC. ON, ca^=DC . cm, and DC=2a 

.•.PQ= 2a(CN---CM )^ NM ^2^ „if.. 
V2tt . CN VCN 

^. V2a . MN /a MN . , 

.•.or= ==v/ - • — , since ni>2=on.nc 

V2^.GN.NC V flr NJ9 ^ 

Now, ultimately j5g coincides with the tangent to the 
circle at p, therefore pqt is ultimately a right-angled 
triangle whose sides pq and pt are severally perpendicular 
to op and 2>n ; therefore by similar triangles 

pq Iptiiop : Np 
M— P^_MN 

* ' op NJ9 NJ9 

*••• S^=/y/--— ultimately 

and the same being true of every interval of time while 
the body falls from e to c, the whole time, which is the 
limit of the sum of the intervals when their number 
becomes great, will equal the sum of the ultimate values 

of Bt, i. e. it will equal . /^ . fP£. or ttv/?" 

V g op y g 

Q.E.D. 

Cor. — If a heavy point were suspended by a perfectly 
flexible string from a point in the prolongation of CD, 
and were constrained to move in the cycloid, it would 
move at each point in the same manner as if it were falling 
down the curve ; also it is evident that the time of ascend- 
ing the arc cf must exactly equal that of descending the 



cycloidal oscillation is ^v /- 
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« 

arc EC, and therefore the time of one cycloidal oscillation 
must equal 2 irKf - ; but, when the point is thus con- 
strained to move in a cycloid, the length I of the thread 
equals 4a (see Appendix); therefore the time of one 

T 

9 

Ex, 671. — Show that the time of a amaU oscillation in a circle whose 
radius is I wiU equal ir /£ 

[The oscillation is small if we may consider the semi arc of vibration 
equal to its chord. In fig. 164 suppose sc to be a circular arc, omit 

the generating circle ; we have pq=sCP — CQss '^ , and this equals 

CP + CQ 

I . MN 

/=====, if we consider the arcs equal to their chords : the remainder of 

the proof is the same as in Prop. 29.] 

Ex. 672. — ^What is the length of a simple pendulum which at Greenwich 
oscillates in 1^ seconds? How much shorter is the simple pendulum which 
at Eawak oscillates in the same time ? Am. (1) 7*3387 ft. (2) 0*2824 in. 

Ex. 673. — ^A pendulum whose length is l makes m oscillations in one 
day ; i\B length changes, and it is now observed to make m-^n oscillations 
in one day, show that its length has been diminished by a part equal to 

— L (nearly). 

TTl 

[Since a mean solar day contains 86400 seconds, we have 

86400 



/l , 86400 /l-5l * 
s= ir^ / - and « ir / 

V^ a m + n V a 



m + n 
m 



/ — ?!__ whence to = — l.] 

%r L— OL m 



Ex. 674. — A pendulum in a certain place makes in one day m oscillations, 
on transporting it to another place it is found to have the same length but 
to lose n oscillations a day ; show that the force of gravity has been dimi- 
nished by its — th part. 
m 

Ex. 675. — Given the lengths of the seconds pendulums at Greenwich and 
Paris respectively (see Table XV.), find how many oscillations a day the 
Greenwich pendulum would make at Paris. Ans, 86387. 

Ex, 676. — Given that a pendulum oscillating seconds at the mouth of a 

8 2 




260 FBACTICAL MECHANICS. 

coal pit gains 2*24 seconds per diem when remoTed to the bottom of the 
shaft ; determine the decrease of the accelerating force of graTity. 

Ans. 0-0016. 

Ex. 677. — If a heavy point vibrates in a cydoidal arc and begins to move 
at the end of an arc whose length from the lowest point is Sj, and if t is 
the time in which it moves over the whole arc of vibration, show that if it 
reaches a distance 8 from the lowest point at the end of a time t, then 

wt 

SmmSx COS 

T 

[In Prop. 29 the time of falling from b to p equals / ^ . ££ ] 

V y ' op 'J 

Ex, 678.— If a body vibrates in the whole arc of a cycloid show 
how to divide each half into n parts which shall be described in equal 
times, and show that their lengths beginning from the lowest are respee- 

tively, a sin — .cos--,«sm--.cos-- , «sm — .cos --, .... 
4n 4n 4n 4n 4n 4n 

« sin — . cos L?r!—2_T, . , , where a is the whole length of the cycloid. 

Ex. 679. — If a point oscillates in a cycloid or in a smaU drcolar are 
(length of thread being equal to /), show that the acceleration along the 
curve at a distance a measured from the lowest point along the curve is 

^ . a, and hence show that if a body whose weight is w vibrates under the 

action of a pressure h «, where a is the distance of w from the middle point 
of the vibration, the time of each vibration will be given by the fonnnls 

1 33. Longitudinal Vibrations of a Rod. — If there is a 
rod whose length is l, axea of section k, and modulus of 
elasticity b, and if to the end of it is attached a weight 
Q (which we will suppose to be so large that the weight of 
the rod can be neglected), then if the rod is allowed to 
lengthen slowly, Q will descend through a small space I 

equal to — and will continue at rest (see Art. 6, and 

Ex, 149); if, however, it is allowed to descend at once, 
a certain number of units of work will be accumulated 
in it when Q has descended through the space i, so that 
it will continue to descend till the resistance to further 
elongation shall have destroyed them, and then a con- 
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traction will ensue, and thus q will vibrate in a vertical 
line about the point (a), at which in the former case it 
would have come to rest. 

Ex. 680. — Show that when the weight q is at a distance s from a it is 
moving nnder a pressure that varies as 8j and that the time in which it pro- 
ceeds from the highest to the lowest point is ir /_^L_ 

•V giLR 

Ex. 681.— In the last Example suppose q to be at a distance s below a, 
determine the number of units of work accumulated in it at that instant, 
and show that its velocity {v) is given by the equation 

[See Ex. 149. Compare the value of t>* with Ex. 578. ] 

Ex. 682. — If a cylinder whose height is h and specific gravity s floats 
with its axis vertical in a fluid whose specific gravity is «i, show that if it is 
depressed through any distance the time in which it will rise from its point 
of greatest depression to its greatest height is constant, and will be given by 
the formula 



V--- 

*^ a 8. 



9 H 
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CHAPTER V. 

THE MOMENT OF INERTIA. 

Def. — If we conceive a body to consist of a large 
number of heavy points, and multiply the raasa of each 
by the square of its perpendicular distance from a given 
line or axis, the sum of all these products is the moment 
of inertia of the body with respect to that axis. 

134. Properties of the Moment of Inertia. — It will 
appear hereafter that the moment of inertia is a quantity 
that enters nearly every question in which the rotatory 
motion of a body is concerned ; the present chapter will 
be devoted to proving some of its properties, and ascertain- 
ing its magnitude in certain particular cases. The first 
property we shall notice is one that follows immediately 
from the definition. Since the mass of a particle and the 
square of its perpendicular distance from a given axis are 
essentially positive, their product must be so too ; conse- 
quently if we conceive any group of heavy points to 
consist of two or more subordinate groups, the sum of the 
moments of inertia of these separate groups with respect 
to a given axis will equal that of the whole group with 
respect to the same axis : hence if a body can be divided 
into a certain number of parts, and their moments of 
inertia are known with respect to a certain axis, that of 
the whole body, with respect to that axis, is found by 
adding them together. 
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Proposition 30. 

If lis the moment of inertia of any body whose weight 
is w, about an axis passing through its centre of gravity, 
and ij the moment of inertia of fig. ice 

the same body about a parallel 
axis situated at a perpendicular 
distance h from the former^ then 

Ii=i4--/i^ 
9 

Suppose the axes to be perpendicular to the plane of the 
paper, let the axis which passes through the centre of gravity 
meet that plane in o, and let the other meet it in Oj ; 
let P be one of the points of which the body is conceived 

to be made up, and let its mass be — ^ ; join po, POj, and 

y 

oOi, and draw pn perpendicular to oo^; then (Eucl. 
II. 13) 

OiP^ = Op2 + OOl2 — 200i. ON. 

Let OP=ri, o,p=:r/, 0N=a;p and oo,=A, then 

^.r/2=^ . r,H^. A'-2^ . hx, (1) 

9 9 9 9 

and the same algebraical formula will be true whatever 
be the position of P ; hence if u'j, r^, r^, oJj, t^g, r^y rg, iCg, 
&c. . . . are the magnitudes corresponding to other points, 
we shall have 

Vll / > = ?f?r 2 + '^f!? ^2 _ 2^1ix^ (2) 

9 9 9 9 

Vh^^ = ?^V + ^A« - 2^to3 (3) 

9^99 9 

and so on for every point. 
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Now by the definition 

tr, t^i*+tr, T^j'+tTj /,* + ... =ffi, 

also tCi+tc,+tr,+ ...=w 

and by the properties of the centre of gravity (Prop. 16) 

Therefore by adding the equations (1), (2), (3), &c, we 
obtain 

'>='+J** Q.E.D. 



Proposition 31. 

7j^ any 7ii£in6«' of points lie in a plane, and if ij aid 
I, are respectively their moments of inertia about two red- 

angular ojces in that plane, and ifi 
'^ I is their moment of inertia about an 

axis perpendicular to the two others, 
and passing through their point of 
intersection, then 

1=1^+1, 

For let or, oy be the two axes, the third being perpen- 
dicular to the plane of the paper, and passing through o; 

let P be one of the points whose mass is — ; draw pm and 

9 
PN perpendicular to oy and ox, join op, and let tu^^x, 

px=y, op=r, then 

9 9 ^^ 

Similarly, if other points are taken, and the corresponding 
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magnitudes axe w^, r^' a;,, y^, w^, r^ aj^, y^y . . . .^ we shall 
have 



9 9 ' 9 



(2) 



(3) 



9 9 9 

and so on, whatever be the number of points. Now 






9 



9 



9 



W 2 I '^l 2 I ^^2 .2_L — T 

Cu "T" — ^»C| "7* ^/ft "7" • • . • ^ If 

5^ 9 9 

—y^+ — 2/i +-^2/2^+ — =i2 

9 9 9 

Therefore, adding together (1), (2), (3), &c., we obtain 

i=ii + i2 Q. E. D. 

Ex. 683. — If ^ is the area of the section of a thin rod, w the weight of a 
cubic foot of the material, and I its 
length, show that its moment of inertia 
about an axis passing through one 
end and perpendicular to it equals 



Fig. 168 



1 !?.*;». 



3 

[If AB is the line, and a pyramid is 
constructed whose base bd is a square 
the side of which equals ab and its plane 
perpendicular to ab (compare the end of 
Art. 82) ; then if we consider a lamina 
contained by planes drawn parallel to 
the base through the extremities of any 
small portion vp of ab, its volume will 
ultimately equal pp x ap*; now the moment of inertia of pp equals 

mass of Fi> X AP^ i. e. it equals — x vol. of lamina ; and hence the 

9 

moment of inertia of the rod equals x volume of the pyramid.] 

if 

Ex. 684. — The moment of inertia of the rod in the last Example about 
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an axis perpendicular to its length and passing throngli its middle point 

eqnals — . — kl'. 
12 ^ 

[See Prop. 30.] 

Ex. 685. — There is a rectangular lamina whose thickness is k and sides 

a and bj show that with reference to an axis parallel to a and passing 

through the middle point of b the moment of inertia equals — . - ^ad*. 
[See Art 134.] ^ 

Ex, 686. — If in the last Example the axis is perpendicular to the plane 
and passes through the centre of gravity, show that the moment of inertia 

of the lamina equals —- . - kab (a* + 6*). 

12 y 

[See Prop. 31.] 

Ex. 687. — There is a rectangular parallelopiped whose edges are a, i, c, an 
axis is drawn through the centre of gravity and parallel to the edge <?, show 

.1 11} 
that the moment of inertia about that axis equals — . - abc (a* + 6*). 

12 fl' 
[See Art. 134.] 

Ex. 688. — There is a right prism whose base is a right-angled triangle, the 
sides containing the right angle of which are a and J, the height of the 
prism is c. Show that if an axis be drawn through the centres of gravity 

of the ends the moment of inertia about that axis equals — - . — abc 

^ 36 ^ 

[By Art. 134 and Ex, 687 the moment of inertia about a parallel axis 
joining the middle points of the hypothenuses of the ends is — • — ^^ 

if 

X (a' + b^); the result is then obtained by Prop. 30.] 

Ex. 689. — There is a right prism whose height is c and base an isosceles 
triangle the base of which is a and height b; if an axis be drawn passing 
through the centres of gravity of the ends its moment of inertia about that 

axis equals — . - abc (— + --). 
^ 12 g V4 3 y 

[This prism can be divided into two resembling that in the last Ex.] 
Ex. 690. — There is a right prism whose weight is w and base a regular 
polygon, the radius of whose inscribed circle is r, and length of one side a, 

1 w 

show that its moment of inertia about its geometricad axis is - . - 

[This prism can be divided into prisms like that in the last Example.] 
Ex. 691.— If there be a cylinder whose height is h and radius of base r, 

show that its moment of inertia about its geometrical axis equals hr\ 

2 g 
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[If the cylinder reduces to a circular lamina whose thickness is h, the same 
formula is of course true.] 

Ex. 692. — There is a thin circular lamina whose radius is r and thickness 

k. show that the moment of inertia about a diameter equals kr\ 

[See Prop. 31.] 

Ex. 693. — There is a drum the length of which is a, the mean radius of 
the end r, and the thickness t^ show that its moment of inertia about its axis 

very nearly equals - 2vatr^; and that if t equals -, the error in the above 

Q n 

... 1 

determination of the moment of inertia is the j-jth part of that quantity. 

Ex, 694. — There is a cylinder the length 'of which is h and the radius of 
whose base is r, show that its moment of inertia about a diameter of one end 

equals^ irAr^ |-_ + _| 

if 

[If we consider a lamina contained between two planes parallel to the 
end and at distances x and x + Zx^ it appears £rom Ex. 692 and Prop. 30 

that the moment of inertia of the lamina equals - . - irr*8a? + - -nr^x^Zx ; 

^9 9 

whence the required moment of inertia equals the mass of a line each foot 

of which weighs - . twrr*, together with the moment of inertia about one 

4 

end of a line every foot of which weighs ttirr*.] 

Ex. 696. — Determine the moment of inertia of a cylinder about a generat- 
ing line. 

*Ex. 696. — There is a cone the height of which is h and radius of base r, 

show (1) that its moment of inertia about its axis equals — — ifhr^ ; 

if 

(2) that its moment of inertia about an axis drawn through the vertex and 

perpendicular to the axis of the cone equals »Ar* ^ A* + _ K 

b g L 4 J 

*Ex. 697. — Show that the moment of inertia of a sphere about any dia- 
meter equals — - irr*. 

[The results in the last two Examples cannot be easily obtained without 
the aid of the integral calculus.] 

Ex. 698. — In the mass of iron described in Ex. 12 let an axis be drawn 
passing through the end of the longer rectangular piece and bisecting those 
sides of the end which are 6 inches long, determine the moment of inertia of 
the mass with respect to that axis.* Ana. 2309'2. 



* In this, as in all examples of moments of inertia, weight is reckoned in 
lbs. and space in feet. 
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Ex. 699. — There is a cast iron cone 16 in. high, radins of base Sin., deter- 
mine its moment of inertia, (1) about an axis through its centre of grayily 
and parallel to its base, (2) about a parallel axis distant 4 feet from the 
former. Ans. (1) 1-164. (2) 140*9. 

Ex. 700. — ^Determine the moment of inertia about a vertical edge of the 
oak door described in Ex. 17. Ans. 14*4. 

Ex. 701. — There is a cube of oak whose edge is 8 inches long, through 
the middle of it at right angles to one of its fSsices passes a cylinder of oak 
4 feet long and 3 inches in diameter; the centres of gravity of the two 
figures coincide ; determine the moment of inertia of the whole about an 
axis passing through the common centre of gravity and perpendicular to 
the axis of the cylinder and also to a face of the cube. Ans. 0*5166. 

Ex, 702. — Determine the moment of inertia of the hollow leaden cylinder 
described in Ex. 16 about a diameter of its mean section. Ans. 0*020194. 

Ex. 703. — If a cylinder like that in the last Example is fitted to each aim 
of the figure described in Eaf. 701, determine the moment of inertia of the 
whole about the specified axis, (1) when the ends of the leaden cylindeis 
coincide with those of the arms, (2) when the other ends of the cylinders are 
in contact with the cube. Ans. (1) 6*296. (2) 0*9. 

Ex. 704. — ^Determine the moment of inertia^ about the axis, of a giind- 
stone 4 feet in diameter and 8 inches thick. Ans. 70*13. 

Ex. 705. — There is a cast iron fiywheel consisting of a rim, four spokes 
at right angles to each other, and an axle ; the external and internal radii 
of the rim are 4 and 3^ ft. respectively, and its thickness 8 in. ; the sections 
of the spokes are each 4 square inches, the axle 12 in. in diameter and 18 in. 
long : determine the moment of inertia of the whole about the geometrical 
axis of the axle ; and also determine the error if the spokes and axle were 
neglected and the moment of inertia of the rim calculated by Ex. 693. 

Ans. (1) 1586. (2) 31*3. 

Ex. 706. — If the moment of inertia of any body with reference to any 
axis be represented by i, and if the body be uniformly expanded by heat, 
so that the linear dimensions before expansion are to those after in the ratio 
of 1 : 1 + a, show that the moment of inertia with reference to the given axis 
becomes (l + a)* i. 

135. The Radius of Oyration. — It is evident from the 
definition of the mbment of inertia of a body with respect 
to a given axis, that there will be, with respect to that 
axis, a line of a certain determinate length k, such that 

9 
where i is the moment of inertia, and w the weight of 
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the body ; the line k is called the radius of gyration with 
respect to that axis, and may be defined to be that distance 
from the axis at which the whole mass of the body may be 
supposed to be collected without producing any change in 
the moment of inertia. Thus, it is evident that in Ex. 
683, 686, and 691, the values of the radius of gyration are 

respectively — = 9 \J ^ and -r= Moreover, if k be 

the radius of gyration of a body with reference to an axis 
passing through the centre of gravity, and k^ its radius of 
gyration with reference to an axis parallel to the former, 
and at a distance from it equal to h, then it is evident from 
Prop. 30 that 

ifcj2 = p + ^2 

It is to be observed that the moment of inertia is essen- 
tially a mechanical magnitude, while the radius of gyra- 
tion is simply a line ; now suppose k to be the radius of 
gyration of any lamina, the area of the face of which is A, 
it is not imusual to speak of that area as having a moment 
of inertia ; when this is done it means that 

i=aA? 
In this sense the term moment of inerti& is used in 
Art. 98. Strictly speaking, an area has a moment of 
inertia no more than it has weight. 
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CHAPTER VL 
d'alembert's principle. 

136. Account of ProbleTn to be solved. — ^The manner in 
which the dimensions of a body influence its motion may 
be illustrated as follows : — If we suppose a bar to be sus- 
pended by one end and to oscillate, the velocities with 
which the different points are, at any instant, moving, 
stand to one another in a fixed relation ; thus the free end 
moves twice ss fast as the middle point ; moreover, witii 
one exception, each point has a different velocity from 
what it would have if it were detached from the rest, 
and swang freely at the same distance from the centre of 
suspension; this difference must depend upon the cohe- 
sive forces which bind the parts of the bar together. The 
consideration of this simple case points out the two chief 
additional conceptions required for the investigation of the 
motion of a body whose form has to be taken into account 

(1) A means must be obtained for comparing the velo- 
cities of dififerent points of a rigid body revolving round 
an axis, which is done by introducing the conception of 
Angular Velocity. 

(2) A principle is required by means of which we can 
avoid the consideration of the cohesive forces which hold 
together the parts of the body: this is generally called 
D'Alembert's Principle. 

137. Angular Velocity. — If a rigid body revolves round 
an axis, it is plain that the perpendiculars let fall from each 
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point of the body on the axis will, in a given time, describe 
equal angles ; hence arises the following 

Def. — If a body revolves uniformly round an axis, the 
angle (estimated in circular measure) described in one 
second by the perpendicular let fall from any point on the 
axis of rotation is called the angular velocity of the body. 

If the velocity is variable, it is measured at any instant 
by the angle that would be so described if, from that in- 
stant, the velocity continued uniform for one second. 

In the following pages a> and il are used to denote 
angular velocity. 

Ex. 707. — ^A body makes 30 nnifonn reTolutions in one minute, what is 
its angular velocity? Ans. ir. 

Ex. 708. — ^A point moves at the rate of 12 ft. per second in a circle whose 
radius is 15 ft, what is its angular velocity ? Ana. |. 

Ex. 709. — ^Determine the angular velocity of the earth round its axis. 

Ans, 

43082 
[See Example 518.] 

Ex. 710. — If a body has an angular velocity 2*5, how many revolutions 
will it make per hour ? Ans, 1432*4. 

Ex. 711. — If a body has a uniform angular velocity o», show that the cen- 
trifugal force of a point in it, situated at a distance r from the axis, is fV. 

138. Impressed Forces. — All forces acting on a body 
which do not arise out of the mutual cohesion of its parts, 
are called the impressed forces that act on the body. 

Thus, when a cricket ball is thrown in vacuo, the im- 
pressed force is gravity ; if it were pierced by a spindle 
and caused to revolve round it, the impressed forces would 
be gravity and the reaction of the points of support of 
the spindle ; and so on in other cases. 

139. Effective Forces. — It must be remembered that 
when a solid body is in motion, each point in it moves 
along a determinate line, straight or curved according 
to circumstances. As this fact should be distinctly con- 
ceived by the student, it may be mentioned by way of 
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illustration that, when a cart moves along a perfectly even 
road, each point on the circumference of one of its wheels 
describes a cycloid, the centre of the wheel describes a 
straight line^ while any point in one of the spokes de- 
scribes a curve called a trochoid. A similar, though mudli 
more complicated, kind of motion belongs to the different 
points of a cricket ball, when in the act of being thrown 
it receives a rotatory motion. The only fact, however, that 
we are concerned with here is that, whatever be the motion 
of the body, each point in it will describe a determinate patL 
Let w be the weight of a point of a moving body, and 
suppose that point to describe the path hk ; at m let it 
Fio. 169 ^ moving with a velocity v, and at u! 

f^ with a velocity t/, having described the 
m;.^'^^ small space between MM^in the short time U 
Let it now be inquired what pressures 
acting on an isolated point would make 
it move as the point actually does when 
forming part of the moving body. The points mm' may 
be considered to be on the circumference of the circle of 
curvature at the point M, whose radius p can be determined 
from the nature of the curve hk; hence at m the isolated 
point must be acted on by a normal pressure equal to 

— . — , and the change of velocity must be produced by a 

tangential pressure — . —^5 the time t being supposed 

indefinitely small. If, then, at m we suppose the point to 
become isolated, its motion retaining the same velocity and 
direction, it will continue to move as it actually does during 
the next short time, if acted on by the resultant of the 

pressures - . — , and — . — - — ; this resultant is called the 
g r 9 ^ v^".'^ w"^ 

effective force, or the effective pressure on the particle at H. 
Hence we may define it in general terms as follows : 
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Bef. — If the velocity and direction of the motion of a 
point, forming part of a rigid body, undergoes a certain 
change in an indefinitely short time beginning at a given 
instant ; then if we suppose the point to be at that instant 
disconnected from the body, and to be acted on by a 
pressure which produces in that indefinitely short time the 
same change in the velocity and direction, the pressure 
is called the eflfective pressure, or the effective force on 
the point at that instant. 

140. EffectivePreasureain the case of Rotatory Motion. — 
Suppose a point whose mass is*— to be situated at. a dis- 
tance r from the axis of rotation of a body, of which the 
point forms a part; let o) be the angular velocity of the 
body at a given instant, and at the end of a short time t 
let the angular velocity become a/, then at the given in- 
stant the eflfective pressure will consist of two components 

— ra!^ alone: r, and — . _ V^ "^J {j^ the direction of the 

f/ 9 t 

tangent; if the angular velocity is uniform, the second 

component is zero, and the eflfective pressure is riis? acting 
along r. 

141. D^Alemberfs Principle. — Let it now be inquired 
what are the pressures that act on any point m of the 
moving body ab ; it will be remarked that they can only 
be of two kinds, (1) the impressed pressure p transmitted 
to it, (2) the resultant q of the cohesive pressures which 
bind it to the rest of the body : these two pressures must 
have at any given instant a determinate resultant r, and 
this must be the eflfective pressure on m at that instant, since 
if M were isolated for a short time, and were acted on by 
R, its motion would experience the same change in velocity 
and direction that it actually experiences ; now if a pressure 

T 
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ec|ual and opposite to b were to act on ic at the instant 
Fic. 170 under copgideratioiiy it woald be in 

equilibrium with p and q; and tbe 
same is true of eTerr other pcMiit ol 
the body; consequently if we sop- 
pose that to each point of the bod^ 
a pressure is applied equal and (sp- 
posite to the effectiTe pressure <a 
that pointy these pressures will be in 
equilibrium with the impressed and 
cohesive pressures, and we shall have 
three systems of pressures constituting a system in equili- 
brium, viz. (1) a system of impressed pressuresj, (2) a 
system of cohesive pressures, (3) a system of eflTectiTe 
pressures applied to the points in the opposite direction to 
that in which they must act to produce the actual motion 
of the points. Now D' Alembert's principle asserts that the 
cohesive pressures are separately in equilibrium, and infers 
the conclusion that if pressures equal and opposite to the 
effective pressures at any instant were at that instant 
applied to each point of the body, they would be in equi- 
libri/um with tlic i/mpressed pressures. 

Proposition 32. 

If a body, whose mass equals ~, is symTneti^ical wUh 

9 
reference to a plane passing through a certain a^ods and 

its centre of gravity, the distance of which from the cuds is 

denoted by x ; then if the body revolves round the axis 

with a uniform angular velocity w, the resvZtant of the 

effective pressures equals — x<o\ 

Let Ao be the axis, and bc the revolving body, the 
plane of the paper being the plane of symmetry, we may 
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suppose it divided into a number of laminae, such as de, 
by planes perpendicular to Ao ; then j,,^ j.j 

if we find the effective pressure of a 
each lamina, their resultant will be 
the required pressure, 

(1.) Let Gj be the centre of gravity 
of DE, and GjN^ its perpendicular ^i 
distance (a;,) from the axis ao; in 
its plane draw the axes Nj^/, Nj^t, 
and take p, any small portion ol 
it, and suppose the mass of p to be 



o 




Fio. 172 



— , and its co-ordinates to be y and 
9 

z\ also let the angle pn,^/ be de- 
noted by 6. Now (Art. 140) since 
p describes a circle round n, with 
a uniform velocity, its effective 

pressure is — cd^.pNj which can be re- 

solved into two components, viz.— cd^'W 

9 

parallel to Ni^/, and —0)^0 parallel to ^.z. In the same man- 

9 

ner, if -— !-, t/j, z^^ —2, t/j, 2^25 •• • ^^ ^be corresponding values 
for other elements of the lamina, we shall have pressures 




w 



w. 



w, 



^(o^y,, — ?o)V« parallel to jn^y, and -i co^z,. 

9 9 9 

^(o^z^ .... parallel to m^z. Hence (Prop. 16) the effec- 

tive pressures on the lamina are equivalent to the two 
' wy + w^y^+w^y^-^-.. . i =- 



01' 

~9 



^^wy + w{y^ + w^y^ + . . . j = — Wij/ parallel to N,y 



and 



9 I 



wz-rw 



1 ©* - 

i0j+'Z^2^j + . . . j- =— Wji^paralleltoNi^:, 



T 2 
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where y^ z are the co-ordinates of g,, and w, is the weight 
of the lamina de ; if we compound these two pressures, 

we shall obtain — . w,a;j as their resultant acting along 
(2.) Let the masses of the several laminae into which 

T^ ysj ^j 

BC is divided be respectively — 1 . _ ^ . — i and let the 

9 9 9 
respective distances of their centres of gravity from Ao 

be ajj, x^yX^. . . . then their efifective pressures are severally 

-w,a;„ — w«iC5, — w,j:,, Now it follows from the 

9 ' ' 9 9 ^^ 

symmetry of the figure, that all these centres of gravity 

are in the same plane, viz. the plane of the paper; the 

efifective pressures are therefore parallel, and their resultant 

will equal their siun, viz. 

which equals —yjx or —X(o\ Q. E. D. 

9 9 

Cor, — The point at which the direction of the resultant 

of the efifective pressures cuts the axis is determined thus : 

take any point o on the axis, and let oNj be denoted by 

5j, and let z^, ^3 • • • correspond to the other laminae, then 

if z is the distance of the required point from o, we have 

(Prop. 16.) 

w . — ©^ 

9 9 

Now in general the right-hand side of this equation 
cannot* be obtained except by means of the integral 



yf^x^z^-\-y^^x^^'^y^^x^^-\-. . . I 



* The right-hand side of the equation is commonly written m^mzx\ 
and it may be added that l.mzx is one of the three quantities Sm^y, 'Zmz, 

^mzx that occur in systematic treatises on the dynamics of a solid body. 

See Poisson, MScaniquCj voL ii. c. 2. 
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calculus : one important exception, however, may be men- 
tioned, viz. when the body is symmetrical with reference 
to a plane perpendicular to the axis of rotation; in this 
case it is evident that if we take o at the point where thi? 
plane cuts the axis, the right-hand side of the above equa- 
tion will equal zero, i. e. the pressure p must act along the 
intersection of two planes of symmetry, so that the direc- 
tion of the resultant of the eflfective pressures must pass 
through the centre of gravity of the body. Examples of 
this case are supplied by a sphere revolving round any 
axis, a cylinder revolving round an axis either parallel or 
perpe^idicular to its geometrical axis, and a cone about an 
axis perpendicular to its geometrical axis. 

Ex. 712. — A thin rod whose length is / is fastened by one end to a 
spindle, to which it is inclined at an angle a and round which it revolves, 
show that the direction of the resultant of the effective pressures cuts the 
spindle at a distance from that end equal to § / cos a. 

Ex. 713. — A cone of cast iron 1 ft. high, the radius of whose base is 6 in., 
revolves 30 times a minute round an axis parallel to its geometrical axis, 
and passing through a point in the circumference of the base ; find the cen- 
trifugal force, i. e. the resultant of the effective pressures. Ans. 18*2 lbs. 

Ex. 714. — ^A cylinder of cast iron 3 ft. high, whose base is 6 in. in diameter, 
revolves 100 times a minute with its axis vertical round a parallel axis at a 
distance of \\ ft. ; find the centrifugal force. Ans. 1364 lbs. 

Ex. 715. — A wrought iron rod 10 ft. long and section 1 in. in radius is 
made to revolve 60 times in a minute round an axis perpendicular to its 
length and passing through one extremity ; find the centrifugal force. 

Ans. 665 lbs. 

Ex. 716. — Two balls of cast iron, one 10 in. and the other 6 in. in diame- 
ter, are fixed to the ends of a rod with their centres 3 ft. apart ; they are made 
to revolve 100 times a minute about a vertical spindle, whose. distance from 
the centre of the heavier ball is 1 ft. ; find the pressure due to centrifugal 
force on the spindle. Ans. 266 lbs. 

Ex, 717. — Two rods in all respects equal are made to revolve about a 
vertical spindle ; they are always in the same vertical plane but on different 
sides of the spindle, and are quite free to move round the top of the spindle 
in that plane ; if the spindle makes n revolutions per second determine the 
position of steady motion. ^^^ Qq^ o=— ^^L_ 
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i2Ir. 718. - A shaft of cast iron 'whose section is 8 in. by 4 in. and whose- 
lcnf»:th is 4 ft., revolves in a horizontal plane round a vertical axis of wrought 
iron 6 in. in diamotor whose centre is 4 in. from the end of the shaft; if it 
makes 200 revolutions per minute, determine the number of units of work 
expended on the friction of the axle caused by the centrifugal force, the 
axle being well greased (fi— 0*075). Ans, 215530 units permin. 

142. Pressure on a Fixed Axis of Rotation. — The 

student must be on his guard against supposing that —x^ 

is the whole of the pressure on the fixed axis ; though it is 
frequently the most important part of it. The complete 
investigation of that pressure lies beyond the scope of the 
present work ; to prevent a misapprehension, however, it 
may be well to add one or two of the results of the inves- 
tigation. 

(1.) The body being supposed symmetrical, as in Prop. 
32, and it being further supposed that no external force, 
such as gravity, acts upon the body, the only impressed 
force will be the reaction of the axis, which (Art. 141) ydU 

therefore equal _ ^^yi 

9 

(2.) If in the last case the axis were vertical, and the 

body acted on by gravity, the horizontal pressure is still 

w- 

-^ a; CD ; but there is also a vertical pressure acting along 

the axis equal to the weight of the body. 

(3.) If in the last case the body were not symmetrical 
with reference to a plane passing through the axis and the 
centre of gravity, there will in general be the following 
pressures : {a) a pressure equal to the weight of the body 
acting along the axis; (6) in the plane passing through 
the axis and the centre of gravity a pressure equal to 

-aj®^ acting perpendicularly to the axis through a certain 
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point, whose position depends on the form of the body ; 
(c) in a plane passing through the axis and perpendicular 
to the former plane, a pair of equal parallel pressures acting 
towards contrary parts constituting a couple (Art. 54), 
whose moment depends on the angular velocity and the 
form of the body. 

In most other cases the pressures on the axis vary from 
instant to instant, and are of a much more complicated 
character than those mentioned above. 
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CHAPTER VII. 

ON THE WORK ACCUMULATED IN A BODY THAT BOTATES OJX 

A FIXED AXIS. 

143. The Work accumulated in a Moving Body.—V 
all the pressures that act on a body are considered, viz. 
both those which tend to accelerate and those which tend 
to retard its motion, it will be evident that the number of 
units of work accumulated in a given interval is the excess 
of the number of units done by the former over those 
done by the latter ; in other words, it is the (algebraical) 
sum of the units of work done by the impressed pressures ; 
let this be denoted by the letter u. Now it will be re- 
membered that the effective pressures at any instant 
applied in opposite directions would be in equilibrium 
with the impressed pressures (Art 141), and consequently 
(Art 104) the sum of the units of work done by the 
impressed pressures will equal the sum of the units of 
work done by the effective pressures. Let now the dif- 
ferent points of which the body is made up be considered, 

let their masses be severally ^, ^, V^^ . . . and at 

9 9 9 
the beginning of the given interval let their velocities be 

severaUy Vj, Vj, Vg and at the end of it v^, v^ v^ 

then (Ex. 646) if they had moved separately the number 
of units of work done upon them respectively would have 

been | (V-t.'), ^ (VV). | (V- V), 
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Now these must be the works done by the effective pres- 
sures, and therefore 

^ = I (^.'-V)+ g (V-V)+ g W-V)+ 

Proposition 33. 

If a body moves round a fioced cuds^ and in a given 
interval its angular velocity is changed from 12 to ©, then 
the algebraical sumfi of the number of units of work done 

upon it during that interval^ equals — i, (g)^— fl^), where 

ij is the moment of inertia of the body with reference to 
the axis. 

For conceive the body to be made of heavy points 
whose respective weights are w^^ w^ w^ .... and their per- 
pendicular distances from the axis r,, rg, rg . . . . , then 
using the notation of the last article, we have 

Vi=r, a, T^=r^ O, V3=r3 ft 

and ^1=^1 ®^ '^2— '^2 ^9 ^^3=^3 ® • • • • 

therefore the number of units of work done upon it during 

the interval equals 

M!K-fi»)+!^(«^-ii»)+ifi^*(a,«-n')+. . . 



6> 



2 



-n^ 



which equals — (w^ r^ + w^r^-\-w^r^-\- . . . . ) ; 

now - (i^j r^ + u)^ r^ + ^^3^3*+. . .) ^® *^^ moment of in- 

ertia (ij) with respect to the axis of rotation; consequently 
the number of units of work done upon the body equals 

~2 ^^' Q. E. D. 

Cor. — If the body begins to move from rest, the number 

of units of work done on the body equals — ^- Now if 
we consider the axis to be a line, and the body to move 
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under its own weight, the only pressures acting on it are 
itH w(»if]jlit w, and the reaction of the axis ; but since the 
point of apjilication of the latter force does not move, it 
dof»H not work ; and if the centre of gravity falls through 
a hei^^lit h, the former does w h units of work ; therefore 
the angular velocity acquired by the body under these 
circumstances is given by the equation 

?!li=wA 
2 

« 2wA 2qh 

where l\ is the radius of gyration, with reference to the 
axis of rotation. 

Ex. 719. — A rod of cast iron 3 ft. long, | of an incli wide, and IJ inches 
deep, turns round one of its shortest edges from an angle of 45° with the 
horizon, find the angular velocity it has when in a horizontal position — its 
moment of inertia being reckoned that of a rod. Ans. 4*757. 

[Soo Example 683.] 

Ex. 720. — In the last Example determine (1) the velocity in feet per 
second with which the end of the rod moves, and (2) the number of degrees 
tlirough which the rod would move in one second if it continued to more 
uniformly with the angular velocity acquired. 

Ans. (1) 14-271. (2) 272° 33^. 

Ex. 721. — A cone turns round a horizontal spindle, passing through its 
vertex at right angles to its axis, what angular velocity wiU it acquire in 

falling from its highest to its lowest position ? Ans. o»*as— ^-. 

[See Example 696.] *** "*" ^ 

Ex. 722. — In the last Example if the cone is of brass, and is 4 ft high 
and its base 1 foot in radius, what pressure will be produced on the axis by 
its centrifugal force when in its lowest position ? and how many times greater 
than the weight is this pressure ? Ans. (1) 8116 lbs. (2) 3^ times. 

Ex. 723. — If the mass of cast iron described in Example 12 move round 
the axis assigned in Example 698, determine (1) the angular velocity it 
acquires in falling from an inclination of 30° to a horizontal position, and 
(2) the number of units of work accumulated in it 

Ans. (1) 2-21. (2) 5638 units. 

Ex. 724.— A cone of cast iron 16 in. high the radius of whose base is 8 in. 
is fastened to the end of a shaft 4 ft long, at right angles to its axis, and 
whose end coincides with its centre of gravity, the whole moves about a hori- 
zontal axis at right angles to the shaft and passing through its extremity; 
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the centre of gravity of the cone descends through a vertical height of 2 ft., 
find the angular velocity acquired. [See Ex. 699.] Ans. 2-817. 

Ex. 725. — If the oak door described in Example 17 is pushed open by a 
pressure of 5 lbs. acting at every instant perpendicularly to its face and at a 
distance of two feet from the inner edge of the door ; determine the angular 
velocity acquired in moving through an angle of 90°. Ans. 1*476. 

[The number of units of work done on the door is, of course, 6ir, so that 
«2i = 10ir. See Ex. 700.] 

w>fc^ 
Ex. 726. — A pulley whose moment of inertia is — — and radius r turns 

freely round a horizontal axis, a fine thread is wrapped round it to the end 
of which a weight w^ is tied ; the weight of the string and the passive re- 
sistances being neglected, show that if tc is the angular velocity of the pulley 
when Wi has descended through h feet, then 



09 



a_ 2wl^A 



[It must be remembered that when the angular velocity of the pidley is 
» the velocity of Wi is r«.] 

Ex. 727.— A cylinder with its axis vertical turns round a fine spindle 
coinciding with its axis ; a thread is wrapped round the cylinder and then 
passes horizontally over a pulley capable of revolving roimd a horizontal 

axis ; to the end of the thread is tied a weight Wi ; if ^ — , ^^, are 

the moments of inertia of the pulley and cylinder, and r and b their radii, 
and » the angular velocity of the cylinder after Wi has fallen through a 
height k ; show that if the passive resistances are neglected 






;£=* k^ 

Wi+w— -+ w — 

i4^ r'-* 
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144. SmeatoTCa Machine. — For the purpose of testing 
the truth of the formula 
for the angular velocity, 
and consequently of the , 
principles from which 
that formula is deduced, 
a machine was invented 
by Smeaton, which may w 
be described as follows : 
AB is a cylinder capable 
of revolving round a very 
fine and smooth vertical 



c 



i 



B 
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spindle coinciding with its axis; it is crossed at right 
angles by an arm en, whose axis is bisected by that of 
AB, on which are two masses of lead of a hollow cylindrical 
form, and capable of being shifted backward and forward 
on their respective arms. The whole is set in motion by 
a weight w attached to the ^id of a string, which, after 
passing horizontaUy over a small pulley p, is wrapped 
round the cvlinder ab. 

Ex. 728.->Iii SmeatoQ*8 machine girai tlie fbDowing dunensionfl^ abis 
3 ft. 8 in. long, and 6 in. in diamet^, ci> is 4 ft. long and 3 in. in diam«tai^ 
thej are joined bj a centre, in shape a cube 8 in. along the edge, all of oak, 
the masses of lead are 6 in. in eztenial diameter and 3 in. long ; the string is 
long enough to cause the machine to make 15 turns before it is unwound; 
determine the angular velocitr communicated to the machine bj a wei^ 
of 20 lbs. (1) when the leaden cylinders are placed at the ends of the aims; 
(2) when thej touch the £uxs of the cube : — the inertia of the pulley, the 
weight of the string and the passire resistances being neglected. 

Aas. (1) 1217. (2) 3112. 

[Employing the results obtained in Example 703, it is easQy shown that 
the moment of inertia of the reToliing piece is 6*33 in the first case, and 
0^33 in the second case.] 

Ex. 729. — In the first case of the last Example determine approximately 
the error in the angular velocity that resulta from omitting the inertia of the 
pulley, supposing it to be of brass, and to be 2 in. in radius and ^ an inch thicL 

Ans, 0-0023. 

Ex. 730. — There is a pulley whose radius is r, and radius of axle p, the 
limiting angle of resistance between the axle and its bearings is ^ ; a rope 
(whose weight is to be n^ected) is wrapped round this pulley and carries 

at its end a weight p ; given w the weight of the pulley and its mo- 

ment of inertia ; determine the angular velocity acquired by the pulley when 
p has fallen through h feet 

[It must be remembered that if the wheel were to move with a nnifonn motion 

the number of units of work done upon it would equal ^P ^^^^ *P therefore 

r— psin^ 

the number of units of work accumulated equals h < p— ^^ ^^^ ^\ whence 

L r— p sin ^J 
we obtain 

^^ 2ffh (pr— fp-f-w) p sin <»K 

" (pr2 + wA:2)(r-psin^) "* 

Ex, 731. — A cylinder turns round an axle whose radius is p, it starts with 
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an angular velocity «, show that it will be brought to rest by friction after 
n turns, where 



n 



r2 w'' 
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Ex. 732. — The grindstone described in Ex. 16 turns on a bearing of 
cast iron ; it makes 15 turns per minute ; determine the number of turns it 
will make when left to itself, the axle being well greased (fi= 0*075, see 
p. 148). Ans. 1-94. 

[The moment of inertia may be taken as equal to that found in Ex, 704, 
and the weight to that found in Ex. 16.] 

Ex. 733. — Round the wheel described in Ex. 705 is wound a rope 30 ft. 
long, to the end of which is attached a weight of 250 lbs. ; the coefficient of 
friction between the axle and its bearing is 0*075 : the weight is allowed to 
run down ; determine the number of revolutions made by the wheel after 
the rope has run out, supposing that the rope does not slide on the surface 
of the wheel during any part of the motion. Ans. 5*88 times. 

145. AtwoocCs Machine was invented for the purpose 
of determining the accelerating force of gravity ; for prac- 
tical purposes this can be far 
more accurately done by 
means of observations on the 
pendulum ; it however pre- 
sents a case of terrestrial 
motion which admits of very 
accurate observation, and thus 
supplies a means of testing 
the truth of the fundamental 
principles of dynamics: the 
annexed figure represents an 
elevation of this machine, 
which can be sufficiently de- 
scribed as follows. A and b 
are boxes containing equal 
weights, and connected by a 
thread acb passing over a 
pulley c, which is supported 

either on friction wheels or by the points of screws, one of 
which is seen at d. The box A is made to descend either 
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by a flat weight placed on it or by a bar s, whidi is in- 
tercepted by the ring f, through which the box passes and 
continues to descend till it strikes the stage g ; the space 
passed over is measured by a scale on hi, and the time bj 
a pendulum k, which may be kept in motion by a clock 
escapement with a weight : the machine is levelled by the 
screws l, m.* The weight e produces a certain velocity 
while moving over a given space, viz. till e conies to f; 
the velocity acquired is then determined by observing the 
time in which A moves from F to g; for when e is re- 
moved, the boxes A and b will of course move uniformly 
with the velocity acquired. 

Ex. 734. — In Atwood*8 machine if w is the weight of a or b, and p ihs 
weight of the bar, and if -Xr* is the moment of inertia of the poUej and r 

its radios, then t, the velocity acquired by each of the boxes while p moves 
through a space A, is given by the formula 

^2^ ^^^r^ 



(2w + p)r2+frit* 

[In this result the weight of the thread and the passive resistances arp 
neglf^cted ; consequently in comparing it with experiment great care must 
be taken to suspend the axis of the pulley ; and a very fine strong thread 
should be employed.] 

Ex. 735.— If in Atwood's machine the pulley were a solid cylinder of 
cast iron 2 ft. in diameter, and 3 in. thick, the equal weights 28 lbs. each, the 
bar 2 lbs., what velocity will the weights have acquired when the preponde- 
rating weight has fallen through loft.? Ans. 2*858 ft. per sec. 

[It may be observed that in the ordinary form of Atwood's machine the 
wheels are light brass wheels — not at all resembling that described in the 
Example.] 

146. The Flywheel. — '^Mien a steam engine is employed 
as a prime mover, it is desirable that the angular velocity 
communicated to the principal shaft should be as nearly 
as possible imiform; now it commonly happens that the 
driving pressure is variable, or else acts at a variable dis- 
tance (as in the case of a crank) ; it may also happen that 
the work to be done by the shaft is intermittent; for instance, 

* Young's Lectures, p. 758. 
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it may be required to lift a tilt hammer. Now if a suffi- 
ciently large fl3rwheel is made to turn with the shaft there 
will be accumulated in it a number of units of work very 
much greater than that done by a single turn of the crank, 
or than the number expended on a single lift of the ham- 
mer, and consequently the variations produced in the 
angular velocity will be very small — the diminution of 
these variations being the end to be attained by the fly- 
wheel. In the Examples that follow, it is supposed that 
the weight of the wheel (w) is distributed uniformly 
along the circumference of the circle described by the 
mean radius (r). The moment of inertia of the wheel is 

WT 

therefore . A more acciurate determination of the 

9 
moment of inertia could be obtained as in Ex. 705. 

Ex. 736. — An engine of 35-horse power makes 20 revolutions (i.e. up and 
down strokes) per minute, the diameter of the flywheel is 20 ft., and its 
weight 20 tons, determine the number of units of work accumulated in it ; 
and if the work done during half a revolution were lost, determine what 
part of the angular velocity woidd be lost by the flywheel 

Ans. (1) 307,000 units. (2) ^. 

Ex, 737. — ^If the engine in the last Example were employed to lift a tilt 
hammer weighing 4000 lbs. the centre of gravity of which is raised 3 ft. at 
each stroke, and if this were done once merely by the work accumulated in 
the flywheel, what part of its angular velocity would it lose ? 

Ans. -—-. 
51 

Ex. 738. — If the axis of the flywheel were 6 in. in diameter, and were 
of wrought iron turning on cast iron well greased (ju = 0*075), determine 
approximately the fractional part of the 35-horse power expended on turn- 
ing the flywheel for one minute. Ans. ^th. 

Ex. 739. — If the flywheel in Ex. 736 were divided into two pieces along 
a diameter, and if each piece were connected with the axle by a spoke at 
right angles to that diameter, determine the strain on each spoke arising 
from centrifugal force ; if the velocity of the wheel were liable to be raised 
to 40 turns per minute, what ought to be the section of a wrought iron 
spoke which would bear this strain mth safety ? 

Ans. (1) 19648 lbs. (2) ll'o sq. in. 

[See Ex. 278 and Art. 9.] 
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147. Jf. Morin^a EasperiTnenta on Friction. — A full ac- 
count of M. Morin's experiments will be found in his 
* Notions Fondamentales,' already frequently referred to; 
it would be inconsistent with the plan of the present work 
to enter into the details of the methods he employed ; it 
may, however, be stated that the arrangement adopted 
was in principle the same as that described in Ex. 557 ; 
to which it must be added that the rope supporting p was 
of considerable thickness, and passed over a pulley on the 
edge of the table. Now it will be remarked that in 
Ex. 557 and 565, it is implicitly assumed that the tension 
on the horizontal portion of the rope is equal to the tension 
on the vertical portion ; but as in the present case the rope 
is thick, the axle of the pulley rough, and work is ex- 
pended in overcoming the inertia of the pulley, this 
assumption is untrue, and the formulae given in those 
examples are inapplicable ; the formulae actually employed 
will be seen in the following questions ; the student will 
probably find little difficulty in investigating them. The 
notation adopted is as follows : p denotes the weight pro- 
ducing motion, t the tension on the horizontal portion of 
the rope ; w the weight of the pulley, i its moment of 
inertia, r its radius, r^ the radius of its axle, fju the co- 
efficient of friction between the axle and its bearing, a the 
coefficient of the rigidity of the rope, so that (I +a) T is 
the pressure to be overcome by p in its descent, / the 
acceleration of p's motion, g the accelerating force of 
gravity. The acceleration produced by the weight of the 
rope is neglected. The mode of determining / will be 
understood from the next question. 

Ex. 740.— If a drum revolves in such a manner that a point on its cir- 
cumference receives a uniform acceleration /, and if a sheet of paper is 
wrapped on it, and a pencil with its point resting on the paper is made to 
move in a direction parallel to the axis with a uniform velocity of v feet 
per second, show that the curve described on .the paper will be a portion of 
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a parabola, and that if c is the semi-latus rectum measured in feet, we shall 
have/= -• 

[In the experiments the parabolic turve was unmistakably obtained, 
whence immediately follows the important law that friction is indepen- 
dent of velocity.] 

Ex. 741. — In M. Morin's experiments show that the pressure between 
the axis of the pulley and its bearings is given by the formula 

>//p + tt;-p/\ 2 + T'*orO-96p ^ 1 - / \ + 0-96m; + 0-4t.* 

Ex. 742. — The second formula in the last Example being employed, show 
that T is given by the formula 

T (l + « + 0-4 ?^) =p (l-/) (l-0-96^i U0-96^_^,. 

Ex. 743. — A body whose weight is w is caused, to slide on a rough hori- 
zontal plane by a pressure t, after moving through 8 ft. it acquires a velocity 
V, show that the coefficient of friction (ju) is given by the equation 

T V^ 

w 2ffs 

148. Compound Pendulums. — The terms centre of 
suspension and centre of oscillation have already been 
explained (Art. 123); their properties are proved in the 
following propositions. 



Proposition 34. 

If k^ is the radius of gyration of a body ivith reference 
to its axis of suspension, and h the distance of the centre 

* The theorem that ^d^ + 6^ = 0*96 a + 0*4 6 where a>6, with an error 
not exceeding ^th part of the true value, is due to M. Poncelet ; it may be 
proved as follows : — let a «= r sin 6, h^r cob B ,\r^ v^a""' + 6*-', and B must 
have some vahie between 45° and 90°. Now if r' = 0*96 a + 0*4 6 we have 
7^= r (0-96 sin e + 0*4 cos B) but 0*4 = 0-96 tan 22° 30', therefore /:= 

r X 0-96 si" (^ + 22^ 300 r^^ ^ ^ increases from 45° up to 67° 30', r 

cos 22° 30' 
will increase from 0-96r to l'04r, and as B increases from 67° 30' up to 
90°, / decreases from l*04r to 0'96r, and consequently r' never differs from 

r by more than -- . 
^ 25 

U 
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of gravity heloxo the centre of suspension, then ^ is the 
distance of tlie centre of oscillation froTa the latter poinL 

Let AB be the body oscillating about an axis passing 
through s perpendicularly to the plane of the pap^r, which 

also contains the centre 
of gravity G ; join SG, 
draw the vertical line 
8C5 let 0| be the po- 
sition of Q- at the com- 
mencement of the mo- 
■*» tion, draw Q^Uy^ and 6M 
at right angles to sc, 
and denote g,sc and 
Gsc by 0y and re- 
spectively. Now the 
work done by the weight of the body in falling from G, to 
G equals wxMiM, i.e. wA (cos tf— cos 0y\ and therefore, 
if 0) is the angular velocity acquired, we have (Prop. 33) 





- - a)^fci^=wA (cos ^— cos 0,) 
2 g ^ ^ *^ 

.•. to^'zz -B— (cos ^- cos ^1) 

Let DP be a simple pendulum oscillating about n, draw 
the vertical line de, and let Pj be the position from which 
p begins to move ; draw pn and PiNj at right angles to de, 
and let dp be denoted by l^ and let PjDE equal 0^^ and pde 
equal 0\ then if v is the velocity acquired by the point in 
falling from Pj to p, we have 



■k 



i;2 = 2gr X NNj = 2gl (cos - cos 0{) 
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and therefore, if ^ is the angular velocity of p, we 
have 

a)'2= ^(eos^-cos^i)- 

Now if I equals -J-, eo' will equal a> for all values of 6^ and 

since Ab and dp are moving at each instant with the same 

angular velocity, their oscillations will be performed in 

k ^ 
the same time, and therefore -J- is the length of the simple 

pendulum oscillating in the same time as ab, hence if in 

SG produced a point o be taken, such that so equals 

h * 

-^, that point will be the centre of oscillation. 

Cor. — The time of a small oscillation of ab will equal 

Proposition 35. 

The cerUres of oscillation and suspension are reci- 
procal. 

Let AB be the body, G its centre of gravity, s a centre of 
suspension, and o the corresponding centre of fio. m 
oscillation, it is to be proved that these points are a 
reciprocal, i.e. if o is made the centre of suspen- | ®A 
sion s will be the corresponding centre of oscilla- 
tion. Let k be the radius of gyration round a 
parallel axis through the centre of gravity^ let SG, 
GO be respectively denoted by h and x, 

. J. )fc' + /t« 
ii 
or hxssk\ 

Next let be the centre of suspension, and y the 

U 2 
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AiAtJincti: &om g to the correapmdizi^ cenrre of oecilla- 
dob, thrn 

or yx^I^ 

and therefore ^=A, or 3 Ls the centre of oeexILitioii. 

Q. E-D. 



Et, 7(1." A tfJn mti of ft^ 10 ft. lon^ vibrafies aboui: so. axs 
thiTint^ on^ «iiil of it : detrrmiiui tiu^ tinn* of i fliiall ceoIIacioiL : dLe unndba 
f4 Tihntrionn it makMt in *. dar : and. tiie iLimib«r ic viH Ii3se ttl a t^ir if ^ 
tempentnnt i« increajKd hj 15^ F. 

JjM. J 1) 1-434 «c t2» 6i>254. j 3) 3. 

Et. 74'5. — A p^ndolsm rfbTatea about aa axu poean^ tiuoix^ its end; 
it. vtrutiittA of a 4ti>(»l ro*i 60 in. lon^. with a rectangtiLir 9«*etioa ^ br ^ of am 
iiuth ; on this rod is a ft^ cjlm*i^T 2 in. in diainieter aod. 4 in. loo^; wba. 
*hf: ftTifU of the rod and cylinder are set square, dett^rminie tibe time of a 
^mall oscillation. .eLw. 1*174. 

Ez, 7 16. — I>#»tMinine the radiiu of grratioa with refezence to the sna of 
•4n#ip'!nflion of a body that makes 73 oecillatioas in 2 minntca. the distanee 
of the centre of gravity from the axis being 3 ft. 2 in. .^Ijw. 5-267 ft- 

/>. 747. — Determine the distance between the centres of sospeimoiL and 
o«Kn]!ation of a l^io^ly that ribratea in 2| sec Am*. 20-264 ft. 

Ex. 748.— If —L- is the length of a simple pendulnm corresponding to a 
ribrating rod ; show that if it expands ani£ormly in the proportion of 1 + « 1 1 
that the length of the simple pendnlom becomes (1 +a) -1-. 

Ex. 749. — Miaran determined the length of the seconds pendnlnm at 
Paris tfi >>e 39*128 inches ; he employed a ball of lead 0-533 inches in dia- 
meter snsf^enrled by an exceedingly fine fibre whose weight could be ne- 
glect^;* supposing the measurements made with perfect accoracT, npon 
the ffnpposition that the distance from the point of suspension to the centre 
fff the }ffil\ in the length of the pendnlom ; show that the error is less »!»"* 
the 0001 of an inch. 

Ex. 7'5f). — A pendulum consists of a brass sphere 4 in. in diameter sus- 
penderl by a steel wire ^th of an inch in diameter ; the centre of the sphoe 
is 40 inches below the point of support; f determine the number of oecillatioDS 
it will make in a day ; and what number would be obtained on the supp(H 



♦ Airy, Figure of the Earth, p. 224. f ibid. p. 225. 
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sition that the centre of oscillation coincides with the centre of the sphere 
(^ = 32). ^W5. (1) 85243. (2)85212. 

Ex. 751. — If a sphere whose radius is r is suspended successively from 
two points by a very fine thread, and if the distances of the centre of the 
sphere from the points of suspension are respectively h and A', and if I and 
l^ are the distances of the corresponding centres of oscillation from the points 
of suspension, show that 

'-''=(*-*') i'-m)- 

Ex. 752. — If t and t' are the times of a small oscillation of the pendulum 
in the last Example corresponding respectively to I and I' ; show that the 
accelerating force of gravity is given by the equation 



_irg(^-^0 / 2r2 \ 



149. M. BesseVs Determination of the Accelerating Force 
of Gravity. — The last two Examples contain the principle 
of the method by which M. Bessel determined the accele- 
rating force of gravity at Konigsberg.* The pendulum 
was first allowed to swing from a point of support at a 
distance h above the centre of the sphere, and the num- 
ber of oscillations made in a given time were noted, by 
which t was determined with great accuracy; the wire 
was then grasped firmly at a point lower down, so that 
the oscillations were now performed about a point dis- 
tant h' from the centre Of the sphere, and f noted as 
before; now h—h^ being the distance between two fixed 
points, admits of very accurate determination ; the lengths 
h and h' cannot be determined without some liability to 

error, but as they only appear in the small term - -^, that 

error will hardly afifect the determination of flr, which can 
by this method be ascertained with extreme accuracy. 

-Er. 753. — In the last Example let r, A, and h' be respectively reckoned 
1, 50, and 40 inches, so that h—h' is exactly 10 inches, but it is doubtful 
whether the separate values of h and h' are not as much as ^th of an inch 



* Airy, Figure of the Earth, p. 223. 
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kmett U&An the ralum Mngned, dctcnniiie the poeadble enor in tlte nhr 

1116000 

150. Cti/>f4i/n Kater*s Method of determining the At- 
ceieratin(j Forv^ of Gtnvity. — ^Thia method depends ontbe 
reciprocity of the centres of oscillation and suspension; 
the penduhim has two axes (or, * knife edges,' as they an 
called* though they are really wedges of very hard sted), 
by either of which it can be suspended ; now, if the time 
of oscillation alK>ut either axis is the same, the distance 
between the edges { I) will be the length of the simple pen- 
duluniy and the distance being that between two fixed 
points, admits of very accurate measurement, and then g 
is obtained bv the formula 

Tlie difficulty of giving the edges their exact position is 
overcome as follows: on the pendulum rod is placed » 
weight that can be moved up or down by screws; the 
edges are tixed as nearly as possible in the right position; 
and then by moving the weight up or down, the values 

of l\ and h can be changed imtil -^ equals the distance 

between the edges, i. e. imtil the number of oscillations 
made in a given time about either edge is the same. 

151. The Motion of a Body through Space. — ^A body 
niay so move that its different points describe in space 
a system of parallel straight lines ; when this is the case, 
the body is said to have a motion of transUUioriy and its 
velocity will of course be the same as that of any one of 
its points. In geneixil the motion of a body is by no 
means so simple, each of its points moving in a particular 
curve (Art 139) ; it is capable of proof, however, that the 
motion can at each instant be represented by the co- 
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existence of two motions, (1) a translatory motion whose 
velocity and direction is the same as that of the centre of 
gravity;* (2) a rotatory motion round an axis passing 
through the centre of gravity. Now^ it must be re- 
m^nbered that from instant to instant the velocity and 
direction of the translatory motion will in general change, 
and the velocity of the rotatory motion will also in general 
change as well as the axis about which the rotation takes 
place ; it is evident from this that the general discussion 
of the motion of a rigid body is one that presents great 
diflSculties. 

Now, it will be remarked that if we suppose the motion 
to take place in one plane, f the rotation must take place 
about an axis perpendicular to that plane ; this introduces 
a great simplification, and as it is desirable that the reader 
should have an opportunity of considering this general 
case of motion, though our limits will not allow of its 
complete discussion, we will prove in regard to the above 
limited case: — (1) That the motion of the body can be 
correctly represented by coexistent motions of translation 
and rotation ; (2) A formula for determining the number of 
units of work accumulated at any instant in such a body. 

It may be assumed as evident, that if a system of points 
is in motion and a common velocity is impressed on them 
all, there will be no change in their relative motions. 
To illustrate this, suppose a number of persons dancing on 
board a ship in a state of steady motion, their movements 
are evidently the same whether the velocity of the ship be 
greater or smaller: and consequently those movements 
would be unaflFected by a change in the ship's velocity 

* This fact might be enunciated with reference to any other point : nor 
wiU our investigation proceed sufficiently far to show the reason for fixing 
on the centre of gravity. 

t L e. when one particular section of the body is always in the same piano, 
so that each parallel section always moves in a parallel plane. 
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after the change had occurred. During the change, L e. 
before they had themselves acquired the same velocity as 
the vessel, they might feel a jerk, but afterwards their 
movements would continue as before. Now, let v be the 
velocity of the centre of gravity, impress on each point of 
the body a velocity equal and opposite to v ; this will not 
affect the motion of the points relative to the centre of 
gravity, and since that is brought to rest, the relative 
motion will be all that is left, and will be a motion of 
rotation round the centre of gravity; now, the whole 
motion of the body must have been the part destroyed 
together with the part remaining, L e. it must have con- 
sisted of a motion of translation whose velocity is the same 
and in the same direction as that of the centre of gravity, 
and a motion of rotation round the centre of gravity. 

Again, let ^t;,, w^^ it^g . . . . be the weights of the different 
points composing the body, the whole weight of which 
may be denoted by w, also let h be the radius of gyration, 
and CD the angular velocity of the body round the axis 
passing through the centre of gravity. Now, the total 
number of units of work destroyed when the velocity v 
was impressed on each point must have been 

w. ^ , w^ ,> , w^ c. , Wo 

^v^-\--^- v^-\---^ ^2^ . . or — -y* 

2g 2g 2g 2g 

and the number of units of work left in the body 

wifc^ 
equals -^— «^; so that the number actually accumulated 

must have been 

^9 ^9 

Ex. 754.--A wheel whose diameter is 4 ft. moves with a true rolling ] 

motion, it makes 50 turns a minute ; determine the Telocities of the highest I 

point and of the two extremities of the horizontal diameter. \ 

Ans, (1) 20-94. (2) 14-8L 
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Ex. 755, — ^A circular plate is rigidly attached to an axis which passes at 
right angles to its plane through the middle point of a radius, the axis makes 
30 uniform revolutions per minute ; determine the velocity of translation of 
the centre of gravity and of rotation round the centre of gravity by which 
the motion may at each instant be represented, and to verify the results 
deduce from them the velocities of the extremities of that diameter which 
passes through the axis. Ans. (1) |irr. (2) ir. (3) |nr, fur. 

Ex. 756. — If the moon's velocity in her orbit were uniform and the orbit 
a perfect circle, and if the moon always presented the same face to the 
earth, what would be the nature of the moon's motion ? 

Ex. 757. — If a penny piece is set flat in the plane of a wheel, and if the 
wheel revolves uniformly round an axis passing through its centre at right 
angles to its plane; show that the motion of the coin will precisely resemble 
that of the moon as described in the last Example. 

Ex. 758. — If the flywheel in Ex. 736 had been rolling along the ground 
and making the specified number of revolutions ; determine the number of 
units of work accumulated in it Ans. 614000. 

Ex. 759. — A sphere whose radius is r rolls jfrom rest down a length I of 
a plane whose inclination to the horizon is 0j show that if v is the acquired 

velocity of the centre of gravity then v^= — ^l sin B» 

[The work accumulated equals w ^ sin tf, since the reaction does no work 
(Art. 101, 3) ; also if « is the angular velocity it is plain that v=r«».] 

Ex. 760.— A drum open at both ends whose external radius is r rolls 
over the length I of the plane in the last Example in t seconds ; show that r^ 
the internal radius, is given by the equation 



^,=,»{£^»-3}. 



Ex. 761. — ^A string is wrapped round a cylinder whose weight is w and 
radius r. If the cylinder descends by its own weight, determine the time in 
which a length I of the string will be unwound. 

[The tension of the string will do no work (Art. 101, 3).] 
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CHAPTER Vin. 

ON THE ACTION OF IMPUI^IYE FOUCE. 

152. Impidsive Action. — Suppose a sphere a to overtake 
a sphere b, their centres moving in the same line ; it is a 
matter of common observation that they will strike, and 
then separate, A moving after impact with a less, and B 
with a greater velocity than before ; the problem we are 
to solve is this : — Giv^n the weights of the bodies and 
their velocities at the instant before impact, to determine 
the velocities they will have at the instant after impact 

Now, it will be obsOTved that though the bodies are in 
contact during a very short time, yet that time is really 
finite, and the pressure which the one exerts on the other 
must increase from zero at the instant of contact, till it 
attains a very considerable magnitude, and must then 
decrease down to zero at the instant of separation. More- 
over, it appears from Ex. 658, that if A exerts at each 
instant against b, a pressure equal to that which b exerts 
against A — in other words, if the action and reaction are 
equal and opposite pressures, then the momentum lost by 
A must equal that gained by b, and the total amount of 
momentum in a and B before impact must equal the total 
amount after impact. Now, that this is a fact was ascer- 
tained by numerous experiments made by Newton,* and 
this we shall take as our fundamental principle, viz. that 
the momentum lost during the impcLct by one body equals 

* Introduction to the Principia. 
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that gained by the other. To prevent misunderstandiDg, 
it may be added that the sum of the momenta of the two 
bodies means their algebraical sum. 

153. The Mean Pressure exerted during Impact. — ^Tlie 
following Example is intended to illustrate the fact that 
there is really called into play a very large pressure which 
is exerted during a very. short time. 

Ex. 762. — ^A hard mass weighing 50 lbs. falls from a height of 6 ft. on a 
plane surface which at the instant of greatest compression has yielded to the 
extent of ^th of an inch — the mass itself being supposed to be entirely un- 
compressed; determine the mean mutual pressure, and the duration of 
compression supposing it produced by the mean pressure.* 

Ans, ( 1) 72000 lbs. (2) 0000425 sec. 
[The pressure must be such that by acting through ^th of an inch brings 
the mass to rest.] 

154. Impact of Inelastic Bodies. — When a overtakes b, 
it is plain that so long as a moves faster than b, the two 
surfaces of contact will be compressed, and the state of 
compression will continue until A and b are moving ?dth 
the same velocity ; if the mutual action then ceases, the 
bodies are said to be inelastic. 

A B 

Now, let the masses of A and b equal - and - re- 

ff 9 

spectively, let k be the momentum lost by the one and 

gained by the other during impact, and let their velocities 

before impact be v and u, and their common velocity after 

impact equal v ; then we obtain from the fundamental 

principle (Art. 152) 

f^t; = :^T-B (1) 

9 9 

% = ? ir+B (2) 

9 9 

whence r=: illlz^) (3) 

and t;=fl±^ (4) 

A + B ^ ^ 

* Poncelet, Introd, i la Mlc, Ind, p. 166. 
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In working examples the student is recommended to pro- 
ceed from the general principle, or, in other words, to form 
and then solve the equations (1) and (2), and not to sub- 
stitute particular values in (3) and (4). If a meets b, 
one of the velocities must be reckoned negative, and the 
bodies will move after impact in that direction if t; is 
negative. 

Ex. 763. — If A weighing 2 lbs. and moying with a velocity of 20 ft. per 
second overtakes b weighing 6 lbs. and moving with a velocity of 6 ft. pef 
second, determine the common velocity after impact Ans. Qf ft. per sea 

Ex. 764. — In the last Example if the bodies had met, determine the com- 
mon velocity after impact. Ans. 2\ ft. per sec. in a's direction. 

Ex. 765. — In Art. 154 show that the number of units of work lost during 

impact equals ^ V* 

2yiA + B)^ 

Ex, 766. — If a shot weighing p lbs. is fired with a velocity v into a mass 

of wood weighing q lbs. which is quite free to move, show that the velocity 

with which the wood begins to move is ; and state why this case 

P + Q 

must be one of inelastic impact. 

Ex. 767. — If in the last Example Q=np, show that, in consequence of 
the impact, n units of work are lost in every n + 1. 

155. Impact of Elastic Bodies. — It commonly happens 
that the mutual action does not entirely cease with the 
compression, but when that ends the bodies begin to re- 
cover their shapes, and thereby continue to press on each 
other till the impact terminates. Now, let k be the mo- 
mentum lost by the one body and gained by the other 
during ' compression, and r' that lost and gained during 
expansion ; then the whole momentum lost by the one body 
and gained by the other will equal R + R'- But it is found 
by experiment that for the same substances r bears to 
r' a fixed ratio 1 : X;* therefore r'=Xr, and r + r'= 
(1-HX)r; where X is a constant quantity depending on 
the materials of the impinging bodies. In the two ex- 
treme cases of inelasticity and perfect elasticity, X equals 

* This follows from Newton's experiments abeady referred to. 
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and 1 respectively ; in other cases X is a proper fraction, 
and commonly a small one. We have already seen that 
if a body whose weight is A moving with a velocity v^ 
overtakes another whose weight is b moving with a ve- 
locity u, then the momentum lost by the one and gained 

AB ^V ""- TT'^ 

by the other at the end of compression equals ^^ -i. 

Hence the total momentum gained and lost will equal 
(1 -fX) X — ^ "" / . And therefore if v and u are their 

respective velocities after impact, we shall have 

^i;=f v-(1+\)r 
9 9 

B B 

-u = - u + (H-X)r 
.99 



or 



,.-^ (1+X)B(T-TT) 

A + B 
_„^(1+X)A(T-U) 



and u = u + 

A + B 

It may be added that the remarks made in Art. 154, rela- 
tive to the working of Examples, are applicable to the case 
of elastic bodies. 

JEr. 768. — Show that v and u are given by the following formula 

^. AV + BU Ab (v — u) 

A+B A+B 

^, AV + BU . Aa(v— U) 
W=» + i L 

A+B A+B 

Ex. 769. — Determine the velocities after impact of a ball (a) weighing 
20 lbs. which, moving with a velocity of 100 ft. per second, overtakes a ball 
(b) weighing 60 lbs. and moving with a velocity of 40 ft. per second, their 
coefficient of elasticity being J. Ans. Jlb velocity 35f ; b's velocity 65f . 

Ex. 770. — In the last case suppose the heavier body (b) to be at rest, de- 
termine the velocities after impact. 

Ans. A rebounds with a velocity 7y. b moves forward with a velocity 42f . 

JEr. 771. — Obtain the velocities after impact in Ex. 769, upon the suppo- 
sition that the bodies meet. 

Ana, A rebounds with a velocity 50, and b with a velocity 20. 
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Er. ZZl^—U Ag» «^ twp perftty f J MC ie taPaA and b q£ eqarf wc^ 
awi A BOTi=^ vi:2i a T«kccCT t inpcBps ob s at rat. riiov tint a b 
l««M^ to r>tfl aad B taki* th« ^Hootj T. If thcrp are a nsmbcrafeqBt 
aad yri^i^lj «tu^ balk a. g. ». il pliaeJ m a Sbcl viiat wiU be 
t^reacltof A flCnkxqg a; &• ifi i ntk a rf tfca iB{Mei cocBad^az&tk 
liae? 

Er 7T1.— If * >*I1 w!>o» wncht it a Borm^ with a Tdocxtj- r neets i 
WD v!w«« v^i^rit w a i a <wiat vitk a vvkcitj c. liHnr tkat ia tbecae of 
pcfliKC '■iartiatr :h* t*1 :<-n« <rf r»iw«iKl an* givtea by th« fiillowii^ oa- 
itiaetioiL : — dnv acr line ail diridifr it in • is the iaTiose xMio of tie 
v«>ight» :f A And a. A=ri in c in ibit ntzo <rf their relix^tus ; on tbp odicr 
flde €4 Q m^msmrt off^ ca cqaal to qg; tibia a*s Tahw itj of i di oaad :^! 
TdocctT *A rebofizpi : : ai> : bd.* 

£r. 774. — Tvo baSs wt^iiiBz iMp e Hiteli IS and 8 Sml are iim|ii alriT 
bj tlkreaiis in fci^h a mAnn«r that th^xr «nti g a are 4 ft. beltnr tbe p^w*^ d 
support : wh<^n At P»t tlsie lin<^ joiniBr their ce atiea ia honzontal: if die 
smalls one i§ raised so a« to &Q throodli a quadrant, dctennine tlie «f^ 
dMcrib^ br the other A^r impact, if the coelSrimt o£ elasticxtj eqnk f 

£x. 775. — If A and a are the weid^ oi two pevfiKtlT dastie balfa^ if r 
and r are their relocides befiore in^iaet and a and ■ tikejr T^oeities afts 
impact, show that 

AT* + BC** AB* + Ba* 

Ex. 776. — If a ball impinen pcrpendiimlArlT on a fixed plane with a Te- 
lodtT T. «h<Tr that the TeLscitr of reboond equals Xt. 

[It most be remembezed that at the end of comprcsnoit the Tdoei^ ii 
entirelj destrojed. oonseqnentlr 0= a. hence if e is the Tdodtj at ^ 

end of the impaet-i= — — (l-^X) a, ah q i ce •■* — At.I 

9 9 
Ex. 777. — If l"0«iies are dropped from eqaal heists on a fixed horiBmtal 
plane, show that their coefficients of elasticity are in the same ratio as the 
square roots of the heights to which they reboond. 

£c 778. — A ball is drt^ped from a heigjkt k, ahov that the whofe naee 
it describes be&re coming to rest equals 

i-x» 
Ex. 779. — A ball (a) is thrown upward with a Telocity of 160fL per 
second ; when it has reached a hei^t of 300ft. it is met by an equal laH 



1 = 



* It was in this form that the problem of impact via onginallTaQlTed Ij 
Sir a Wren (Tide M<mtuda, toL ii. pi 411). I 
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(b) which has fallen from a height of 100 ft. ; determine the time after the 
instant of impact in which each will reach the ground, assuming that X equals 
unity. Aiu. a after 2|sec. b after 7a sec. 

156. Oblique ImpcLct of Smooth Bodies. — Suppose a 
smooth ball A moving with a velocity v, to impinge 
obliquely on a smooth ball B moving with a velocity 
u; draw the line of centres, and resolve v into com- 
ponent velocities Vj and Vg, the former along the latter 
at right angles to the line of centres; in like manner 
resolve u into Vi and v^ ; now Vg and v^ will remain un- 
changed by the impact, but Vj and v^ will be changed 
into Vj and u^ exactly as if the bodies had impinged 
directly with the velocities Vj and u^: hence, by com- 
pounding Vj and Vj and also u^ and Ug, we obtain the 
required velocities after impact. The general formulae 
commonly given for these velocities are of very little value, 
as any particular Example is much more easily worked by 
proceeding from first principles: the following Example 
will suflBciently exhibit the method of treating these cases. 

Ex. 780. — Let a and b be two perfectly elastic balls which at the instant 
of impact are moTing along the lines pa and qb ; the Hne of centres 
CD being in the same plane as pa p j^g 

and QB. A weighs 10 lbs., moves 
with a velocity of 16ft. per second, 
and the angle pac contains 30^. 
B weighs 15 lbs., moves with a velo- 
city of 8 ft. per second, and the angle 
QBD contains 60^; determine the 
velocities after impact and their di- 
rections. 

(a) Before impact a*s velocity at 
right angles to cd is 8, and b's 4 '^^3; 
they are unchanged by the impact 

(hi) Before impact a*s velocity along cd is 8 -^^and b*s velocity is 4 ; 

Q 4 

they are changed by impact into — •= (3 + v^3) and ^ ( — 1 + 8 VZ) re- 

6 

spectively. 




4M FjL&CTrlll. irwn^*, 




jCii ^g£' p3^e;i - taa ^A^ -SUT*-** ~ ■»»• --»- ^-^_ -_ ** # 



4<,Ts»i» i, ^£*«. ^:^ a'» t*L 7 Ck» Tit 17?; =151'= ** . » ,-j -^ |-- 

V>stT c^ V,' fL i^T fcwcoi 'a A £x£?i ti 
of i7^ -prLc. tL* jiffp^iiexjar : •> 





t4Ll3 = 



Ex, 7%5, — Gir*. a soomctnckl eccfCTicrirt "bj -w^i^ ie» dftsxiae ^ £- 
r«Jtk/Ti ia -■^LicL a billixrd laZ iei:«: besir tc strr* so rrs»t afts- o» K- 

of Tbi*itieJtT **5Tud« TiiatT. (2) if tir eoeSeif^t cf c^as^iarr «qiBa]s jl 

Ex. 7^. — F.xt^ad ti^e ecosstrurtkci in iIm 1«eS £xxxbj!^ to ti^ c«e ia 
vhieh th.e biJl maka tvo relwszMia fxam. coshioos at T^g^> an^^s to €^ 

R^fuirlc* — If the snr£ace5 of the impinging bodies are 
rough, the effect of the tangential impact will generallvbe 
to produce a rotatory motion, as well as to modifV the pre- 
vious motion of the bodies : the complete solution of this 
cage lies beyond the scope of the present work. The same 
remark applies to the case in which the motion of one or 
lioth bodies sustains a resistance appreciable in comparison 
with the mean impulsive pressure. 
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157. Application of D^Alemberfs Principle to the case 
of Impulsive Action. — It will be remarked that a case of 
impulsive action does not differ essentially from any other 
case of motion produced by pressure ; the difference in the 
mode of treating these cases arises solely from our inability 
to determine the pressure exerted at each instant of the 
duration of the impact ; it follows, therefore, that at each 
instant during the collision, the effective forces applied in 
the opposite directions would be in equilibrium with the 
impressed forces ; and consequently the momenta produced 
by the effective forces so applied, and those actually pro- 
duced by the impressed forces, will satisfy the conditions 
of the equilibrium of pressures. We shall apply this prin- 
ciple to determine the angular velocity communicated by 
a blow to a body capable of revolving round a fixed axis, 
and the impulse produced on the axis by that blow. 

Proposition 36. 

A body capable of turning round a given aodSj a/nd 
symmetrical with reference to the plane passing through 
the centre of gravity at right angles to the aods is struck 
by a blow of given magnitude along a Une lying i/n that 
plancy to determvae the angular velocity communicated to 
the body^ a/ad the impulse on the aods. 

Let the plane of the paper be the plane of symmetry, 

and let the axis of rotation pass through o : let R be the 

magnitude of the blow which is delivered along the line 

w 
RN ; draw oy at right angles, and ox parallel to rn ; let - 

9 
be the mass of the body, - ki^ its moment of inertia 

with reference to the given axis, a?, y the co-ordinates of 
its centre of gravity, and let on equal a ; let x and T 
be the impulsive reactions of the axis in the directions 

X 
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of oar, and oy respectively; and let a be the angular 
velocity of the body communicated by the blow. Con- 
Fio. 179 sider any particle p whose co- 

ordinates are x^y y^, whose dis- 
tance from is r, and mass — * 

g 
and let the angle xov equal 6/,, 

also suppose a similar notation 
to be employed for the other 
particles composing the body. 
Now the velocity of p is ryoa in 
a direction perpendicular to op, 
or is equivalent to velocities or, 
sin d, or toy^ parallel to oa; and 
— ftirj cos By or — o)aj| parallel to oy, and therefore the 
momentum communicated to p is equivalent to the two 

-i 2/i® parallel to oaj, and ^Xyfo parallel to ot/ ; the 

expressioDS for all the other particles being precisely 
similar. Now these are the momenta that would be com- 
municated by the effective forces, the impressed forces 
being r, y, and x ; also it will be observed that the mo- 

ment of p's momentum round o is -J r^(o ; consequently 

(Prop. 15), ^ 

R-hx = -^ 2/,a)-h -^2/2® + — ^2^3© + . . . 
9 9 9 

— Y=-Ia;ia) +^x^a> 4-_Jiz;,a) + . . . 
9 9 9 

to / N 

= - {WiXi+W^^ + W^^ + . . .) 

9 9 9 

t7 
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Or by Prop. 16, and Art. 134, 

.w- 
9 
aR = - k^^cD 



-=^„"-^, (1) 



9 



-^ = -^7 (2) 

-x = «-^ (3) 

The first of these equations gives the angular velocity 
communicated to the body ; the second and third equations 
give the components of the reaction of the axis, which is 
of course equal and opposite to the blow sustained by the 
axis. 

N.B. — It will be an instructive exercise for the student 
to ascertain for what positions of the centre of gravity the 
reactions of the axis will be as indicated in the figure : it 
will commonly happen, as he will find, that the reactions 
will really act in the contrary directions to those in- 
dicated. 

Ex. 787. — ^A uniform rod 12 ft long and weighing 10 lbs. is suspended at 
one end, it receives at the other, in a direction perpendicular to its length, a 
blow whose momentum is 1 ; determine (1) the angular velocity with which 
it begins to move, (2) the impulsive pressxire on the axis, and (3) find how 
many times this impulse exceeds the blow given by a weight of J of a pound 
which has fallen through a height of 4 ft. Am. ( 1) 0*8. (2) J. (3) 4 times. 

Ex. 788. — A beam of oak 10ft. long and 1 ft. square is suspended by an 
axis perpendicular to one face and passing through the axis of the beam, at 
a distance of 1 ft. from the end ; it is struck at a point 8 ft. below the axis by 
a bullet weighing 1 lb. and moving with a velocity of 1000 ft. per second ; 
determine (1) the impulse on the axis, (2) the angular velocity communi- 
cated to the beam, (3) the angle through which the beam will revolve. 

Arts. (1) 10. (2) 0-66. (3) 14° 6f. 

X 2 
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Ex. 789. — A liammer*8 head (oonsidered as a point) weighs 10 lbs. and 
makes 60 strokes per minute on an aoTil, if the time of ascending equals 
that of descending, and the blow is entirely dne to the velocity it ac- 
qnires in ^IHngj compare that blow with the impulse on the axis in the last 
Example. Ans, One hal£ 

£r. 790. — Determine the impulse on the axis if the mass of east iron in 
Ex. 723 strikes an anvil after falling through the 30^ ; the blow on the 
anvil being supposed to be given by the extreme edge of the cube. 

Ans. 97. 

[It will be observed that in this case the impnlse on the axis is greater 
than that which would be produced by a shot weighing 3 lbs. and moving 
at the rate of 1000 ft. per second ; it is obvious that a succession of snch 
impulses would tear to pieces the masonry on which the axis of such a 
hammer is supported ; and accordingly it becomes a point of great practical 
importance to suspend a tilt hammer in such a manner that there shall be 
no impulse on the axis. The following explains the principle on which this 
is done.] 

158. The Centre of Percussion. — Eeferring to the 
equations (2) and (3) of Prop. 36, we see that if the blow 

Fio.180 ^^ delivered in such a manner that x equals 
zero, and k^ equals ay, then x and y equal zero 
separately, and there is no impulsive pressure 
on the axis of suspension ; hence if o be the 
centre of suspension, G the centre of gravity of 
the body, and a point Oi be taken in og pro- 
duced so that 

00i= -^- 
OG 

then if the body is struck by a blow whose direction 
passes through o, at right angles to oOp there will be no 
impulsive pressure on the axis, and the point o, is there- 
fore called the centre of percussion ; it evidently coincides 
with the centre of oscillation with respect to the centre of 
suspension o. It must be remembered that the body is 
supposed to be symmetrical with regard to the plane of 
the paper, as specified in the enunciation of Prop. 36. 




THE CENTRE OP PERCUSSION. 309 

159. Aods of Spontaneous Rotation. — Since the body in 
the last article when struck begins to rotate round the axis 
through without any constraint, it follows that if the 
body were entirely free, it would begin to move round 
that axis, which is therefore called the axis of spontaneous 
rotation. If it is given that a body is struck by a blow R 
along a given line, the axis of spontaneous rotation is 
determined as follows : consider the plane passing through 
a the centre of gravity and the direction of the blow; 
through a draw a line at right angles to this plane, and 
let k be the radius of gyration of the body with respect to 
it: through the centre of gravity draw a line at right 
angles to the direction of the blow and cutting it in Oj, 
and on the other side of the centre of gravity take in the 
line a point o such that 

oa . GO, = P 

then an axis through o perpendicular to the given plane 
is the axis of spontaneous rotation, provided the body is 
symmetrical with reference to that plane. 

It will be observed that if the axis of spontaneous 
rotation is to pass through the centre of gravity, we must 

have in equations (2) and (3) of Prop. 36, both x=0 and 

2/=0, and therefore r=0 ; but from equation (1) « having 
a finite value an must also have a finite value ; or in other 
words the body must be struck by an impulsive couple 
whose moment is aR, and whose plane passes through the 
centre of gravity of the body ; it will then begin to revolve 

with an angular velocity ^-j- round an axis at right angles 

to the plane of the couple, and passing through the centre 
of gravity. 

Ex, 791. — A hammer turns round a given axis, the weight of the head is 
w, and its radius of gyration is k with respect to an axis parallel to the 
given axis and passing through its centre of gravity, the weight of the 



810 PRACTICAL MECHANICS. 

handle is w^ ; its radius of gyration with respect to the axis is Atj, and the 
distance of its centre of gravity from the axis a. If the head of the hammer 
is so phioed that its centre of gravity is at the same distance (x) from the 
ifc-ria as the centre of percussion of whole hammer, then 

w, A:,' + wi&* 
X——1 — I . 

jg,^ 792. — If the head of the hammer in Ex. 723 is shifted so as to fulfil 
the conditions of the last Example, determine the distance of its centre of 
gravity from the axis of rotation. Ans. O'So ft 

Ex. 793. — A sledge hammer ac is moveable round an axis through a; 
it is 6 ft. long and weighs 4 cwts., it is held in a horizontal position by a 
weight of 3 cwts. attached to the end of a string which after passing over a 
small pulley is fastened to b (the parts of the string being vertical) ; the 
hammer when allowed to fall into a vertical p6sition makes 60 oscillations 
per minute round a; determine (1) the centre of percussion, and (2) the 
radius of gyration about an axis parallel to the axis of suspension and 
passing through its centre of gravity. Ans. (1) 4*67 ft (2) 0'87ft^ 

Ex. 794. — A cylindrical bolt of cast iron 4 in. in diameter and 8 in. long 
is struck simultaneously by two equal blows in contrary directions, each 
at right angles to an extremity of a diameter of its mean section ; in conse- 
quence the bolt rotates 250 times in a second ; determine the magnitude of 
each blow, and compare it with that which the bolt itself would give if 

moving with a velocity of 1000 ft. per second. Ans. (1) 63*6. (2) — 

48 

160. Robin's Ballistic Pendulum. — This machine is 
employed to ascertain the velocity with which a shot leaves 
the mouth of a cannon. The principle on which it is con- 
structed will be most easily imderstood by describing it in 
its original form ; at present the gun itself is suspended 
and the recoil observed ; but at first it was constructed as 
follows: — A large mass of wood is carefully suspended so 
as to turn freely round a knife edge (Art. 150) ; the shot is 
fired into this mass, which is backed with iron plates to 
prevent the ball passing through or shivering it, so that 
the shot stays in it, and by the blow causes it to revolve 
through a certain angle (d), the magnitude of which can 
be ascertained by a riband attached to a point of the 
pendulum which is pulled through a spring sufficiently 
strong to keep the riband straight while the mass moves 
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up, and also to prevent any of it returning when the mass 
moves back ; it is evident that the length of the riband 
gives the chord of the arc described by the point to which 
it is fastened, and thus 6 is observed ; the weight w of the 
pendulum includes that of the shot w ; the distance h of 
the centre of gi-avity of w from the knife edge is deter- 
mined in the manner suggested by Ex. 793. The radius of 
gyration is inferred from n, the number of small oscilla- 
tions made in a minute ; the distance, a, below the point 
of support of the point in which the shot strikes the pen- 
dulum is measured ; and it is (of course) endeavoured that 
this point should as nearly as possible coincide with the 
centre of percussion. From these data the velocity v of 
the shot can be found. 

Ex. 795. — In the ballistic pendulum show that 

120fl'Aw . B 
v = — ^ — sm -. 
vnaw 2 
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ON LIMITS, AND ON THE CYCLOID. 

Throughout the present work particular geometrical limits have 
been used instead of the formulae of the differential and integral 
calculus — at least, this has been done as far as possible ; if the 
reader has not been accustomed to reason on limits, he may 
perhaps find a difficulty in understanding the propositions in 
which they occur ; should this be so, the following remarks may 
prove useful. 

1. Definition of a Limit. — Let there be any variable magnitude 
X, and let there be a fixed magnitude a ; also suppose that x in 
the course of its successive changes continually approaches a, 
but never becomes equal to it, though the difference between the 
two magnitudes can be made less than any assigned magnitude, 
however small ; a is then said to be the limit of x. Thus sup- 
pose that X denotes the area of a polygon of n sides inscribed in 
a circle whose area is a ; if we continually increase the number 
of sides, X will continually approach A ; also if we assign any 
magnitude, say one square inch, a polygon with a certain number 
of sides can be found, whose area will differ fi'om a by less than 
one square inch ; in like manner if -^th, xoiyth, &c. of a square 
inch had been assigned ; therefore the area of a circle is the limit 
of the area of the inscribed polygon. 

The simplest form which the reasoning on limits can assume 
is the following : — Suppose it can be proved that two variable 
quantities x and T remain equal throughout their variations, and 
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suppose that x continually approaches a limit a, wliile t ap- 
proaches B, then it follows that a must equal b ; this admits of a 
demonstration which we have not space to give. Thus it can be 
proved that the area of the inscribed regular polygon equals the 
rectangle between the semi-perimeter and the perpendicular let 
fall from the centre on one side ; now the limit of the former is 
the area of the circle, and of the latter the rectangle between 
the semi-circumference and semi-diameter, and therefore the 
area of the circle equals that rectangle ; not, the reader will ob- 
serve, nearly equals it, but actually equals it. Prop. 1 supplies 
a good example of the same form of reasoning. 

2. On Ultimate Ratios, — Suppose there are two variable mag- 
nitudes X and y whose separate limits are zero ; what, it may be 

asked, is the limit of their ratio - ? The value of this limit de- 

y 

pends upon circumstances, and in different cases may have values 
differing to any extent whatever. Suppose x denotes the sine of 
an arc, and y the length of that arc, when x continually diminishes 
y continually diminishes, and their separate limits are zero ; it is 

capable of proof that in this case the limit of — is imity ; but if 

if 

x denotes the base and y the hypothenuse of a right-angled 
triangle, whose dimensions continually diminish in such a manner 
that the angle (a) between x and y continues tmchanged, then, 

although the separate limits of x and y are zero, the limit of - 

y 

is cos A ; in the former case x is frequently said to be idtimately 
equal to y ; in the latter, x ultimately equals y cos a. 

As this point is of great importance, we will illustrate it by the 

Fig. 181 




N A 



following case : — Let APa be a semicircle, take p any point in its 
circumference, join p with the centre o, and draw pn at right 
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angles to ao ; take q a point between a and p, draw qm^ and vp 
parallel to Ka ; let pt be a tangent to the circle at p, and produce 
MQ to meet pt in t. Now suppose Q to move along the circum- 
ference up to p, then it is plain that the limiting values of pm, pq, 
PT, MQ, MT, and QT, are separately zero, while vp is the limiting 
value of qm, q% and qi. Under these circumstances it is com- 
monly stated that pmq is ultimately a triangle similar to opn ; this 

means that the limit of — : equals — , from whence it will of 

PM ON 

course follow that the limit of -^ equals — , and that of — 

PQ OP PQ 

equals — Now it will be remarked that > — equals — imder 

OP PM ON 

Jill circumstances, and therefore in the limit ; so that what we 
have to prove will be done if we can show that the limit of — 

PM 
MT TVrO OT 

equals that of — , i. e., equals that of f- — j or, in other words, 

^ PM PM PM 

OT 

we have to show that the limit of — is zero. Now qt . T(7=r pt^ 

PM 

(Eucl. 36— III.) 

QT PT PT PT o 

/. — = — . = Sec. AOP. 

PM iq PM T^^ 

Now the limit of pt is zero, while that of Tg is p/?, consequently 
in the limit the right-hand side of this equation equals zero, and 

OT 

therefore the limit of — =0. The reader is requested to remark 

PM 

particularly, that not only does qt vanish in the limit, for so also 
does QM and pq, but that in the limit it vanishes in comparison 
with them* Hence, if we are reasoning upon the relations that 
exist between the limits of the ratios of the sides of pqm, we may 
substitute for them those of ptm, or vice versd, the two being 
ultimately equal. 

♦ It is not unusual to call pt, pm, qm, tm, small quantities of the first 
order ; and qt a small quantity of the second order. The reason of this is 
that QT bears to a finite line the same ratio that the square of pt bears to 
some finite magnitude. 
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3. Definition of the Cycloid. — The demonstrmtioiis that hJkw 
of the fandamentad properties of the cycloid are Teiy infltmcdre 
examples of the mode of reasoning on ultimate Tahies ; thej are 
inserted for that reason* and alao becaose a knowledge of these 
properties is presupposed in Prop. 29. 

Def. — If a circle rolls along a straight line, and keeps dming 
the motion in one plane, a point in its circumference traces ont a 
conre, called a cycloid. 

Let AB (in the figure to the following article) be the straight 
line, ACB the cycloid ; take d, the middle point of ab, and draw 
CD at right angles to it ; on CD describe a circle cde ; this is called 
the generating circle ; take p, any pcMnt on the cycloid, draw FN 
at right angles to cd, catting the circomfrrence of the generating 
circle in py join cp ; then it will be proTed that c^ is parallel to 
the tangent at p, and that the arc cr is twice as long as the chord 
c^ or KP. Moreover, it is evident that ab must equal the circum- 
ference of the generating circle, since each point of the one has been 
successiTely in contact with each point of the other ; for the same 
reason ah equals the length of the arc ph. 

4. To draw a Tangent to a Cycloid. — Let the describing drde 
be in the posidon hpe, so that p is the describing point, then it is 

Fig. IS3 plain that the circle is at that 

instant turning on the point 

H ; consequently p is moving 

in a direction at right angles to 

'/ i ^^ !» V \ the chord PH, that is PK is the 

'^^-^ ' ^ A tangent to the cycloid at the 

point p (Eucl. 31_m.). To 
showthatPKisparaUeltoqp; since md is a parallelogram, mh equals 
kd, therefore ex equals km, and therefore pm equals />x (Eucl. 35— 
ni.) ; therefore the right-angled triangles pmk and psc are equal 
(Eucl. 4 — I.) and the angle kpm equals the angle c^, thereibre 
cp is parallel to pk (Eucl. 27 — i.). 

Remark. — There is a point in the above proof which requires 
attention ; let kph be one position of the describing circle, and P 
the describing point ; h^h another position of the describing 
circle, then ph comes into the position qh'. Why, it may be 




a 
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asked, are we entitled to neglect the distance 

h'h, which we do in assuming that the point 

p ultimately moves into the next position Q 

by revolving round h ? The answer to this 

is obvious enough when once the difficulty 

is clearly seen ; the distance hh' not only 

vanishes in the limit, for so also do pq and 

hA, but it vanishes in comparison with them. (See Art. 2, 

App.) The same remark applies to the case in which ab is 

an arc of a circle, i. e. in which p is describing an epicycloid 

(Art. 108). 

5. To determine the Length of the Arc of a Cycloid. — Take p, iany 
point in the arc of the cycloid; draw pn ^^^ ^^ 

parallel to ad and cutting the generating 
circle in p ; take p' a point near p, and in 
like manner draw p'j?'n' ; join cp and produce 
it to cut p'n' in q ; join cp', draw ps and p^r 
at right angles to cp' and cq respectively ; 
draw CT, a tangent to the generating circle 
at c, join p^p and produce it to cut that tangent in T ; also draw 
PQ, a tangent to the cycloid at p. 

Since Fq is a parallelogram, pq equals pq, t. e, it ultimately 
equals pp' the increment of the arc of the cycloid; again, since 
cp ultimately equals cs (for ultimately the angle pes vanishes and 
the triangle becomes isosceles), sp^ ultimately equals the incre- 
ment of the chord. Now the chord Tpp' is ultimately a tangent 
to the circle at p, therefore ultimately the angle rpc equals t(^, 
i. e. equals pqp' (Eucl. 29 — i.) ; therefore ultimately pp'q is an 
isosceles triangle, and therefore ultimately pq is the double of pr. 
But since cps is ultimately a right angle, spr is also ultimately a 
right angle, and the figure prp's ultimately rectangular, and pr 
ultimately equal to sp'. Therefore pp' is ultimately double of 
sp'] or the increment of the arc is ultimately double of the 
increment of the chord. Now both the chord and the arc com- 
mence from the same point c, but when two magnitudes both 
commence from zero, and the first grows twice as fast as the 
second, any value of the first will be twice as large aa the 
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corresponding Talue of the eucond ; therefbre the leogth of the 
arc cp is double ttat of the corresponding chord cp.* 

6. To came a Point suspended hy a perfectly flexible String to 

oscillate in a Cgcloid. — Let acd be half the cycloid ia which tW 

Fmi. isi point is to be made to vibrate, the vertes of 

r n K that cycloid being c ; take an equal semi- 

cycloid AKF, and place it with its vertex U 

A, the baacB of tiie two cycloids being 

parallel, complete the rectangle qe. Kbw if 

the point be suspended from e, and the 

length of the string equals ae, then if the 

string be wrapped on ae, the point in the 

processof unwrapping the string will describe 

AC ; and of course in the same manner it can 

o describe the other half of ac. This can be proved ae 

follows: — 

Draw any line hel at right angles to fe and ad, and the circles 
HHK and EML ; if we suppose these to be the describing circles of 
the respective cycloids, s wiU he the describing point of ba, the 
circle having rolled from E to H,and M the describing point of AC, 
the circle having rolled from a to K ; join mk and K». Now ke 
equals the semi -circumference of ifHK or eul, hn equals be, and 
FH equals ak equals the arc mk ; therefore ml equals he, i. e. hn, 
therefore the angle hkn equals the angle mkl (Eucl. 27 — in.), and 
therefore UK and KN are in the same straight line. Also since 
the arcs uk and en are equal, the chorda are also equal ; therefore 
MK, which touches the cycloid in n, eqiuds twice kn, i. e. equals 
the arc an. But if the thread were unwrapped it would equal an 
in length, and be a tangent at N, i. e. it would coincide with nm ; 
and this being true for all poaitionB of n, the point will de»nibe 
the cycloid ac. 

Ex. (a). OiTen a cycloid, show how to divide it into n equal parts; 



* The student Till End tbe above propoutioa a very instmctive -one; 
he auBt \ieai in mind that the leagoaing bos referenee not to the lines in 
the diagrams, bat to what they tend to become %hen pp' ia eontinuBlly 
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Ex, (6). If AC (fig. 182) is divided into two parts by a line drawn 
through the centre of the generating circle parallel to ab, show that the 

parts are in the ratio of 1 : a/2 — 1. 

Ex, (c). The radius of a wheel is 2 ft., its centre describes a distance of 
30 ft., determine the distance described by that point which at the beginning 
of the motion was in contact with the ground. Ans. 37*33 ft. 

Ex. (<?). In the last Example let the radius be r, and the distance a, and 
let a =r (2 n ir + o), also at the beginning of the motion let p be a point on 
the circumference of the wheel at an angular distance 9 from the lowest 
point, the angle being measured the same way as the wheel turns; show 
that the total distance described by p equals 

o . o . o . + 26 
8 n r + 8 r sm - sin 

4 4 

when o and o + d are severally less than ir. 

Ex, (e). Explain the modifications that arise in the last Example when 
the restrictions are removed iiom. the magnitudes of o and o + 6. 

Ex, (/). Show that the area of the cycloid is three-fourths of the circum- 
scribing rectangle. 
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F.R.S. Second Edition ; with Charts, &c. Crown 8yo 8f M 
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Bjf the tame Author. 
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LECnfKBS OE THE SdEEGE OF LAEGTTAGE, delivered at the 
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THE DEBATER: A Series of Complete Debates, Outlines of 
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THE EEGLDiH LAEGUAGE. By B. G. Lathak, M.A., M.D., 
F.R.S., late Fellow of King's College, Cambridge. Fifth Edition, revised 
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By the same Author, 

HAEDBOOK OF THE EEGLntH LAEGTTAGE, for the Use of 
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ELEMEETS OF COMPARATITE PHILOLOGY. 8vo 21s 

KAETTAL OF ENGLISH LITERATURE, HISTORICAL AED 
CRITICAL ; with a Chapter on English Metres. For the use of Schools 
and Colleges. By Thomas Arnold, B.A., Professor of English Litera- 
ture, Cath. Univ. Ireland. Post 8vo iOe 6d 
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and Illustrations. 8fo lOt 

FEAZS^ PASSES, AKD GLACIESSt a Series of Excursions by 
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crown 8to 31«— Travillbrs' Edition, condensed, 16mo 5s 6d 
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XOUNTAINEEEING IN ISSl; a Vacation Tour. By Johk 
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A SUMMER TOTTR IN THE ORISONS AND ITALIAN VALLETS 
OF THE BBRNINA. By Mrs. Henry Frbshfield. With 2coIoured 
Maps and 4 Views. Post 6vo Ids (ad 

By the same Author, 

ALPINE BYWAYS ; or, Light Leaves gathered in 1859 and 1860. 
With 8 Illustrations and 4 Route Maps. Post 8vo 10s ed 

A LADY'S TOTTR ROUND MONTE ROSA; including Visits to the 
Italian Valleys of Anzasca, Mastalone, Camasco, Sesia, Lys, Challant, 
Aoeta, and Cogne. With Map and lUustrstions. Post 8vo 14« 

THE ALPS ; or, Sketches of Life and l^ature in the Mountains. 
By Baron H. Von Berlbpsch. Translsted by the Rev. Leslie 
Stephen, M.A. With 17 Tinted Illustrations, 8vo I5s 

THEBES, ITS TOMBS AND THEIR TENANTS, Ancient and 
Modern ; including a Record of Excavations in the Necropolis. By 
A. Henry Khind, F.S.A. With 17 IllustrationSt including a Map. 
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LETTERS PROM ITALY AND SWITZERLAND. By Felix 
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A GUIDE TO THE PYBENEES ; especially intended for the use 
of Mountaineeni. By Ch arlbs Packs. Viith Frontiipiece and 3 Maps. 
Fcp 8vo 6« 

The Map of the Central Pyreneet, separately, price 8« 64 

HEBZEOOVINA; or, Omer Pacha and the Christian Bebels: 
With a Brief Account of Servia, its Social, Political, and Financial Con- 
dition. By Lieut. O. Arbuthnot, R.H.A., F.R.G.S. Post 8vo, Fron- 
tispiece and Map, 10« 64 

CANADA AND THE CBIKEA; or, Sketches of a Soldier's Life, 
from the Journals and Correspondence of the late Major Rankbn, R.E. 
Edited by his Brother, W. B. Rankbn. Second Edition. Po«t 8vu, with 
Portrait, price 7e M 

NOTES ON MEXICO IN 1861 AND 1862, Politically and Socially 
considered. By Ch arlbs Lrmpribrb, D.C.L., of the Inner Temple, 
and Law Fellow of St. John's College, Oxford. With Map and 10 Wood- 
cuts. Post 8vo \2t 6d 

EXPL0EATI0N8 IN LABBADOB, the Country of the Montagnab 
and Nasqnsppe Indians. By H&nry Youlb Mino, M.A.. F.R.O.S., 
Professor of Chemistry and Geology in the University of Trinity College, 
Toronto. 2 vols. [Just ready. 
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NABSATIVE 07 THE CANADIAN BED BIVEB EXPLOBING 
EXPEDITION OF 1857; and of the ASSINNIBOINE AND SASKAT- 
CHEWAN EXPLORING EXPEDITION OF 1858. With several 
Coloured Maps and Plans, numerous Woodcuts, and 20 Chromoxylogra- 
phic Engravings. 2 vols. 8vo 42« 

HAWAII ; the Past, Present, and Future of its Island-kingdom : 
An Historical Account of the Sandwich Islands (Polynesia). By Manlby 
Hopkins, Hawaiian Cousul*General. Post 8vo. Map and Illustrations, 
price 12« Hd 

WILD LIFE ON THE 7JELD8 07 NOBWAY. By Fbakcis M. 
Wyndham. With Maps and Woodcuts. Post 8vo 10« 6d 

THE LAKE BEGIONS 07 CENTBAL AFBICA: A Picture of 
Exploration. By Richard F. Burton, Captain H.M. Indian Army. 
3 vols. 8V0, Map and Illustrations, ZU 6d 

By the eame Author, 

7IB8T 700T8TEP8 IN EAST AFBICA ; or. An Exploration of 
Harar. With Maps and coloured Illustrations. Svo 18« 

PEBSONAL NABBATIVE 07 A PIL6BIMAGE TO EL MEDINAH 
and MBCCaH. Second Edition ; with numerous Illustrations. 2 vols, 
crown 8vo 24« ^ 

THE CITY 07 THE SAINTS ; and Across the Booky Mountains to 
California. Second Edition ; with Maps and Illustrations. Svo 18* 
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AWIKK AT IHB LAVB'8 BVD. Bj J. T. Bxjoht; assisted 
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I cots by the Author. Fcp 8yo 6« <kf 
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Bf the tame Author. 

THB BITBAL LIFE OF EVOLAITD. Cheaper Edition. Witii 
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Bart . M.D., KR.S., Fbyaician-iu-Ordinary to the Qneen. Smumd 
Bdiiion, 8vo 14# 

B9 the taame Author. 

MEDICAL NOTES AND BEFLECTI0B8. Third EdUiom, leyised, 
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CHAPTERS ON MENTAL PHTSIOLOeY ; foonded eliiatf m 
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Post 8vo %s 6d 

PSYCHOLOGICAL INQTTIBIES: in a Series of Essays intended 
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Faculties. By Sir Benjamik C. Brodib, Bart., lie. Fcp 8vo St 
Part II. Essays intended to illustrate some Pointa in the Phyaical and 
Moral History of Man. Fcp 8vo 5« 
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AX IHTBODUOnOK TO MENTAL PHIL0S0PH7, on the Induo- 
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of the Intellectual Powers. Piost 8? o 7t td 

OUTLINE 07 THE NECS88ABY LAWS 07 THOUGHT: A Trea- 
tise on Pure and Applied Loffic. By the Most Rev. William Thomson, 
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THE GTCLOP.SDIA 07 ANATOMY AND PHYSIOLOGY. Edited 
by Robert B. Todd, M.D., F.R.S. Assisted in the various departments 
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the present age. S vols. Svo w^th 2,853 Woodcuts* price jS6 6s 

A DICTIONABY 07 PBACTIGAL MEDICINE: Comprising General 
Paftology. the Nature and Treatment of Diseases, Morbid Structures, , 
and the Disorders especially incidental to Climates, to Sex, and to the ' 
diiferent ]£pochs of Life. By Jambs Copland, M.D., F.R.S. 3 vols. 
8vo price jUS lU 

HEAT CONSIDERED AS A MODE 07 MOTION : A Course of 
Lectures delivered at the Royal Institution of Great Britain. By John 
Ttndall, F.R.S., Professor of Natural Philosophy in the Royal Institu- 
tion. CrowB 8V0 with Illustrations. [Jutt rtady. 

THE COMPABATIVE ANATOMY AND PHYSIOLOGY 07 THE 
VERTEBRATE ANIMALS. By Richabd Owbn, F.R.S., D.C.L., 

Superintendent of the Natural History Department, British Museum, 
&c. With upwards of 1,200 Wood Engravings. Svo [Neatlg rea^» 

VAN DEB HOEVEFS HANDBOOK 07 ZOOLOGY. Translated 
from the Second Dutch Edition. By the Rev. William Clark, M.D., 
F.R.S., &c. 2 vols. 8vo. with 24 Plates of Figures, price 60« cloth ; 
or separately. Vol.. I. Invertebrata, SOs; and Vol. II. Vertebrata, SOt 

THE EABTH AND ITS MECHANISM; an Account of the yarlous 
Proofs of the Rotation of the Earth ; with a Description of the Instru- 
ments used in the Experimental Demonstrations; also the llieory of 
FoucauU's Pendulum and Gyroscope. By Ubnby Wobms, F.R.A.S., 
F.G.S. 8vo with 31 Woodcuts, price 10« 6d 

VOLCANOS, the Character of their Phenomena ; their Share in the 
Structure and Composition of the Surface of the Globe ; and their Re- 
lation to its Internal Forces; including a Descriptive Catalogue of 
Volcanos and Volcanic Formations. By 6. Poulbtt Scbopb, M.P., 
F.R.S., F.G.S. Second Edition, with Map and lUusti-ations. Svo \5e 

A MANVAL 07 CKEMJL8TKY, Descriptiye and Theoretical. Bj 
William Odlino, M.B., P.ILS., Secretary to the Chemical Society, 
and Professor of Practical Chemistry in Guy's Hospital. Part I. Svo 9» 
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A DICnOHABT OF CHEXISTBT, founded on that of the late 
Dr. Urk. By Hbnry Watts, B.A., F.aS., Editor of the Quarterly 
Journal of the Chemical Societj/, To be published in Monthly Farts, 
uniform with the New Edition of Dr. Uas's JHetionar^f of Arte, Manttfae* 
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HANDBOOK OF GHFMICAL AKALTBIS, adapted to the Unitary 
System of Notation. Based on the 4th Edition of Dr. H. Wills* Anleitung 
gur ehemieeken Anaiyee, By F. T. Cominotom, M.A., F.C.8. Post 8to 
price 7« td 

CONIKGTOirS TABLES OF QUALITATIVE ANALT8I8, to accom- 
pany in use his Handbook of Chemical AnuUyeU. Post 8to ta 64 

A HANDBOOK OF yOLTTMETBICAL ANALYSIS. By Eobbbt H. 
Scott, M.A., T.C.D., Secretary of the Geological Society of Dublin. Post 
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A TBEATI8E ON ELECTRICITT, in Theory and Practice. By 

A. De LA RiVB, Professor in the Academy of Geneva. Translated for 
the Author by C. V. Walker, F.R.S. With Illustrations. S vols. 8vo 
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AN ESSAY ON CLASSIFICATION [The Mutual Relation of 
Organised Beings]. By Louis Agassiz. 8vo 12« 

A DICTIONABY OF SCIENCE, LITEBATTJBE, AND ABT: Com- 
priMnsr the History, Description, and Scientific Principles of every 
Branch of Human Knowledge. Edited by W. T. Brandb, F.R.S.L. and 

B. The Fourth Edition, revised and corrected. 8vo {In the preee, 

THE COBBELATION OF PHYSICAL F0ECE8. By W. B. Qrotb, 
Q.C., M.A., V.P.R.S., Corresponding Member of the Academies of Rome, 
Turin, &c. Fourth Edition. 8vo 7« 6d 

THE ELEMENTS OF PHYSICS. By C. F. Peschbl, Principal of 
the Roval Military (Allege, Dresden. Translated from the German, with 
Notes, by E. West. 3 vols, fcp 8vo 2U 

PHILLIPS'S ELEMENTABY INTBOBUCTION TO MINEBALOGY. 

A New Edition, with extensive Alterations and Additions by H. J. 
Brooke, F.K.S., F.6S. ; and W. H. Miller, M.A., F.G.S. With 
numerous Woodcuts. Post8vol8« 

A 6L0SSABY OF HNEBALOOY. By Hbnbt Williax Bbistow, 
F.G.S., of the Geological Survey of Great Britain. With 486 Fig^ures on 
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ELEMENTS OF MATERIA MEDICA AND THEBAPEUTICS. By 
Jonathan Pbrbira, M.D. F.R.S. Third Edition, enlarged and im- 

6 roved from the Author's Materials. By A. S. Taylor, M.D., and G. O. 
Lers, M.D. With numerous WoodcuU. Vol. I. 8vo 28«: Vol. II. 
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OTTTLINES OF ASTBOKOXY. By Sir J. F. W. Hebschbi., Bart., 
M.A. Fifth Editiim, revised and corrected. With Plates and Woodcuts. 
8V0 18* 

Bjf the game Author, 

ESSAYS FBOX THE EDINBTTBGH AND QirABTERLY REVIEWS, 
with Addresses and other Pieces. 8vo 18« 

CELESTIAL OBJECTS FOB COMMOK TELESCOPES. By the Rev. 
T. W. Webb, M.A., F.R.A.S. With Woodcuts and Map of the Moon. 
16mo 7# ' 

A GiriDE TO GEOLOGY. By John Fhixlifs, M.A., F.R.S., 
F.G.S.,&c. Fourth Edition. With 4 Plates. Fcp8voS# 

THE LAW OF STORMS considered in connexion with the ordi- 
nary Movements of the Atmosphere. By H. W. Dovb, F.R.S., Member 
of the Academies of Moscow, Munich, St. Petersburir, &c. Second 
Edition, translated, with the Author's sanction, by R. H. Scott, M.A., 
Trin. Coll. Dublin. With Diafi^rams and Charts. 8vo 10« 6d 

THE WEATHER-BOOK ; A Manual of Practical Meteorology. By 
Rear- Admiral Robert FitzRot, R.N. With 16 Diag^rams ou Wood. 
8vo 15« 

OK THE STRENGTH OF MATERIALS; Containing varioua 
origriiial Dud useful Formulse, specially applied to Tubular Bridges, 
Wroug^ht-lrou and Cast-Iron Beams, &c. By Thomas Tats, F.R.A.S. 
8V0 5tf 6d 

MANTT AL OF THE SUB-EINGBOX C(ELENTERATA. By J. Beat 
Grbbnr, B.A., M.R.I.A. Being: theSECOND of a New Series of Manuals 
of the Experimental and Natural Seieneee ; edited by the Rev. J. A. 
Galbraith, M.A., and the Rev. S. Haughton, M.A., F.R.S., Fellows 
of Trinity College, Dublin. With 39 Woodcuts. Fcp 8vo 5« 

By the eame Author and Editors, 

KANTJAL OF PROTOZOA; With a General Introduction on the 
Principles of Zoolofcy, and 16 Woodcuts : Being the First Manual of the 
Series. Fcp 8vo 2i 

THE SEA AND ITS LIVING WONDERS. By Dr. Geobge 
Hartwig. Translated by the Author from the Fourth German Kdition ; 
and embellished with numerous Illustrations Irom Original Designs. 
8vo 18« 

Bjf the eame Author, 

THE TROPICAL WORLD: a Popular Scientific Account of the 
Natural History of the Animal and Vegretable Kingdoms in the Equa- 
torial Regions. With 8 Chromoxylographa and 172 Woodcut illus* 
trations. 8vo 2U 

FOREST CREATURES. By Chables Bokbb, Author of ' Chamois 
Hunting in the Mountains of Bavaria,' &c. With 18 Illustrations from 
Drawings by Guido Hammbr. Post 8vo lOt Gd 
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THE CBICKET jrusLD ; or, the Histoiy and the Science of the 
Game of Cricket. By the Rer. J. PrcRorr, B.A.., Trin. ColL Qzon. 
Fourth RdUion ; with 3 Plates. Fq|> 8to S# 

Bg ike sawte Author, 

THE CBIOXET TUTOB ; a Treatise excluuTely Practical, dedicated 
to the Captains of Elerens in Pablic Schools. 18mo U 

THE WABDEH i a Novel. By AirTHOHT Tbollope. New and 
cheaper Kdition. Crown 8to U M 

Bff the same Author. 

BABCHESTER T0WEB8 s A Seqnel to the Warden. New and 
cheaper Sdition. Crown 8vo S# 

ELUCE: A Tale. ' By L. K. OoKTK. Post8To9«6</ 

THE LAST 07 THE OLD 8QUIBE8 : A Sketch. Bj the Ber. 
J. W. Wartir, B.D., Vicar of West Tarring:, Sussex. Second Edition, 
Fcp. 8vo U M 

THE BOXABCE OF A DITLL LIEE. Second Edition, rerised. 
Post Svo 9e M 

Bp the same Author, 

XOBKINO CLOUDS. Second and cheaper Edition, roTiaed 
i throughout. Fcp Svo S# 

THE AETEBKOON OF LITE. Second and cheaper Edition, 
revised throughout. Fcp 8vu 5* 

PBOBLEUS m HUMAN NATUBE. Post 8to 6g 

I THE TALES AND STOBIES OF THE AUTHOB OF AKT 
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SUNSETS AND SUNSHINE; or. Varied Aspects of Life. By 
Krskins Nkalb, M.A., Vicar of Exning, and Chaplain to the Earl of 
Huntingdon. Post Svo Be 6d 

UY LIFE, AND WHAT SHALL I DO WITH IT? A Question 
for Young Gentlewomen. By an Old Maid. Fourth Edition, Fcp 

8vo6« 

DEACONESSES: An Essay on the Official Help of Women in 
Parochial Work and in Charitable Institutions. By the Rev. J. S. 
HowsoN, D.D., Principal of the Collegiate Institution, Liverpool. Fcp 
8vo5tf 
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ESSAYS IN ECGLESIASTIGAL BIOOSAPHT. By the Bight Hon. 
8ir Jam bs Stbph bn, LL.D. Fourth Edition, with a Biographical Notice 
of the Author, by his Son. 8vo 14« 

By the tame Author, 
LECTUBES ON THE HISTOEY OF EBAKCE. Third Edition. 

2 vols. 8vo 24« 

CBinGAL AND HISTOBIGAL ESSAYS contributed to The Edin- 
burfi^h Review. By the Right Hon. Lord Macaulay. Foar Editions, 
as follows : — 

1. A LiBBABY Enmoir (the Tenth)^S vols. 8vo 860 

2. Complete in Ojtb Volwb, with Portrait and Vignette. Square crown 8vo 21s 

3. Another Nbw Editiozt, in 3 vols, fcp 8vo il$ 

4. The PxoPLX's EoiTiOK, in 2 vols, crown 8vo 8« 

LOBD HAGATTLATS MISGELLANEOUS WBTTINGS : comprising 
his Contributions to KniffhVs Quarterly Maaazine, Articles contributed 
to the Edinburgh Review not included in bis Critical and Historical 
Eetofft, Biojrrapnies written for the Eneyeloptedia Britanniea, Miscel- 
laneous Poems and Inscriptions. 2 vols. 8vo with Portrait, 2U 

THE BEY. SYDNEY SKITH7S MISGELLANEOUS WOBES : In- 
cluding his Contribations to the Edinburgh Review. Four Editions, 
viz. 

1. A LIBB4BT EniTTOir (tfie Fourth) ^ in 8 vols. 870 with Portrait, 9S$ 

2. Complete in Ovb Volumb, with Portrait and Vignette. Square crown 8vo 21« 
8. Another Nkw Edition, In 3 vols, fcp 8vo 21« 
4. The Pxopi.s'B EniTioir. in 2 vols, crown 8vo 8« 

Bp the tame Author, 

ELEMENTABY SKETCHES OF MOBAL PHILOSOPHY, delivered 
at the Royal Institution. Fcp 8vo 7« 

THE WIT AND WISDOM OF THE BEV. SYDNEY SMITH: A 

Selection of the roost memorable Passages in bis Writings and Con- 
versation. 16mo 7« 6d 

ESSAYS SELECTED FBOM CONTBIBUTIONS TO THE Edinburgh 
Review. By Henry Roobrs. Second Edition. S vols, fcp 8vo 3U 

By the eame Author, 

THE ECLIPSE OF FAITH; or, A Visit to a Beligioos Sceptic. 
Tenth Edition, Fcp 8vo 5e 

DEFENCE OF THE ECLIPSE OF FAITH, br its Author : Being 
a Rfjoinder to Professor Newman's lleply, Fcp 8vo 8« 6d 

SELECTIONS FBOM THE COBBESPONDENCE OF B. E. H. 
GRBY»ON, Esq. Edited by the Author of TAeJBd<|M«o/^aMA. Crown 
i 8vo 7« 6d 
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^YB AVB EBViXWI. Br the Ber. W. Tkmfis, D.D., Ber. 
R. WiLLiAMt, B.D^ Rev. B. PowBix, M JL. Oe Rer. H. B. Wilson, 
B.D., C. W. Goodwin, M.A., Bar. M. Pattisok, BJX, aad Rev. B. 
JowiTT, M.A. Fcp 8vo 5* 

YB An SJKVUBWB. Nimik EMvm^ in 8to prioe lOf 6^ 

BEVZLAHOV AKD SCnaSKGE, in respect to Bimsen's BibUeml 
Rmettreket, flie Bndencet of ChrittitBity, and the If eeeic Ooemo^y. 
With an RxaminatioB of oertaiu Statemtiili pot fiirth by the mnamiiMif 
Authors of Bttttjft and Reviemt, By the Rev. B. W. Satii^ M.A. 8vo 
price 10«<kf 

THE HI8T0BT 07 THE flnrPERHATUBAL IB ALL AOB ABB i 

NATIONS, IN ALL CHURCHES, CHRISTIAN AND PAGAN: I>nnoii. \ 

stratinir a Uniyereal Faith. By William Howitt» Author of CMcmUa- i 

Km mnd CkrUtimnUy. S vote, poat 8vo [Nmrig rtadff. I 

THE KOSIXm ABD EZTEBSIOB OF THE CHUBCH AT HOHE, 

considered in Bigbt Lectures, preached before the Univenity of Oxford 
in the year 1861, at the Lecture founded by the late Rev. J. Bampfton, 
MJk. By J. Sandpord, B.D., Archdeacon of Coventry. 8vo price lit 

FHmOOFBOPHETICAL E88AT8 OB THE LOGAUTT OF THE 

ETERNAL INHERITANCE: lU Nature and Character; the Reeur- 
rection Body ; the Mutual Recogrnition of Glorified Sainta. By the Rev. 
W. LiSTBB, F.G.S. Crown 8vo 6« 64i 

BISHOP JEBEBT TATLOB*S ENTIRE WOBKS: With Life by 
Bishop Hebbr. Revised and corrected by the Rev. C. P. Robn, Fellow 
of Oriel College, Oxford. 10 vols. Svo ^es 5s 

XOSHEDTS ECCLESIASTIGAL HI8T0BY. The Bev. Dr. 
Murdock's Literal Translation from the Latin, as edited, with AddU 
tlonal Notes, by H bnr v Soa m bs. M . A. Third RtvUed Edition, carefully 
re- edited and brouj^ht down to the Present Time by the Rev. William 
Stubbs, M.A., Vicar of Navestock, and Librarian to the Archbishop of 
Canterbury. 3 vols. Svo [In theprett, 

PASSnfO THOUGHTS OK BEUOIOK. By the Author of Ju^ 
Herbert, New Edition. Fcp Svo 5« 

By ike tame Author, 

SELF-EXAMIBATIOK BEFORE CONFIBICATIOK : With Dero- 
tioDS and Directions for Confirmation-Day. 32mo U 6d 

BEADINGH3 FOB A MONTH FBEFABATOBT TO COBFIBBUL- 

TION; Compiled from the Works of Writers of the Early and of the 
English Church. Fcp Svo it 

BEABnreS fob EVEBY bat nr LEBT; Compiled from the 
Writings of Bishop Jbrbmt Taylor. Fcp Svo 5s 
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A OOTJSSB OF EVOUSH BEADIKG, adapted to ereiy tasto 
and capicity ; or. How and What to Read ; With Literary Anecdotes. 
By the Rev. J. Ptcboft, B.A.» Trio. Coil. Oxon. Fcp 8vo 5tf 

LEGENDS OF THE SAINTS AlH) HASTTBS, as represented in 
Christian Art. By Mrs. Jameson. Third Edition, revised; with 17 
Etchings and 180 Woodcuts. 2 vols, tqaare crown 8vo ZU 6d 

By the 9ame Author, 

LEGENDS OF THE MONASTIC 0BDEE8, as ;repTesented in 
Christian Art. New and improved Edition, being the Third; with 
many Etchings and Woodcuts. Square crown Svo [Nearly ready, 

LEGENDS OF THE MADONNA, as represented in Christian Art. 
Second Edition, enlarged : with 27 Etchings and 166 Woodcuts. Square 
crown Svo 28« 

I THE HI8T0BY OF OTTB LOBD AND OF HIS FBECXJB80B JOHN 
I THB BAPTIST; with the Personages and Typical Subjects of the Old 

I Testament as represented in Christian Art. Square crown Svo with 

I many Etchings and Woodcuts [In theprese, 

CATS' AND FABLIffS BOOK OF EMBLEMS : Moral Emblems, 
with Apliorisms, Adages, and Proverbs of all Nations : Comprising 60 
circular Vignettes, 60 Tail- pieces, and a Frontispiece composed from their 
worits by J. Lbiohton, F.S.A., and engraved on Wood. The Text 
translated and edited, with Additions, by A. Pigot. Imperial Svo Sl« 6d 



BUNYAN'S PILGBOFS PBOGBESS : With 126 lUaatrations on 
Steel and Wood, from original Designs by C. Bennett ; and a Preface by 
the Rev. C. Kingslby. Fcp 4to 2U 

THEOLOGIA GEBMANICA: Translated hj Susanna Winxwobth. 
With a Preface by the Rev. C. Kikoslby; and a Letter by Baron 
BuNSBN. Fcp Svo S» 

LTBA GEBMANICA Translated from the German by Cathbbine 
WiNKwoRTH First Sbribs, Hymns for the Sundays and Chief 
Festivals of the Christian Year. Sboond Sbbibb, the Christian Life. 
Fcp Svo price 5tf each series. 

HYMNS FBOM LYBA GEBMANICA. 18mo Is 

LTBA GEBMANICA. Fibst Sebtxs, as above, translated by 
i C. WiNKwoRTH. With Illustrations from Original Designs by John 

I Leighton, F.S.A., engraved on Wood under his superintendence. Fcp 

I 4to 2U 

; THE CHOBALE-BOOK FOB ENGLAND; A Complete Hymn-Book 
j for Public and Private Worship, in accordance with the Services and 

; Festivals of the Church of Ensrland : The Hymn* from the Lyra Oermaniea 

I and other Sources, translated from the German by C. Winkworth ; 

I the TuneSf from the Sacred Music of the Lutheran, Latin, and other 

Churches, for Four Voices, with Historical Notes, «c., compiled and 
edited by W. S. Bbnnbtt, Professor of Music in the University of 
Cambridge, and by Otto Goldschmidt. FCp 4to price 10v6d cloth, or 
18« half-bound in morocco. 
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• HTMVOLOOIA CUlUflliAVA: Paalms and HVniiis for the Chri§- i 
tiaii :<cuoDs. Selected and Coirtribated by PhiJnymnic Friends; and ) 
Edited by Bbvjamiji Hali. KmmtiEDr, DJ)., Prebendary of Lichfield. | 

I CromiSTO [Jutt ready, | 

i 

: LTBA 8ACSBA ; Being a Collection of Hjmna, Ancient and Modem i 
Odes, and Frainnents of Sacred Poetry; compiled and edited, with a ' 
PreOice, by the Rev. B. W. Satilb, M.A. Fcp 8to U { 

' LTBA D0HK8TICA: Chrislian Songs lor Domestic Edification, j 
i Translated from the PM//tfr3r«iufJ7«'7 of C. J. P. SriTTA. By Richard I 

Massib. Fcp8vo4«6d 



; THE WI7F8 MAHITAL ; or, Friers, ThonghU, and Songs on 
I Several Occasions of a Matron's Life. By the Rev. W. Calvbrt, M.A. 

Ornamented in the style of Qaeea Btumbeih's Proffer ^Book, Crown 8vo 
! price lOt td 

I HQBVFS IHTBOBUCnOV TO THE CBITICAL STUDY AKD 
' KNOWLEDGE OF THE HOLT SCRIPTURES. Eleventh Edition, 

revised throuchont, and brout^ht np to the existinc state of Biblical 
Knowledge. Edited by the Rev.T. H. Hormb, B.D., the Author, the 
Rev. JoHH Ayrb, M.A., and S. P. Trkoklles, LL.D. ; or with the 
Second Volnme, on the Old Teittament, edited by S. Davidson, Dl). 
and LL.D. With 4 Maps and 32 WoodcaU and Facsimiles. 4 vols. 8vo 
price dii 13« M 

H0BHF8 00][F£in)I0U8 INTBODUCTIOK TO THE STUDY OF 
THE BIBLE. Tenth Edition, carefully re-edited by the Rev. John 
Atre, M.A., of Gonville and Caius College, Cambridge. With 3 Maps 
and 6 Illustrations. Post 8vo 9* 

THE TBEA8UBY OF BIBLE KKOWLEDGE: Comprising a Sum- 
mary of the Evidences of Christianity; the Principles of Biblical 
Criticism ; the History, Clironolognr* and Geography of the Scriptures ; 
an Account of the Formation of the Canon ; separate Introductions to 
the several Books of the Bible, &c. By the Rev. John Atrb, M.A. 
Fcp 8vo with Maps, Eneravings on Steel, and numerous Woodcuts; 
uniform with Mtaunder^s Treasuries. [Nearly ready, 

IKSTBUCnONS IH THE DOCTBIHE AND PEACTIGE OE CHRIS- 
TIANITY. Intended chiefly as an Introduction to Confirmation. By 
the Right Rev. G. E. L. Cotton, D.D., Bishop of Calcutta. 18mo 
price 2# M 

BOWDLEB'S FAIOLY SHAK8PEABE ; in which nothing is affded 
to the Original Text, but those words and expressions are omitted which 

I cannot with propriety be read aloud. Cheaper Genuine Edition, complete 

in 1 vol. larsre type, with 36 Woodcut Illustrations, price \As Or, with 

t the same Illustrations, in 6 volumes for the pocket, price 5« each. 



GOLDSMITH'S POETICAL WORKS. Edited by Bolton Cobney, 
Esq. Illustrated with numerous Wood Engravings, from Designs by 
Members of the Etching Club. Square crown 8vo 2U 



PUBLISHED BY HESSB8. LONGMAN AKD CO. 21 



X00BF8 ntlSH MELODIES. With 161 Designs on Steel bj 
Daniel Maclisb, R.A., and the whole of the Text of the Song^s engrayea 
by Bbckbr. Superoroyal 8vo 31tf 6d 

TEHHIEL'S EBinON OF MOOSE'S LALLA BOOKH. With 68 
Woodcut Illostrations, from Orifpiial Drawings, and 5 Initial Pages of 
Persian Designs by T. Salman, Jun. Fop 4to 21« 

MOOBE'S POETICAL WOBKS. People's Edition, complete in One 
Volume, large type, with Portrait after Phillips. Square crown 8vo 
price 12* M 

POETICAL WOEKS OF LETTTIA ELIZABETH LANDOK (L.E.L.) 
Comprisinfi: the ImprovitaMeet the VtHetian Bracelet, the Golden Violet, 
the Troubadour, and Poetical Remains. New Edition ; with 2 Vignettes. 
2 vols. 16mo 10« , 

LAYS OF ANCIENT BOME ; with Tory and the Armada. Bj the 
Right Hon. Lord Maoaulay. 16mo 4« M 

LOBO MACATTLATS LAYS OF ANCIENT BOME. With Illustra- 
tions, Original and from the Antique, drawn on Wood by G. Sdiarf. Fcp 
4to2U 

POEMS. By Matthew Abnold. Fibst Sbbies, Third Edition. 
Fcp 8T0 he M Second Series, he 

hy the eame Author. 

MEBOPE : A Tragedy. With a Prefieice and an Historical Intro- 
duction. Fcp 8vo 5e 

SOUTHEY'S POETICAL WOBES ; with all the Author's last Intro- 
ductions and Notes. Library Edition, with Portrait and Vignette. 
Medium 8vo 2U ; in 10 vols, fcp 8vo with Portrait and 19 Vignettes, 86« 

By the eame Author, 

THE DOCTOB, fto. Complete in One Volume. Edited by the 
Rev. J. W. Wartbr, B.D. With Portrait, Vignette, Bust, and coloured 
Plate. Square crown Svo 12« 6d 

GALDEBON'S THBEE DBAMA8 1 Love the Oreateet Bnehantmeni, 
The Sorceriee of Sin, and The Devotion of the Croee, attempted in Enfrlish 
Asonante and other Imitative Verse, by D. F. MacCarthy, M.R.I.A., 
with Notes, and the Spanish Text. Fcp 4to 15« 

A SUBYEY OF HITMAN PB0OBE8S TOWABBS HI6HEB CIVI- 
LIBATION : a Progress as little perceived by the multitude in any age, 
as is the growinr of a tree by the children who sport under its shade. By 
N EiL Arnoyt, M.D., F.R.S., &c. Svo price 6« 6d 

COLONISATION AND COLONIES: Being a Series of Lectures 
delivered before the University of Oxford in 1839, '40, and *4I. By 
Herman Mbrivalb, M.A., Professor of Political Economy. Second 
Edition, with Notes and Additions. Svo 18« 



■. WnJJBSn TCFULAm TABLBI for AmsBrtmumg the Ydne 
«r Uiifcilit, LmKteU, aiid Ckairfc Ptrwcrtr. B ow l Kiica, *c ; the 
Pablie Fmb; AumI Averwe Meea^ iBteraiftoB CoMOte from 1731 
to IMI ; CWmkaU Gcoi^rmpkical, AttrOBOmicml, TriKOnometrical Tables, 

\ TABCn OF ULULUf, at Thres, Four, Fofur and 
•.fun; and Fire per Ceat^ troa One Povad to Ten Thwinand^ and from 
ItoJISUiBfa. lUMSrW 
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A mCinniABY, FSACIICAL, THBQBEnCAL, AHB JilWOiUCAT^, 
or Gowncffce awl rnMifmri Navigaiaan. »f J. B. M*Culjx>ch, Ek|. 
ntostrated witli Mapa and Plana. New Edition, containini: mncli 
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A IHCTIQVABY, GBOCOLAFHICAIh SEAXIBnCAIs AXB HIR<^ 
CAL, of the varkNu Coantnea, Places aad principol Natural CMiiccIs in 
tke World. New Edition, reriaed; with 6 Maps. 2TOla.8vo63r 



A KUnrAL OF ^MMSAPHT, Phynad, Industrial, and Folilical. 
By William Buorbs, F.B.G.S.,&c.,Plrofrssorof GeofiJaphTin Qnoen's 
j Gollej^ London. New and tborooshly revised Edition : with 6 coloored 

Maps. I)cp8To7«6d 



Or, in Two Pirts : Pabt I. Enrope, U M% Pakt IT. Asia, 
Africa, America, Aoatralasia, and Polyneaia, U 



'. THE OEOGBAFHT 07 BBinSH HI8T0BT; a Gteognpbical 
Description of the British Islands at snccessire Pniods, from the Earliest 
Times to the Present Day; with a Sketch of the commencement cf 
Colonisatioo on the part of the English Nation. With 6 frill-coloared 
Maps. Fcp 8vo 8t M 

A HEW BRITISH OAZETTEBB ; or. Topographical Dictionary of 
the British Islands and Narrow Seas : Comprising conciae Descriptions 
at abont 60,000 Places, Seats, Natural Featorea, and Objecfa of Note, 
founded on the best Authorities. By J. A. Suabp. 2 vols. 8¥0 ^2 \6t 

I A HEW HfCnOHABY OF GEOCOLAFET, Bescnptire, Physical, 
statistical, and Historical : FonnioK a complete General Gazetteer of 
the Workl. By A. K. JoHitaTON, FJLSJL, ftc Steomd B^iiom, revised. 
In One Volnme of 1,360 pages, comprising about 50,000 Names of Places. 

AH EHCTCLOP.SDIA OF CIVIL EHGIHHEBIHG, Hxstorical, 
Theoretical, and Practical. Illustrated by upwards of 3,000 Woodcuts. 
By E. Cresy, C.E. Second Bdiium, reyised and extended. 8vo 42s 

THE EHGIHEEB'S HAHBBOOK ; explaining the FrincipleB ^ich 
should guide the Toung Engineer in the Construction of Ifadiinery, with 
tiie necessary Kules, Proportions^ and Tables. By C S. lownois. 
Engineer. Post 8to 5s 
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irSEFUL I]rFOiB][ATI0ir FOB EKGHTEEBS : Being a FiBsr 
Sbrim of Lectures delivored before the Working Engineers of Yorkshire 
and Lancashire. By W. Fairbairn, LL.D., F.&.S., F.G.3. With 
Plates and Woodcuts. Crown 8vo I0s6d • 

Second Serirs: Containintr Experimental Researches on the CoUapse of 
i Boiler Fines and the Strength of Materials, and Lectures on subjects 

i connected with Mechanical Engineering, &c. With Plates and Woodcuts. 

j Crown 8vo 10« 9d 

Bjf the Hsme Author, 

, A TBEATISE OK MUXS AlTD MILLWORK. Vol. I. on the 
principles of Mechanism and on Prime Movers. With Plates and Woodcuts. 



8vol6« 



! AK EKCYCLOPJEDIA. 07 ABCHXTECTUBX, Historical, Theo- 
retical, and Practical. By Joseph Gwilt. With more than 1,000 Wood 
j Engravings, from Designs by J. S. Gwilt. 8vo 42* 



LOTTDOirS ENCTCLOPJEDIA. of Cottage, Farm, and Villa Archi- 
tecture and Furniture. New Edition, edited by Mrs. Loudom ; with 
more than 2,000 Woodcuts. 8vo 63« 

THE KLKil KWTB 07 XEGHABISM, designed for Students of 
Applied Mechanics. By T. M. Goodbye, M.A., Professor of Natural 
Philosophy in King's College, London. With 206 Figures on Wood. 
Post8vo6»6<i 

USE'S DICnOKAXT 07 ARTS, KAHU7ACTUBE8, AHB JONES. 
Fifth Edition, re-written and enlarged; with nearly 3,000 Wood Engrav- 
ings. Edited by Robert Hunt, F.R.S., F.S.S., Keeper of Mining 
Records, &c., assisted by numerous gentlemen eminent in Science ana 
connected with the Arts and Manufactures. 3 vols. 8vo jff4 



AK EKCYCL0P2DIA 07 DOMESTIC ECOHOXT: Comprising such 
subjects as are most immediately jconnected with Housekeeping. By 

cuts. 8vo Sl« 6d 



Thos. Webster; assisted by Mrs. Parkbs. With nearly 1,000 Wood 



MODERN COOKERY TOR FRIYAIE EAMUJSS, reduced to a 
System of Easy Practice in a Series of carefully-tested Receipts, in which 
the Principles of Baron Liebig and other eminent Writers have been as 
much as possible applied and explained. By Eliza. Aoton. Newly re- 
vised and enlarged Edition ; with 8 Plates, comprising 37 Iigme», and 
150 Woodcuts. Fcp 8vo 7« td 

A PRACTICAL TREATISE ON BREWING, bated on Ohemieal and 
Economical Principles : With Formulae for Public Brewers, and Instruc- 
tions for Private Families. By W. Black. 8vo price 10« M 

ON 700D AND ITS DIGESTION: Being an Introdootion to 
Dietetics. By W. Brinton. M.D., Physician to St Thomas's Hoepital, 
&c. With 48 Woodcuts. Po8t8vol2« 



HIHTS TO MOTHERS OV THE KAHAGEKEFT 07 THEIB 
I HBALTH DURING THK PBRIOH OF PKEGNANCY AND IN THE 



I LYING-IN ROOM. By T. Boll, M.D. Fcp 8vo 5« 

I 

I 
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THE MATERKAL MAVAGEKEET 07 CHUDBEE DT HEALTH 

} AND DISEASE. Fcp 8vo 5m 

I 

I LECTURES OH THE DISEASES 07 IK7AHCT AND CHILDHOOB. 
By Charlbb Wbst, M.D., &c. Fourth Editinn, carefully revised 
throajrhoat; with numeroas additional Cases, and a copious Indbx. 
8vol4« 

THE PATENTEE'S XAHUAL: A Treaf ise on the Law and Prac- 
tice of Letters Patent, especially intonde<l for the use of Patentees and 
Inventors. By J. Johnson and J. U. Johnson, Bsqrs. Post Svo 7s6d 

THE PRACTICAL DRAUGHTSMAH^S BOOK 07 INDUSTRIAL 
DESIGN. By W. Johnson, Assoc. Inst. C.E. Second Edition, enlnrzedi 
coinprisiniir SOU Pag^es of Letterpress, 210 Quarto Plates, and numerous 
Woodcuts. 4to28«6tf 

THE PRACTICAL MECHANIC'S JOURNAL: An Illustrated Becord 
of Mechanical and Enfcineering: Science, and Epitome of Patent Inven- 
tions. 4to price U monthly. Vols. I. to XV. price 14« each, in cloth. 

THE PRACTICAL MECHANIC'S JOURNAL RECORD 07 THE 
INTKUNATiONAL EXHIBITION OF 1862. A foil and elaborate 
Illustrated Account of the Exhibition, contributed by 42 Writers of 
eminence in the Deportments of Science and Art. In One Volume, com- 
prisinii: 630 Pa^es or Letterpress, illustrated by 20 Plate Engravings and 
900 Woodcuts. 4to price 2b« 6d cloth. 

COLLIERIES AND COLLIERS ; A Handbook of the Law and 
leading Cases relating thereto. By J. C. Fowlbr, Barrister-at-Law ; 
Stipendiary Magistrate for the District of Merthyr Tydfil and Aberdare. 
Fcp Svo 6« 

THE THEORY OF WAR ILLUSTRATED by numerous Examples 
from History. By Lieut.-Col. MacDouqall, late Superintendent of the 
Staff College. Third Edition, with 10 Plans. Post Svo price 10# 6d 

PROJECTILE WEAPONS 07 WAR AND EXPLOSIVE COK- 

POUNDS. By J. ScoFFBRN, M.B. Lond. late Professor of Chemistry in 
the Alders}i:ate School of Medicine. Fourth Edition, Post SvO with 
Woodcuts, Of 6d 

SUPPLBMBNT, containing New Resources of Warfare, price 2« 

A XANUAL FOR NAVAL CADETS. By Johw M'Neh, Botd, 
late Captain K.N. Published with the Sanction and Approval of the 
Lords Commissioners of the Admiralty. Second Edition; with 240 
Woodcuts, 2 coloured Plates of Signals, &c., and 11 coloured Plates of 
Flags. Post Svo 12«6d 
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PSOJECnOK Am) CALOULATIOir OF THE SPHEBE. For 

Yonngf Sea Officers ; bein|( a complete Initiation into Nautical Astronomy. 
By S. M. Saxby, R.N., Principtl Instructor of Naval fing^ineers, H.M. 
Steam Reserve. With 77 Diagrams. Post 8vo 5« 

By the same Author, 

THE STTJDT OF STEAM AND THE MABINE ENGINE. For 
Yoanir Sea Officers in H.M. Navy, the Merchant Navy, &c.; beinjjr a 
complete Initiation into a knowledge of Principles and their Application 
to Practice. Post 8vo with 87 Diagrams, 5s 6d 

A TREATISE ON THE STEAM ENGINE, in its yarious Applica- 
tions to Mines, Mills, Steam Navisration, Railways, and Agriculture. 
With Theoretical Investigations respecting the Motive Power of Heat and 
the Proportions of Steam Engines ; Tables of the Right Dimensions of 
every Part; and Practical Instructions for the Manufacture and 
Management of every species of Engine in actual use. By John Bourne, 
C.E. Fifth Edition; with 37 Plates and 646 Woodcuta (200 new in this 
Edition). 4to42« 

By the same Author* 

A CATECHISM OF THE STEAM ENGINE, in its yarious Applica- 
tions to Mines, Mills, Steam Navigation, Railways, and Agriculture; 
with Practical Instructions for the Manufacture and Management of 
Engines of every class. New Edition, with 80 Woodcuts. Fcp 8vo (is 

HANDBOOK OF FABM LABOUB : Comprising Labour Statistics ; 
Steam, Water, Wind ; Horse Power ; Hand Power ; Cost of Farm Opera- 
tions; Monthly Calendar; Appendix on Boarding Agricultural 
Labourers, &c. ; and Index. By John Chalmers Morton, Editor of 
the Agricultural Gazette, &c. 16mo Is 6d 

By the same Author, 

HANDBOOK OF DAIBT HUSBANDBT: Comprising Dairy Sta- 
tistics; Food of the Cow; Choice and Treatment of the Cow; Milk; 
Butter ; Cheese ; General Management of a Dairy Farm ; Monthly 
Calendar of Daily Operations; Appendix of Statistics; and Index. 
16mo Is 6d 

CONVEBSATIONS ON NATTTEAL PHUOSOPHT, in which the 
Elements of that Science are familiarly explained. By Janb Marcet. 
13^A Edition ; with 34 Plates. Fcp 8vo 10« Qd 

By the same Author. 

CONVEBSATIONS ON CHEMISTBT, in which the Elements of that 
Science are familiarly explained and illustrated. A thoroughly revised 
Edition. 2 vols, fcp 8vo ]4# 

CONVEBSATIONS ON LAND AND WATEB. Bevised Edition, with 
a Colourid Map, showing the comparative Altitude of Mountains. Fcp 
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